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Efstathios E. Michaelides
School of Engineering and Center for

Bioenvironmental Research,
Tulane University,

New Orleans, LA 70118

Hydrodynamic Force and
Heat/Mass Transfer From
Particles, Bubbles, and
Drops—The Freeman Scholar
Lecture
Recent advances on the analytical form of the hydrodynamic force and heat/mass transfer
from a particle, bubble, or drop are examined critically. Also some of the recent compu-
tational studies, which help strengthen or clarify our knowledge of the complex velocity
and temperature fields associated with the momentum and heat/mass transfer processes
are also mentioned in a succinct way. Whenever possible, the processes of energy/mass
exchange and of momentum exchange from spheres and spheroids are examined simulta-
neously and any common results and possible analogies between these processes are
pointed out. This approach results in a better comprehension of the transport processes,
which are very similar in nature, as well as in the better understanding of the theoretical
expressions that are currently used to model these processes. Of the various terms that
appear in the transient equations, emphasis is given to the history terms, which are lesser
known and more difficult to calculate. The origin, form, and method of computation of the
history terms are pointed out as well as the effects of various parameters on them. Among
the other topics examined here are the differences in the governing and derived equations
resulting by finite Reynolds and Peclet numbers; the origin, theoretical validity and ac-
curacy of the semi-empirical expressions; the effects of finite internal viscosity and con-
ductivity of the sphere; the effects of small departures from the spherical shape; the effects
of the finite concentration; and the transverse, or lift, components of the force on the
sphere.@DOI: 10.1115/1.1537258#

1 Introduction
Because the sphere is the simplest three-dimensional shape,

heat transfer and fluid dynamics problems pertaining to a sphere
have been the subject of the first application of most theoretical
methods on the solution of the governing equations, as well as of
intellectual curiosity among the scientists. These problems belong
to the class of the most fundamental subjects in fluid dynamics
and heat/mass transfer that have attracted the attention of many
mathematicians, physicists, and engineers. They are also subjects
that have numerous practical applications including combustion
and propulsion processes, chemical reactions and catalysis pro-
cesses, mixing and separation processes, boiling and condensation
processes, environmental sedimentation and resuspension pro-
cesses, and biological flow processes. The transport of momen-
tum, heat, and mass is of primary interest in all of these processes.
For this reason, calculations are frequently made using the trans-
port coefficients drag coefficient, heat transfer coefficient, or mass
transfer coefficient, which emanate from the theory or from ex-
periments pertaining to a sphere.

It is worth mentioning that the subject of transient flow and
heat/mass transfer from spheres also finds applications in several
cases where the shape of the particles, bubbles or drops is not
spherical. For example, one often encounters in boiling processes
elongated bubbles or in high Reynolds number flows spheroidal
drops. Irregular particles of any shape are common in processes
such as coal combustion, chemical catalysis, flocculation and
natural sedimentation, and resuspension. In these cases, it is com-
mon practice to treat the irregular particles in terms of an ‘‘equiva-

lent diameter’’ and apply, as a first approximation, the theory and
results that have been derived for spheres. Hence, the transport
coefficients of the irregularly shaped particles are given as a first
approximation by the transport coefficients of an ‘‘equivalent
sphere.’’ When more information is available about the shapes of
the particles involved in a particular process, a common engineer-
ing practice is to apply a theoretical correction, or an empirical
correlation to the transport coefficients of the equivalent sphere,
which accounts for the departure from spherical shape.

The intent for this review is to be a concise presentation and a
critical evaluation of the known analytical expressions, the meth-
ods used for the analysis and the results derived for the transient
and steady-state momentum, heat, and mass transfer processes
from a sphere. Since the subject was first developed almost 200
years ago, a short historical background on the analytical results
pertaining to the transport processes is given at first. Secondly, the
governing equations for the momentum and heat/mass transfer are
presented and compared. Subsequently, the main analytical solu-
tions are presented for the transient hydrodynamic force on a
sphere and the transient rate of heat/mass transfer from a sphere at
creeping flow conditions. Similar expressions are presented at
small but finite values of the Reynolds and Peclet numbers, while
emphasis is placed on the form of the resulting equations and the
magnitude of the history terms in these equations. For the tran-
sient hydrodynamic force, the semi-empirical expressions that ex-
tend to high Reynolds numbers are presented and critically exam-
ined. A short exposition of the analytical work that has been done
in the case of spheroids is also given at creeping flow conditions,
with particular reference to an additional history term that appears
as a result of the elongated shape of the spheroids. In all cases, the
steady-state transport coefficients are presented with useful corre-
lations that can be used in engineering practice or as closure equa-
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tions in computational studies. The theories and results on the lift
induced from the rotation or shear are also examined briefly. Ana-
lytical results and certain differences on the transport coefficients
resulting from the finite viscosity or the finite conductivity of the
sphere are pointed out. Finally, several examples of recent numeri-
cal studies are presented that elucidate the theoretical methods and
help understand better some of the more complex phenomena as-
sociated with the finite concentration of spheres in a flow.

2 Historical Background and Recent Results

2.1 Equation of Motion. The attention to the hydrody-
namic force acting on a sphere inside an inviscid fluid first started
with the work of Poisson@1# almost 20 years before the publica-
tion of what we now call ‘‘the Navier-Stokes equations.’’ Poisson
solved the potential flow equations around a sphere and deter-
mined that the transient force exerted by an inviscid fluid on a
spherical object is equal to 1/2mfd/dt(Vi2ui), wheremf is the
mass of the fluid that has the same volume as the sphere and the
term in parenthesis is equal to the uniform velocity of the sphere
with respect to the fluid. Therefore, Poisson correctly deduced that
the coefficient of what we now call the ‘‘added mass force’’ is
equal to 1/2. Shortly thereafter, Green@2# extended this result to
the flow around an ellipsoid, again in an inviscid fluid and discov-
ered the analogous result that the added mass coefficient of an
ellipsoid is also equal to 1/2.

Stokes@3,4# was the first to analyze the motion of a sphere in a
viscous fluid. As the first application of the ‘‘Navier-Stokes equa-
tions,’’ he obtained a solution for the steady-state flow around a
sphere moving in an otherwise stagnant viscous fluid and deter-
mined that it is equal to:F56pam fV. The dimensionless drag
coefficient which results from this expression is now called ‘‘the
Stokes drag coefficient’’ and is equal tocD524/Res , where Res is
what we now call the ‘‘Reynolds number’’ of the sphere, based on
the diameter, 2a, and the relative velocity of the sphere,V.

In a little-known paper to the Academy of Paris, Boussinesq@5#
was the first to publish an analytical expression for the transient
hydrodynamic force exerted by a viscous fluid on a solid sphere.
Based on a mathematical method outlined in his book on the
methods of calculation of the rate of heat transfer, Boussinesq@6#
presented a succinct method for the solution of the transient equa-
tion of the viscous fluid motion around a solid sphere at creeping
flow conditions where Res→0 and derived an analytical expres-
sion for the transient hydrodynamic force, which is composed of
three terms: the steady-state term, the added mass or virtual mass
term and the history term. Three years later, Basset@7,8#, appar-
ently unaware of the work of Boussinesq, presented a similar
method and derived an identical expression for the transient hy-
drodynamic force on a solid sphere. While both Boussinesq and
Basset derived their expressions for a sphere moving in a stagnant
fluid, it is rather trivial to extend their theory to a sphere moving
in a fluid of uniform velocityui . In this case, the transient hydro-
dynamic force,Fi(t), may be written as follows:

Fi~ t !526pam f~Vi2ui !2
1

2
mf

d

dt
~Vi2ui !

26a2Apm fr fE
0

t

d

dt
~Vi2ui !

At2t
dt. (1)

The first term of the above expression is the steady-state term
exerted by the viscous fluid and is identical to the Stokes drag.
The second term is due to the transient motion of a part of the
surrounding fluid. Although the total volume of the fluid that is
influenced by the acceleration of the sphere may be considerably
higher, the net effect of the fluid acceleration to the transient force
exerted on the sphere is equivalent to the simultaneous accelera-
tion of a volume of fluid equal to half the volume of the sphere.
This term is often called the added mass or the virtual mass force

and is the same as the one originally derived by Poisson@1#. The
third term in the equation is due to the diffusion of the vorticity
around the sphere and decays ast21/2, which is typical of diffu-
sion processes. It is called the history term/force or sometimes the
Basset term or the Basset force. This name is rather ironic when
one bears in mind that Boussinesq’s work has precedence.

The analyses by Boussinesq and Basset are based on an as-
sumption that neglects the inertia terms in the Navier-Stokes equa-
tions. For this reason, Eq.~1! strictly applies to the case of a
sphere moving very slowly in the viscous fluid, or creeping flow,
a condition which is satisfied only when the Reynolds number of
the sphere, Res , approaches zero. It must be pointed out that, in
the case of a sphere present in a fluid, which is itself in motion,
there are two pertinent Reynolds numbers, based on the velocity
of the flow and on the relative velocity of the sphere. These two
Reynolds numbers are defined as follows:

Re5
2ar fU

m f
Res5

2ar f uU2Vu
m f

. (2)

It is evident that Re.Res . For the Boussinesq/Basset equation to
be valid, the condition Res!1 must be satisfied.

The first attempt to solve the full Navier-Stokes equations for a
sphere and to derive an expression for the transient force on a
solid sphere at finite values of the Reynolds number was made by
Whitehead@9# but it was unsuccessful, because of an incorrect
matching of the near and far-field conditions around the sphere.
Two decades later, Oseen@10,11# used a different asymptotic
method, managed to deal successfully with the inertia terms of the
Navier-Stokes equations and used the correct matching condi-
tions. He obtained a zeroth-order expression for the velocity per-
turbation around the sphere, which enabled him to obtain a solu-
tion for the hydrodynamic force, valid at finite but small Reynolds
numbers (Res,1). The studies by Oseen@10,11# resulted in the
extension of the steady-state~Stokes’! drag coefficient to an ex-
pression, which is often called ‘‘Oseen’s drag coefficient’’:cD
524/Res(113/8 Res). Oseen’s student, Faxen@12# studied the
flow of spheres close to solid boundaries and extended the theory
of the transient flow around a sphere to nonuniform flows. His
work resulted in the introduction of the now called ‘‘Faxen terms’’
in the expression of the hydrodynamic force. These terms account
for the nonuniformity in the flow field surrounding the sphere and
are expressed in terms of the Laplacian derivatives of the flow
field. A more detailed explanation of these terms will be given in
Sections 4 and 9. Tchen@13# re-derived the creeping flow equation
for a fluid with a time-varying velocity fieldui(t) and included in
his derivation the acceleration term that results from any pressure
gradient far from the particle. A variant of this expression having
a small correction for the effect of the pressure gradient, was used
by Corrsin and Lumley@14# for the study of small particles in a
time-dependent turbulent flow field. A few years later, Sy et al.
@15# also derived the transient equation of motion at very low
Reynolds numbers and coined the phrase ‘‘creeping flow.’’

Proudman and Pearson@16# used an asymptotic method of
higher order to extend Oseen’s result for the steady-state motion
and to derive the steady-state drag coefficient of a sphere at finite
but still small values of the Reynolds number. Sano@17# also
followed an asymptotic method and derived an analytical expres-
sion for the transient hydrodynamic force on a stationary sphere,
when the fluid undergoes a step velocity change. He was first to
show that, at finite but small Reynolds numbers (Res,1), the
associated history terms decay faster thant21/2, which is predicted
by the creeping flow theory.

The more recent paper by Maxey and Riley@18# is considered
now as the definitive study on the equation of motion of a solid
sphere under creeping flow conditions. The resulting transient
equation encompasses unsteady and nonuniform fluid motion as
well as body forces acting on the sphere. Their final expression is
not in terms of the hydrodynamic force, but actually the Lagrang-
ian equation of the motion of the sphere, from which the hydro-
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dynamic force may be easily deduced. In a lesser-known paper,
published on the same year, Gatignol@19# also derived a very
similar expression for the Lagrangian equation of motion of a
solid sphere. Michaelides and Feng@20# derived an extension to
this equation that includes the velocity slip on the surface of the
sphere and the effects of finite viscosity of the sphere, always
under the creeping flow conditions (Res!1).

The first part of the 1990s saw a great deal of activity and many
excellent studies on the analytical expressions as well as compu-
tational results on the transient hydrodynamic force. Mei et al.
@21# in a semi-analytical study investigated the dependence of this
force on the frequency of the flow, for finite values of Res . Mei
and Adrian@22# discovered that, at high values of Res , the history
component of the hydrodynamic force essentially decays ast22

and not ast21/2. Lovalenti and Brady@23# used an asymptotic
expansion method to obtain a general expression for the unsteady
hydrodynamic force on a rigid particle subjected to arbitrary mo-
tion. In an appendix of the same article, Hinch@24# gave a physi-
cal explanation of the various terms in the analytical expression of
the hydrodynamic force, and of their rates of decay. The last two
studies show that the processes of acceleration and deceleration of
spheres in viscous fluids at finite Reynolds numbers are not re-
versible with respect to time because of the inertia of the wakes
that are formed behind the sphere, while the creeping flow solu-
tions are invariant with respect to time.

As a result of these studies it has become apparent that exact
analytical expressions for the transient hydrodynamic force on a
sphere may only be obtained at low values of the Reynolds num-
bers (Res,1) and that such solutions at moderate to high Res are
impossible to obtain analytically. However, several practical ap-
plications, and probably the vast majority of them, pertain to flows
of moderate to high Res . For this reason, in the last few years, the
attention of the researchers has been focused on numerical studies,
which are very specific in their processes and values of param-
eters, but give accurate and useful results under conditions the
analytical studies cannot tackle. An example of these studies is the
one by Chang and Maxey@25,26#. The results of some of the
numerical studies, which complement and help elucidate the re-
sults of the analytical expressions, will be presented in Sections 7
and 8.

2.2 Heat Transfer Equation. An attempt to determine the
age of the earth prompted Jacques Fourier to undertake the first
study on the transient rate of heat transfer by conduction from a
sphere. He published his theory and results on the heat transfer
from spheres in a series of articles to the Academy of Paris, which
culminated in his famous book on heat transfer,@27#. This book
by Fourier is considered as one of the most important scientific
works of the 19th century, as well as the intellectual stimulus for
methods adopted in other scientific fields, including the flow of
electric currents,@28#, and the development of irreversible ther-
modynamics. Nusselt and others, who worked on the convection
mode of heat transfer, basically followed Fourier’s method and
expressed their results for the rate of heat transferred in terms of a
heat transfer coefficient, in analogy with Fourier’s expression:Q
5kADT. In a 20th century treatise of the subject of conduction,
Carslaw and Jaeger@29# basically extended Fourier’s ideas on the
transient conduction from a solid sphere and other simple geo-
metrical shapes and presented several other analytical solutions on
more modern applications of transient heat conduction. It must be
pointed out that, because Carlslaw and Jaeger@29# dealt strictly
with the subject of conduction, their solutions apply to fluids only
under the condition of vanishing Peclet numbers~Pe5Re*Pr!.

Although the original work on the steady-state heat transfer
from a sphere preceded the studies on the hydrodynamic force, all
recent studies on the heat or mass transfer from spheres followed
the analogous studies for the determination of the hydrodynamic
force and are often based on similar analytical methods. For ex-
ample, for the calculation of the steady-state rate of heat transfer
from a sphere at finite but small Peclet numbers, Acrivos and

Taylor @30# used the asymptotic method in@16# to derive an ex-
pression for the Nusselt number at finite Peclet numbers. Several
other empirical studies in the 1960s and 1970s resulted in corre-
lations for the convective heat transfer coefficients at transient or
steady-state processes that are similar to the corresponding ex-
pressions for the steady-state drag coefficients.

Regarding the transient equation for the heat transfer from a
sphere, Michaelides and Feng@31# used a method similar to the
one used in@18# and obtained the first complete analytical solution
for the unsteady energy equation valid at creeping flow condi-
tions. They showed for the first time that the general form of the
transient energy equation from a sphere at creeping flow condi-
tions also contains a history term. This term is similar in form to
the term in the Boussinesq/Basset expression and decays ast21/2.
A subsequent study by Feng and Michaelides@32# followed the
analytical method used in@23,33# and showed that the energy
equation becomes significantly different at small but finite values
of the Peclet number and that the history term decays faster than
t21/2 when Pes is small but finite.

The main results on the momentum transfer from a sphere to a
fluid as well as the energy and mass transfer at wide ranges of Res
and Pes may be found in several treatises of these subjects, such as
the ones by Leal@34#, Kim and Karila@35#, and Sirignano@36#, or
in recent specific review articles, such as the ones by Leal@37# on
the motion of fine particles at low Reynolds numbers, Brady and
Bossis@38# on the Stokesian formulation of suspension problems,
Feuillebois@39# on the asymptotic methods applied to the equa-
tion of motion of spheres in viscous liquids, Sirignano@40# on
drops and sprays, Stock@41# on particulate dispersion,
Michaelides and Feng@42# on the analogies between the heat
transfer and motion of particles, Michaelides@43# on the transient
equation of motion of particles, Loth@44# on the numerical meth-
ods for the treatment of the motion of bubbles, drops, and par-
ticles and Koch and Hill@45# on the inertia effects of suspended
particles. Some older monographs by Levich@46#, Clift et al. @47#,
Happel and Brenner@48#, Govier and Aziz@49#, and Soo@50#
contain very useful theoretical and empirical results on the motion
and heat/mass transfer processes from spheres as well as irregu-
larly shaped particles. In addition, a series of several recent ASME
symposia on gas-particle flows,@51–54#, comprise a variety of
analytical, numerical, and experimental papers on the equation of
motion of particles as well as a multitude of industrial applications
of the subject.

3 Governing Equations and Time Scales

3.1 Momentum Equation. Consider the problem of the
flow of a viscous fluid around a solid sphere of radiusa. The fluid
velocity field is unsteady and given by the functionu(xi ,t) out-
side the volume occupied by the sphere. If the sphere is solid its
velocity is only a function of the time and given asV(t). Other-
wise, the velocity of a viscous sphere is given asV(xi ,t). In both
cases, the governing equations are:~a! the continuity, or mass
conservation, equation

]r f

]t
1r f“"u50, (3a)

and ~b! the momentum conservation equation

2“P1m f¹
2u5r f S ]u

]t
1u"“uD . (3b)

We may use the diameter of the sphere as the characteristic length
of the problem and a conveniently defined characteristic velocity,
U, to make the last equation dimensionless. There are two time
scales we may choose from in this problem:

a. the momentum diffusion timescale,ts54a2r f /m f , and
b. the momentum advection timescale,ta52a/U.
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In order to render Eq.~3b! dimensionless, it is convenient to
choose the momentum diffusion timescale as the characteristic
scale of the process. Hence, Eq.~3b! may be written in dimen-
sionless form as follows:

2“* P* 1¹* 2u* 5
]u*

]t*
1Re~u* "“* u* !. (3c)

The Reynolds number of the flow, Re, which was defined in Eq.
~2! and is based on the characteristic velocity and the diameter of
the sphere, appears as the only parameter of the equation.

Equation~3b!, or its equivalent~3c!, is sometimes called ‘‘the
Oseen equation.’’ It is the full momentum equation and contains
the advection term of the fluid flow, Re~V* "“*u* !, which was
first successfully used by Oseen in the development of an expres-
sion for the hydrodynamic force on a sphere. In the case of creep-
ing flow in a quiescent fluid~Re!1!, the advection term is negli-
gible and may be dropped out of the equation. Hence, the creeping
flow assumption yields the so-called ‘‘Stokes equation,’’ which is
as follows:

r f

]u

]t
52“P1m f¹

2u0, (4a)

and in dimensionless form

2“* P* 1¹* 2u* 5
]u*

]t*
. (4b)

A characteristic of the Stokes equation is that neither the Reynolds
number nor any other dimensionless parameter appears in it. The
steady-state solution of Eq.~4b! yields the Stokes expression for
the hydrodynamic force, while the full unsteady solution yields
the Boussinesq-Basset expression, which was given in Section 2.

3.2 Energy and Mass Transfer Equations. The full, or
conduction advection, energy equation for a sphere moving with
rectilinear relative velocityV~t! in a fluid where the temperature
field is given by the function,T(xi ,t), is as follows:

r fcfF]T

]t
1V"“TG5kf¹

2T, (5a)

where kf is the thermal conductivity of the fluid andcf is the
specific thermal capacity of the fluid. The second term in the
square brackets is the so-called advection term, while the term in
the right-hand side is the conduction term. One may choose an
arbitrary characteristic temperature for this problem,Q and a
characteristic velocity equal to the advection velocity,U. In a
similar manner to the development of the dimensionless momen-
tum equation, the characteristic time for the heat diffusion/
conduction process, which is equal tot t54a2r fcf /kf , is chosen
as the characteristic time and the diameter of the sphere, 2a, as the
characteristic length. Hence, the dimensionless energy equation
for the sphere becomes

]T*

]t*
1PeV* "“* T* 5¹* 2T* , (5b)

whereT* 5T/Q, V* 5V/U and t* 5t/@4a2r fcfU/kf #. The Pe-
clet number, Pe, is analogous to the Reynolds number and is equal
to 2ar fcfU/kf . It is related to the Reynolds number through the
expression Pe5RePr (Pr5cfm f /kf , the Prandtl number is a di-
mensionless parameter of the fluid properties!. Another Peclet
number, based on the relative velocity of the sphere with respect
to the fluid, Pes , may be defined in analogy with Res as follows:
Pes52ar fcf uU2Vu/kf . It is evident that the dimensionless Pe-
clet number in the full energy equation plays the role of Reynolds
number in the momentum equation.

Equation~5b! is the energy equation that is analogous to the full
momentum equation~3c!. The governing heat transfer equation,
which corresponds to the Stokes equation and is valid in the case
of creeping flows, is simply the heat conduction equation. The

latter is obtained from~5b! under the condition Pe!1 or, equiva-
lently, by neglecting the term that emanates from the advection of
energy:

r fcf

]T

]t
5kf¹

2T. (5c)

The last expression becomes in dimensionless form

]T*

]t*
5¹* 2T* . (5d)

As with the dimensionless Stokes equation, the dimensionless
heat transfer equation at creeping flow does not contain any di-
mensionless parameters. The dimension of the sphere and the ef-
fect of the properties of the fluid come into the solution of the
problem through the dimensionless expression for the time,t*
5t/(4a2r fcfU/kf).

It is evident that the only difference in the form and the number
of terms between the momentum and the energy equations, with
or without the advection terms, is the pressure gradient term,¹P.
In the absence of this term, the two equations would have exactly
the same form and there would have been a strict mathematical
similarity between the transient hydrodynamic force, or transient
drag, and the transient rate of heat transfer from the sphere. In the
past, certain analytical solutions to the steady-state momentum
equation have been obtained without the pressure term and others
without the friction term. The former equations yield what was
known as the ‘‘friction drag,’’ and the latter the ‘‘form drag’’ of
the sphere. Since the ‘‘friction drag’’ is obtained from a governing
equation, which is exactly similar in form to the full energy equa-
tion, the resulting steady-state ‘‘friction drag coefficient’’ would
be strictly similar to an appropriately defined Nusselt number for
the heat transfer process. From these solutions of the modified
momentum governing equations emanate all the results for what is
known as the ‘‘similarity’’ between the momentum exchange and
heat transfer processes. However, it must be emphasized that this
‘‘similarity’’ is not applicable in cases when the fluid field is under
a finite pressure gradient.

Regarding the mass transfer equations, they are exactly the
same in form with the energy~heat transfer! equations. For ex-
ample, the full equation for the concentration of a species,i,
which is transported by diffusion and advection from the sphere to
the surrounding fluid is as follows:

F]Ci

]t
1V"“Ci G5D¹2Ci , (6a)

and in dimensionless form

]Ci*

]t*
1PemV* "“* Ci* 5¹* 2Ci* . (6b)

From a comparison of the heat and mass transport equations it is
apparent that in the mass transfer equation the temperature,T, is
replaced by the concentration of the species,Ci , and that the heat
transfer diffusivity (kf /r fcf) is replaced by the mass diffusivity,
D. Hence, the appropriate Peclet number, Pem , is defined in terms
of the mass diffusivity and is equal to Pem52aU/D. Under the
same initial and boundary conditions, the solutions to the heat
transfer equation are also solutions to the mass transfer equation.
In the case of the mass transfer, the Sherwood number, which is a
dimensionless representation of the coefficient of mass transfer,
hm , (Sh5hm/2aD) would replace the Nusselt number (Nu
5h/2akf) in all the resulting analytical or numerical expressions.
For brevity, from this point onwards only the heat transfer~or
energy! equations and results will be presented. It must be kept in
mind, however that all the results on the rate of heat transfer are
also applicable to the case of mass transfer and may be very easily
obtained by simply changing the pertinent variables.
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3.3 Time Scales for Particle-Fluid Interactions. Apart
from the time scales defined above, certain other time scales ema-
nate from the interactions of the fluid and the spheres. These time
scales are often used in Lagrangian and Eulerian representations
of the particle motion, provide a qualitative knowledge of the
importance of the fluid-sphere interactions and often result in very
convenient simplifications of the momentum and energy exchange
processes from a fluid to a sphere. These time scales are related to
ts andt t above, but are formed by using some of the properties of
the sphere instead of those of the fluid.

Momentum and thermal timescales for a solid particle are

tsm5
2rsa

2

9m f
and tst5

rscpsa
2

3kf
. (7)

The first of these,tsm, emanates from the steady-state Lagrangian
equation of motion for a sphere in a fluid subject to Stokesian
drag, msdV/dt56pam f(U2V), and the second from the heat
transfer expression for conduction,mscpsdTs/dt54pkfa(Tf
2Ts). When these Lagrangian equations are made dimensionless
by using the timescalestsm and tst then the equations appear in
their simplest forms,@55,56#:

dV*

dt*
512V* and

dTs*

dt*
512Ts* , (8)

which may be solved analytically~they have exponential solu-
tions! and render all the calculations for particle and fluid interac-
tions considerably simpler.

It must be pointed out that, because in the case of the bubbles
the added mass part of the hydrodynamic force is considerably
greater than the other components, a better expression of the mo-
mentum timescale is one that incorporates the effect of the added
mass on the characteristic time scale, which is as follows:

tsm5
2rsa

2

9m f
S 11

1

2
DA

r f

rs
D . (9)

Experimental and theoretical evidence support the conjecture that
the value for the added mass coefficient,DA , is approximately
equal to 1. Ifrs /r f!1, as in the case of most bubbly flows, the
characteristic time for bubble-fluid interactions becomes equal to:
tsm5a2r f /9m f or tsm5ts/36.

For any particle-fluid interactions it is also important to have a
knowledge of the pertinent fluid flow time scales,t f . These are
the macroscopic timescales of the fluid that apply to the type of
flow and the specific flow domain of the flow. In a laminar flow
the pertinent time scale would be equal toL/U, whereL is the
characteristic lengthscale of the flow domain. For example, the
pipe diameter in the case of pipe flows or the height of the flow in
the case of channel flows is the lengthscale of the flow domain. In
a turbulent flow there are several time scales that are important in
the momentum transfer processes. Among these, the most impor-
tant ones are: the Kolmogorov time scale,t f K , which is based on
the characteristic length of the small eddies, the integral time
scale,t f L , which is defined with respect to the integral time scale
of turbulence, and the macroscopic timescale,t f L , which is based
on the macroscopic characteristic length of the flow,L. The choice
of one or another of these time scales depends greatly on the
process under consideration and the calculations to be performed,
@41,44#.

From the considerations of the sphere-fluid interactions, one
may define the ratio of the appropriate dimensionless particle-to-
fluid time scales, which is usually called the Stokes number, St
5ts /t f . Here,ts stands as a generic symbol for the characteristic
time scale of the sphere that is appropriate to the process under
consideration, andt f is also a generic symbol of the characteristic
time of the fluid that is pertinent to the fluid-sphere interactions.
The magnitude of the Stokes number yields a qualitative measure
of the particle-to-fluid interactions and often serves as a guiding
factor for making simplifying assumptions on these interactions.

For example, if the Stokes number based on the Kolmogorov time
scale is much smaller than unity, StK!1, one may conclude that
the very small spheres are instantaneously advected by the small-
est eddies in a turbulent flow. On the other hand if the Stokes
number based on the macroscopic timescale is much larger than
unity, StL@1, one may conclude that the fluid motion has very
little influence on the motion of the spheres. Stock@41# and Loth
@44# in their review articles provide many more details and further
elaboration on the particle and fluid time scales, the Stokes num-
bers that are defined from these timescales and the influence of
turbulence on the rectilinear motion and lateral dispersion of par-
ticles. The inverse of the Stokes number is the Strouhal number,
Sl5t f /ts .

4 Solution of the Governing Equations for Creeping
Flow

4.1 Assumptions, Method of Derivation, and Analytical
Expressions. By the term ‘‘creeping flow’’ it is generally under-
stood that the sphere moves very slowly in the fluid and that the
viscous effects dominate over the inertia effects in the flow and
any process that may occur in the flowing mixture. In general, the
particle Reynolds number must be very small for this type of flow,
that is Res!1. The creeping flow analytical solutions for the mo-
tion of the sphere emanate from the complete and exact solution
of Eqs.~3c! and~5b! in the case of rigid spheres. It is important to
note that these solutions have been derived under the following
implicit or explicit assumptions for the particle and the velocity
field around it:

For the Equation of Motion:

A spherical shape
B infinite fluid domain
C no rotation
D rigid sphere (m f /ms!1)
E zero initial relative velocity
F negligible inertia (Res!1)

For the Energy Equation:

A spherical shape
B infinite fluid domain
C no rotation
D highly conducting~Bi!1 or kf /ks!1)
E zero initial relative temperature
F negligible advection (Pes!1)

Under these assumptions one is able to solve exactly the creep-
ing flow governing equations and to derive exact expressions for
the Lagrangian equation of motion and for the energy~heat trans-
fer! equation of a sphere. The common procedure that leads to the
solution of the creeping flow momentum and energy equations
involves the following steps:

A The decomposition of the velocity or temperature field into
an undisturbed outer field and a perturbation component, which is
due to the presence of the sphere. The undisturbed components are
essentially the flow and temperature fields far from the sphere,
while the perturbation components pertain to the disturbance cre-
ated by the presence of the sphere on the velocity and temperature
fields. In the case of creeping flows, where inertia and advection
are negligible, the effects of the perturbation fields extend only a
few diameters from the center of the sphere.

B The expression of the governing equations, initial condi-
tions, and boundary conditions of the momentum or energy trans-
fer problem in terms of the two components of the decomposed
velocity field.

C The adoption of an ‘‘auxiliary’’ velocity or temperature
field, whose analytical solution is simple and readily available.
This velocity field may be the field created from an impulse on the
velocity or the temperature of the sphere. It is important to note
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that this auxiliary field is only used in the calculations and does
not have to be pertinent to any of the actual processes under
consideration.

D The use of Burger’s theorem, often referred to as recipro-
cal, or Green’s second theorem, to express the Laplace transform
function of the hydrodynamic force or of the heat transfer from a
sphere that undergoes any type of process, in terms of the hydro-
dynamic force or of the heat transfer resulting from this ‘‘auxil-
iary’’ field.

E The obtaining of an explicit algebraic solution for the hy-
drodynamic force or for the rate of heat transfer in the Laplace
domain.

F The transformation of the expression~s! obtained in step E
from the Laplace to the time domain and subsequent rearrange-
ment of the resulting terms and expressions in a form that is
suitable for an equation of motion or an energy equation.

More details of these processes and the specific steps that have
been used in the derivation of the creeping flow equations of
motion and energy transfer from a sphere, respectively, may be
found in Maxey and Riley@18# and Michaelides and Feng@31#.

Following this general procedure, Maxey and Riley@18# ob-
tained the following dimensional expression for the equation of
motion of a rigid sphere in an arbitrary fluid field, whose velocity
is given by the functionui(xi ,t):

ms

dVi

dt
52

1

2
mf

d

dt S Vi2ui2
a2

10
ui , j j D26pam f S Vi2ui

2
a2

6
ui , j j D2

6pa2m f

Apn f
E

0

t

d

dt S Vi2ui2
a2

6
ui , j j D

At2t
dt

1~ms2mf !gi1mf

Dui

Dt
. (10)

In the last equation,ms is the mass of the sphere andmf is the
mass of the fluid that occupies the same volume as that of the
sphere. The repeated index (j j ) denotes the Laplacian operator,
the derivativeD/Dt is the total Lagrangian derivative following
the particle and all the spatial derivatives are evaluated at the
center of the sphere. Of the terms in the above equation, the left-
hand side represents the acceleration of the sphere. Of the terms
on the right-hand side, one easily recognizes in the first, second,
and third terms as the added mass, the steady-state drag, and the
history terms of Eq.~1!. The other terms in the right-hand side are
the gravitational, or body, force and the Lagrangian acceleration
term, caused by the acceleration of the fluid. The Laplacian terms
in all the parentheses account for the nonuniformity of the fluid
velocity field. They are called sometimes ‘‘the Faxen terms,’’ be-
cause Faxen@12# was the first to derive them. The Faxen terms are
second-order corrections for the non-uniformity of the far-from-
the-sphere undisturbed fluid velocity field and must be evaluated
at the center of the sphere. These terms become zero when the
fluid velocity field is uniform and, in this special case, the corre-
sponding terms of Eq.~10! become the same as those of Eq.~1!.
The Faxen terms scale asa2/L2, where L is the macroscopic
characteristic length of the fluid velocity field and in most practi-
cal applications are very small becausea/L!1. Therefore, in
many practical applications these terms may be neglected.

It is of interest to note that, even though there is a pressure
gradient in the fluid,¹P, this exact equation of the motion of the
sphere does not contain a ‘‘pressure gradient’’ term, which would
be proportional toa3¹P. Such a term has occasionally and erro-
neously been added in the transient equation of the motion of a
sphere in the past. It must be emphasized that the pressure gradi-
ent term in the governing equations for the fluid has been ac-
counted for in the derivation of Eq.~10! and that the effect of the
pressure gradient of the fluid manifests itself in the added mass
term. Therefore, when one uses this equation, the pressure gradi-

ent has already been accounted for and it is not necessary to attach
to the equation of motion any additional term~s! in order to ac-
count for the pressure gradient in the fluid.

It must also be pointed out that Gatignol@19# independently
derived a very similar expression for the transient equation of
motion of a sphere. Gatignol’s study is in French and has received
relatively little attention. Equation~10!, or simplified versions of
it, has found numerous applications and has been used extensively
to model the unsteady motion of particles, bubbles, and drops
even when the Reynolds number of the flow is finite. Although the
expression is ideally suited for Lagrangian applications, attempts
have been made to modify and use the full equation or parts of it
so that it may be applied to Eulerian studies of rigid particles or
bubbles,@57,58#.

Following a similar method and under the assumptions for the
energy equation presented above, Michaelides and Feng@31#
solved the governing equation for the heat/mass transfer and de-
rived an analytical expression for the transient energy equation for
a sphere, also valid under creeping flow conditions. For a rigid,
isothermal sphere, which is present in a variable and nonuniform
fluid temperature fieldTf(xi ,t), the final form of the Lagrangian
energy equation is as follows:

mscs

dTs

dt
52mfcf

DTf

Dt
24pakfFTs2Tf2

1

6
a2Tf , j j G

24pa2kfE
0

t

d

dt FTs2Tf2
1

6
a2Tf , j j G

@paf~ t2t!#1/2 dt. (11)

whereaf in the denominator of the last term is the thermal diffu-
sivity of the fluid, which is equal tokf /r fcf .

The left-hand side of the above equation represents the change
of the temperature of the sphere due to the heat transfer. The first
term in the right-hand side is analogous to the inertia term of the
momentum equation and represents the~Lagrangian! change of
temperature of the equivalent mass of the fluid. The second term
is the usual conduction term from the sphere to the fluid. This
term represents the rate of heat transfer due to the bulk tempera-
ture difference between the fluid and the sphere, corrected by the
spatial curvature of the temperature field, which is accounted for
by the Laplacian term. The second term is analogous to the
steady-state drag term of the equation of motion. The last term in
the energy equation is a history integral, which results from the
diffusion of the temperature gradients in the fluid temperature
field and is also corrected for the nonuniformity or curvature of
the temperature field~Laplacian term!. It is apparent that this term
depends on the temporal as well as the spatial variation of the
temperature field and is exactly analogous to the history term of
the equation of motion. Previous to 1994,@31#, this term was
unknown and had been absent from all derivations and uses of the
energy equation of spheres including particles, bubbles, or drops.
As it will be shown in Section 7.4 this term may account for a
significant part of the transient heat transfer to a sphere. The La-
placian terms, which are analogous to the Faxen terms of the
equation of motion, also scale asa2/L2 and are negligible in
many practical applications where the particle radius is signifi-
cantly smaller than the characteristic dimension of the fluid.

It must be emphasized that the added mass term of the equation
of motion emanates from the pressure gradient term in the gov-
erning Eq.~3c!. Since the governing equation for energy does not
have a term equivalent to¹P, in the transient energy equation
there is no term corresponding to the added mass term. This con-
stitutes the main difference in the functional forms of the equa-
tions of motion and temperature variation under creeping flow
conditions as well as at finite Reynolds numbers.

Coimbra and Rangel@59# and Coimbra et al.@60# used the
method of fractional calculus to derive a similar expression for the
energy equation and showed the existence of the same history
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term. Their study also includes the radiation effects and, as in the
study by Vojir and Michaelides@61#, in their derivation they have
identified clearly the origin of all the terms. Also, Sazhin et al.
@62# essentially derived a similar history integral term for a spe-
cific process, while solving the transient of spheres by conduction.

4.2 A Note on the Computation of the History Terms. In-
tegrodifferential equations, such as~10! and~11! generally do not
have an explicit analytical solution for the dependent variable (Vi
or Ts). Since they are implicit in their dependent variables,Vi or
Ts , they must be solved numerically by an iteration method,
which consumes a great deal of computational resources in both
memory and CPU time when applied to repetitive calculations
such as Lagrangian computations of trajectories. For this reason,
several Lagrangian simulations on the motion of particles and
bubbles performed in the past twenty years have neglected the
history term, often without a sound justification or scientific rea-
soning.

Michaelides@63# and Vojir and Michaelides@61# have devised
an analytical method to convert these first-order implicit integrod-
ifferential equations to second-order integrodifferential equations,
which are explicit in the dependent variablesVi or Ts . The
method used for these transformations is a straightforward trans-
form of Eq. ~10! into the Laplace domain and a back transforma-
tion into the time domain after some algebraic manipulations. The
transformed equations, written in dimensionless form, are as fol-
lows:

A. Equation of motion:
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with initial conditions:

Vi~0!5ui~0! (12a)

and

d@Vi2ui #

dt U
t50

52g@12b#
dui

dt U
t50

1g@12b#gi , (12b)

where the parameterb is the ratio of the densities,b5r f /rs , and
the parameterg is equal to (110.5b)21. The solution of Eq.~12!
instead of Eq.~10! results in significant computational economy,
because there is no need for extensive memory usage and itera-
tions. However, it must be pointed out that Eq.~12! as a second-
order equation is not unconditionally stable as Eq.~10! is. A
simple analysis yields that the equation becomes unstable in the
rangers /r f,7/4.

B. Energy equation:
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with initial conditions:

Tf~0!5Ts~0!, (13a)

and

dTs

dt U
t50

5b8
dTf

dt U
t50

. (13b)

In the heat transfer case, the parameterb8 is the ratio of the
volumetric heat capacities (b85r fcf /rscs). Since the ratio of the
specific heat capacitiescf /cs is not very much different from the
unit, the ratiob8 is of the same order of magnitude asb. As with
the equation of motion, the use of the transformed energy equation
results in substantial computational savings in all Lagrangian
simulations that pertain to energy exchanges between particles
and fluids. It must also be pointed out that, even though Eq.~13!
is a second-order equation, it is unconditionally stable for all posi-
tive values ofb8.

Analytical solutions for the momentum and energy equations
are still possible to derive when the assumption E is relaxed, that
is, when a finite initial relative velocity or initial relative tempera-
ture is allowed,@63,64#. In this case, the history terms of the
hydrodynamic force and the energy equations in expressions~10!
and ~11! will become
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respectively. It must be pointed out that, because the history term
decays ast21/2, the full equation of motion and the energy equa-
tion are integrable, even at very low values of time. The integral
for the velocity and temperature in these cases scales ast1/2.

This additional term in the equations of motion and heat trans-
fer offers an answer to the paradoxical result Reeks and McKee
@65# observed, while using the creeping flow equation of particles.
They noted that when the transient force term is integrated in
order to yield the particle velocity, the resulting history terms
yield a separate term for the velocity expression, which is propor-
tional to the initial velocity difference that grows with time ast1/2.
This would mean that the sphere retains a ‘‘memory’’ of its initial
velocity regardless of the subsequent impulses to which it is sub-
jected. One would arrive at the same paradox in the case of the
temperature if one solves the energy Eq.~11! and determines the
heat transfer rate, the total rate of heat transfer and the tempera-
ture of the sphere. Actually, any term in similar expressions which
decays ast2n, and wheren<1, would result in this type of
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‘‘memory.’’ The existence of this type of memory is contrary to
intuition and to all experimental evidence of the flow and heat
transfer processes of particles in a viscous fluid. When a particle is
introduced in a viscous fluid with finite velocity~temperature dif-
ference!, the effect of the viscosity~conductivity! will result in the
eventual decay of any initial velocity~temperature! difference,
after long times approaching zero. Thus, the initial condition of
the velocity or temperature of the particle does not play any role
in the determination of its velocity or temperature after a sufficient
amount of time. This paradoxical result does not appear if the
second terms in the history terms~Eqs.~11a! and~11b!! are used
in the calculations. However, this paradox and the related results
notwithstanding, in practice the paradox may not be significant in
the calculations of the actual motion or heat transfer from spheres
for the following two reasons:

a. When the sphere moves with finite Res or Pes , the form of
the history term is different, as will be shown in the next section.
The history terms decay faster and, after integration, there is no
memory of the initial relative velocity or relative temperature of
the sphere.

b. The concept of an ‘‘initial’’ relative velocity or temperature,
while mathematically sound as an initial condition to a partial
differential equation, is physically questionable: How does one
introduce a sphere in an ‘‘initially undisturbed’’ fluid with a dif-
ferent velocity or temperature? Surely the mechanism of the in-
troduction of the sphere would result in some kind of disturbance
to the fluid velocity field, which is not accounted for in the initial
and boundary conditions used for the derivation of the pertinent
equations. Therefore, one has to reconsider the finite relative ve-
locity as an initial condition of a problem where the sphere is
present in an unbounded fluid, which is initially undisturbed by its
presence. An interesting approach to this question is through the
use of irreversible thermodynamics, where the relative velocity
may be described as an internal variable,@66#.

Mass transfer due to chemical reactions or phase change results
in the changing of the size of a sphere in many practical applica-
tions. For example, bubble evaporation or condensation and drop-
let evaporation or combustion processes will cause the growth or
diminution of the size of the sphere. Experimental and analytical
studies that take into account the effects of heat transfer, local
thermodynamic nonequilibrium and microlayers formed during
the evaporation process were performed by Theofanous et al.@67#
and Theofanous and Patel@68#. Although they did not explicitly
use the energy equation, Magnaudet and Legendre@69# performed
a recent study on the hydrodynamic force exerted on an inviscid
sphere with variable radius, which may be caused by slow evapo-
ration or condensation. Their study is pertinent to the case of an
isothermally condensing bubble and their results essentially apply
to small bubbles withms /m f!1 and Res!1. The final expression
for the unsteady hydrodynamic force with variable radiusa(t) is
as follows:

Fi~ t !54pm fa~ t !Vi~ t !1
2

3
pr f S d@a~ t !3Vi~ t !#

dt

12a~ t !3
dVi~ t !

dt D18prm fE
0

t

expS 9m fE
0

t dt

a~t!2 dt D
3erfcSA9m fE

0

t dt

a~t!2 dt D d@a~t!Vi~ t !#

dt
dt. (14)

Small parentheses in Eq.~14! denote arguments of functions,
e.g., time, and not the operation of multiplication. It is obvious
that the equation of motion of a growing bubble contains the same
terms as Eq.~1! but the form and coefficients of these terms are
significantly modified. When the radius of the bubble is constant,
the last equation yields the expression derived by Morrison and

Stewart@70# for an inviscid bubble and is also identical to the
expression derived in@20# for a viscous sphere with perfect slip
on its surface.

A similar study on the hydrodynamic force during bubble
growth by Thorncroft et al.@71# showed that the added mass part
of the hydrodynamic force for a bubble growing close to the wall
is also composed of two terms:

FAM5
2

3
pr fa

3~ t !FdU

dt
2

dV

dt G12pr fa
2~ t !@U2V#

da

dt
.

(15)

Of these, the first term is the same as the usual added mass term
and the second is due to the change of the size of the bubble.
When the radius of the sphere is constant, Eq.~15! yields the
standard Boussinesq-Basset term for the added mass.

5 Analytical Expressions at Finite Res and Pes

5.1 Steady-State Force and HeatÕMass Transfer. From
the beginning it must be realized that the motion of spheres and
the heat transfer from them are inherently unsteady processes
when the Reynolds number Res exceeds a critical Reynolds num-
ber, Recrit , that lies in the range from 150 to 190,@72#. Above this
range, bifurcations occur in the flow field developed by the pres-
ence of the sphere and an unsteady wake is formed behind the
sphere,@73#. The wake influences greatly the flow field around the
sphere and the trajectory of the sphere itself. Mebarek et al.@74#
showed that each one of these bifurcations is accompanied by a
change in the slope of the steady state component of the hydro-
dynamic force. At values of Res.200 the instability of the wake
increases. In this case, the flow is steady but nonaxisymmetric. At
even higher values of Res , above 275, the wake becomes unsteady
and nonaxisymmetric. These more modern results agree well with
experiments performed in the past: Clift et al.@47# present several
schematic diagrams and actual photographs of the wake behind a
solid sphere and clearly show that, at values of Res.400 unsteady
vortices are shed from the back of the sphere. Thus, steady state
and axisymmetric conditions for the wake of the sphere imply a
relatively low value of Res , that is less than 175, as well as steady
flow around the sphere.

The first correct solution of the problem of determination of the
hydrodynamic force on a sphere at finite Reynolds numbers is
attributed to Oseen@10,11#. He did not solve completely for the
velocity field around the sphere, but used a simple perturbation
method to calculate a first-order correction for the steady-state
drag coefficient. His asymptotic expression,cD524/Res(1
13/8 Res), is valid for finite but small values of Res . Maxworthy
@75# verified experimentally that Oseen’s correction is accurate up
to Res50.45. This range covers several practical applications in
the chemical industry, where particles are very small and the fluids
have high viscosity.

At finite values of Res or Pes , the nonlinear advection term in
the governing momentum and energy Eqs.~~3b! and~5a!! must be
retained in the solution of the equations. In these cases, the vor-
ticity and the temperature gradients around the sphere are trans-
ported by the advection of the fluid as well as by the diffusion
processes. An analysis of the governing equations reveals that the
diffusion part of the process is dominant in an inner region sur-
rounding the sphere with radiusa Res

21 for the momentum prob-
lem andaPes

21 for the heat transfer problem. The advection pro-
cess is dominant at distances far from this region. Close to the
sphere defined by the radiusa Res

21 or aPes
21 the two processes

advection and diffusion are of the same order of magnitude and
their effects must be calculated simultaneously.

The characteristic time of the advection process isa/U, while
that of the diffusion process isa2/n f and the two time scales are
in general different. Since these characteristic times are in general
of different orders of magnitude, the problems of the transport of
momentum and energy at finite Reynolds or Peclet numbers may
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only be solved asymptotically, usually by a singular perturbation
method. Proudman and Pearson@16# employed such a method to
calculate the velocity field around a solid sphere and around a
cylinder at steady state, which is correct toO(Re). Their method
used the expansion of the stream function in suitable polynomials,
locally valid in the inner and outer regions of the flow. This ex-
pansion and the approximation of the velocity field enabled them
to extend Oseen’s result and to calculate the steady-state drag
coefficient toO(Res

2). Their contribution to the calculation of the
steady-state hydrodynamic force is a term of the order of
Res

2 ln Res . Their expression for the drag coefficient is as follows:

cD5
24

Res
F11

3

8
Res1

9

40
Res

2 ln Res1O~Res
2!G . (16)

Acrivos and Taylor@30# conducted a similar study for the
steady-state energy equation of a spherical particle. They extended
the solution to a higher order and derived the following
asymptotic expression for the steady-state Nusselt number, valid
for finite but small Pes :

Nu52F11
1

2
Pes1

1

2
Pes

2 ln Pes10.41465Pes
21

1

4
Pes

3 ln Pes

1O~Pes
3!G . (17)

Because of the heat/mass transfer analogy, the last expression
may also be applied to the steady-state mass transfer problem
from a sphere when the Sherwood number is substituted for the
Nusselt number and the Peclet number is based on the mass dif-
fusivity of the fluid.

Expressions such as~16! and~17! may be used with accuracy in
applications of finite but small Reynolds and Peclet numbers in
the range from 0 to 0.7. At higher values of these dimensionless
parameters, it is advisable to use one of the empirical or semi-
empirical expressions for the steady-state drag coefficient and
Nusselt number that abound in the literature, such as the Schiller
and Nauman’s@76# correlation for the drag coefficientcD :

cD524~110.15 Res
0.667!/Res , (18a)

or the several other similar in form expressions that were subse-
quently derived,@47#. In the case of the heat transfer coefficients
one may use the analytically derived expression:

Nu5210.6 Res
0.5Pr0.4, (18b)

or one of the expressions that are similar in form and have been
derived by correlations of experimental or numerical results,@77–
79#. Several results and expressions for the steady-state transport
coefficients, including those applicable for viscous spheres are
presented in Sections 7 and 8 below.

5.2 Unsteady Hydrodynamic Force. Sano @17# used an
asymptotic analysis and derived an expression for the transient
hydrodynamic force acting on a rigid sphere at small but finite
values of the Reynolds number, when the sphere undergoes a step
change in its velocity of magnitudeV:

Fi~ t !56pam fVi H H~ t* !1
1

3
d~ t* !1

1

2Apt*
1

3

8
Res

3F S 11
1

Res
4 t* 2D erf~Res t* 1/2!

1
1

~pt* !1/2 Res
S 12

1

2Res
2 t* D exp~2Res

2 t* !

2
4

3~pt* !1/2 Res
G1

9

40
Res

2 ln ResJ 1O~Res
2!. (19)

The time variable in Eq.~19! has been made dimensionless by
dividing with the characteristic time of the fluid,ts

54a2r f /m f . The expression in the square brackets results from
the contribution of the outer velocity field and is a consequence of
the advective terms in the Oseen equations. For this reason, it has
been referred to as the ‘‘Oseen contribution,’’@23#. It must be
pointed out that the last term of the Oseen contribution cancels the
third term in the right-hand side, (pt)21/2. The remaining tran-
sient terms in Eq.~19! decay exponentially. This rate of decay is
faster than the decay of the transient terms of the creeping flow
equation. Physically, this happens because the finite velocity dif-
ference allows for the faster advection and evolution of the vor-
ticity field around the sphere. While in the creeping flow case the
vorticity field around the sphere was transported by viscous dif-
fusion alone, in the case of advection the finite velocity ‘‘carries’’
the vorticity field far from the sphere. With the faster decay of the
transient terms, a spherical particle does not retain any ‘‘memory’’
of its initial velocity, which is characteristic of thet21/2 rate of
decay, as mentioned in Section 4. Feuillebois and Lasek@80# also
considered the problem of the sphere accelerating at small but
finite Reynolds numbers and derived some useful asymptotic re-
sults on the properties of the outside boundary layer formed in the
viscous fluid.

With the fast development of the numerical methods during the
1980s, computational studies came to complement the analytical
results on the transient equation of a sphere. Mei et al.@21# con-
ducted such a numerical study on the motion of a rigid spherical
particle at 0,Res,50 when the freestream velocity fluctuates
with a small amplitude. The numerical results of this study also
point out that, in the low frequency limit, the history term of the
hydrodynamic force decays faster than the conventionalt21/2 rate.
Subsequently, Mei and Adrian@22# obtained an analytical solution
for the motion of a solid sphere at very low frequencies (Sl
!Res,1). Their results revealed a different history term, which is
as follows:

E
0

t

dVi

dt
2

dui

dt

F S pn f

a2 ~ t2t! D 1/4

1S p

2an f
S uui~t!u

f H
D 3

~ t2t!2D 1/2G2 dt,

where f H is a function of the Reynolds number. It is evident that
at short times this term matches the classical history term, while at
long times it decays asymptotically ast22. With this type of long-
term decay the sphere does not retain any memory of its initial
velocity.

Lovalenti and Brady @23,33# essentially followed Sano’s
method and derived the hydrodynamic force on a sphere undergo-
ing an arbitrary motion. They used a different scheme for render-
ing the governing equations dimensionless and introduced the
product of the Reynolds, Res , and Strouhal number, Sl, in their
solution. Their solution is also valid for finite but small Reynolds
numbers (0,Res,1). In the case of a solid sphere settling in a
stagnant fluid, their equation reduces to the following expression

Fi~ t !526pm faVi~ t !2
2

3
pam f Res Sl

dVi

dt

2
6m faVi~ t !

t1/2 ~p Res Sl!1/22
9

4
m fa~p Res Sl!1/2

3E
0

t 2

~ t2t!3/2 F2

3
2

1

A2 Fp1/2

2A
erf~A!

2exp~2A2!G GVi~t!dt, (20a)

where the vectorA is a measure of the distance traveled by the
sphere and is given as follows:
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A5
Res

2
A t2t

Res Sl

*t
t V~q!dq

t2t
. (20b)

The Strouhal number, Sl, in the above expressions is the ratio of
the characteristic time of the fluid to that of the rigid sphere and is
essentially the inverse of the Stokes number.

The studies by Lovalenti and Brady@23,33# also concluded that
the unsteady terms of the equation of motion decay faster when
the advection terms in the governing equations are retained. Some
of the other noteworthy results of this study are that the behavior
of the sphere when its motion commences from rest is different
than when the sphere starts with a finite velocity. The main physi-
cal reason for this is the formation and presence of an unsteady
wake behind the sphere, which influences the motion of the
sphere. In@33#, there is a remarkable appendix by Hinch@24# who
presents simple arguments and quick asymptotic methods to ex-
plain the physics of the solutions obtained. Hinch reduces the
effect of the Oseen contribution, that is, the advection terms in the
governing equation, to the action of sources and sinks associated
with the presence of the wake behind the sphere. It is apparent
from these physical arguments that, with advection, any memory
of a possible initial velocity of the sphere fades at long times.
Also, because of the differences of the velocity field developed in
the surrounding fluid, the acceleration and deceleration processes
of the sphere are not achieved with the same force, even though
the initial and final velocities of the sphere are the same. There-
fore the acceleration and deceleration processes at finite values of
Res are not symmetric with respect to time. This is in contrast to
the case of the creeping flow, where the Boussinesq/Basset ex-
pression is invariant with respect to time and implies the same
forces in the acceleration and deceleration processes. It must be
emphasized at this point that, regardless of this, both the motions
at finite and at zero Res are irreversible processes from the ther-
modynamic point of view since they involve finite dissipation.

The asymptotic behavior of the transient hydrodynamic force
on a solid sphere has also been the subject of a few more recent
theoretical papers by Mei@81# for an oscillating sphere, by
Lawrence and Mei@82# for the motion induced by an impulse, and
by Lovalenti and Brady@83# for an abrupt change of the velocity
of the sphere. Apparently, there is not complete agreement as to
the exact form and the long-time behavior of some of the transient
terms. This disagreement may be due more to the modeling of the
motion of the sphere~e.g., initial and boundary conditions, way of
change of the velocity! rather than physical reasons associated
with this problem. For example, real spherical particles do not
undergo step changes in their velocities and a physical impulse on
a sphere inside a viscous fluid is physically different from a Dirac
delta function.

Since analytical methods only result in solutions at small Res ,
some needed answers on the transient hydrodynamic force acting
on a sphere at higher values of this parameter may only be ac-
complished by computational studies. This subject bears weight in
many engineering applications and is treated in Subsection 7.2.

5.3 Unsteady Heat Transfer. As in the case of the solution
of the momentum equation at finite Reynolds numbers, it is also
cumbersome to solve the energy equation at finite Peclet numbers.
Analytical solutions have been obtained only in the case of finite
but small Peclet numbers~Pe,1!. The earlier studies on the heat/
mass transfer used a given velocity field, usually a steady-state or
a very slowly varying velocity field in order to solve the energy
equation and derive results for the transient heat transfer. Thus,
Choudhury and Drake@84# used the steady-state velocity field
obtained in@16# and derived an analytical solution for the rate of
heat transfer from a sphere, subject to a varying fluid temperature
field. Similarly, Konoplin and Sparrow@85# used a Stokesian ve-
locity profile (Res!1) and derived some useful results for the heat
transfer and the temperature distribution from a sphere. All these
results and the analytical expressions derived from these studies

are restricted by the explicit and implicit assumptions pertaining
to the choice of the velocity field around the sphere.

As with the case of the hydrodynamic force, analytical results
on the heat transfer at finite Pe may only be obtained by
asymptotic methods. Using an asymptotic analysis, similar to the
one conducted by Sano@17#, Feng and Michaelides@86# obtained
the following expression for the Nusselt number of a solid sphere
undergoing a step temperature change:

Nu52F11PeF1

2
erf~2PeAt* !1

1

4PeApt*
exp~24Pe2t* !G

12Pe2 ln~2Pe!G1O~Pe11!, (21)

where the timet* has been made dimensionless by dividing it
with the characteristic time of heat diffusion, 4a2r fcf /kf(t*
5t/t t).

Feng and Michaelides@32# also performed a study on the en-
ergy equation, which is analogous to the one performed by Lov-
alenti and Brady@23# for the momentum equation. They derived a
transient expression for the heat transfer from a solid particle of
arbitrary shape, undergoing arbitrary motion, with a velocityus.
In the special case of a sphere, and for time scales greater than
O(Pe22) their analysis yields the following expression for the
total dimensionless heat transfer:
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4pPesSl
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dt*
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3E
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t Ts2T`

At* 2t*
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erfuA8u2exp~2uA8u2!Gdt*
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where the vectorA8 is analogous to the one in the case of the
hydrodynamic force in Eq.~20a! and is defined as follows:

A85
Pes

2 S t* 2t*

PesSl D 1/2 *t
t us~j!dj

t* 2t*
. (22b)

It is evident that the vectorsA and A8 scale as (t2t)1/2. This
result confirms that the history effects in both the expressions
decay faster than the corresponding history integrals resulting
from the creeping flow solutions.

Of the terms in Eq.~22a!, the first term represents the contri-
bution of the time-varying undisturbed fluid temperature field,
which is far from the particle. The second term is the usual steady-
state conduction term. The third and fourth terms are history terms
emanating from the temperature gradients, which are simulta-
neously diffused and advected, since the inception of the heat
transfer process. It must be pointed out that this equation is valid
at long times after the inception of the process,@ t5O(Pe22)#,
when the resulting temperature gradients have been convected to
distances far from the characteristic Oseen distanceaPe21. At
shorter times, it is the heat diffusion/conduction process that
dominates and the expression for the rate of heat transfer is the
same as that derived for creeping flow and was presented above in
Eq. ~11!.

Pozrikides@87# also performed an analytical study to determine
the transient heat and mass transfer from a suspended particle of
arbitrary shape at low Peclet numbers. He used a method of
matched asymptotic expansions and obtained the Green’s function
in order to derive analytical expressions for the transport from a
sphere in a fluid undergoing a step temperature change and a
sphere in a time-periodic flow. His results are expressed in terms
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of the fractional increase of the rate of heat transfer from the case
of conduction@(Q(t)2Q0)/Q0 , whereQ0 is the result for pure
conduction# and may be summarized as follows:

for uniform flow: ~Q~ t !2Q0!/Q051/2Nu0Pes

for shear flow: ~Q~ t !2Q0!/Q050.257Nu0Pes
1/2

(23)
for two-dimensional straining flow:

~Q~ t !2Q0!/Q051.36Nu0Pes
1/2

for axisymmetric straining flow:

~Q~ t !2Q0!/Q052.0Nu0Pes
1/2,

where Pes is the instantaneous Peclet number and is a function of
time. These expressions show that the velocity field around the
sphere influences significantly the rate of heat transfer from the
sphere.

6 The Hydrodynamic Force and Heat Transfer for a
Spheroid

The similarities in the analytical expressions of the hydrody-
namic force and the rate of heat/mass transfer are very well ex-
hibited in the case of a spheroid, with small eccentricity,«. As «
approaches zero, the spheroid asymptotically approaches the
shape of a sphere. Lawrence and Weinbaum@88,89# conducted an
analytical study on the motion of a rigid spheroid of revolution
with small eccentricity, under creeping flow conditions. Their
study used essentially the method employed by Maxey and Riley
@18# with the added complexity of domain decomposition to a
second-order expansion in terms of the eccentricity,«. The result-
ing expression for the transient hydrodynamic force exerted on the
spheroid is as follows:
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where the functionG of the last term is frequency dependent and
is defined as follows:

G~ t !5ImFApf

3
eft2erfcAftG , with f5

3

2
~11 iA3!.

(24b)

A comparison of Eq.~24a! with Eq. ~1! reveals that the first
three terms of~24a! are similar to the steady-state drag, the his-
tory and the added mass term of the Boussinesq-Basset equation.
Their form is the same as the form of the corresponding terms of
Eq. ~1! with the expected corrections terms due to the eccentricity
of the spheroid. The last term of Eq.~24a! does not have a coun-
terpart in the Boussinesq-Basset expression. It depends on the
eccentricity as well as the frequency of variation of the velocity of
the fluid and vanishes asymptotically as«2. This is a new history
integral term, which emanates from the elongated shape of the
immersed object. The presence of such terms in an equation de-
rived under the creeping flow assumption is another indication
that the Boussinesq-Basset solution and the Maxey-Riley expres-
sion must be modified when there are departures from the assump-
tions that were listed in Section 4.

The solution of the energy equation for a spheroid yields re-
sults, which demonstrate the remarkable similarities between the
momentum and heat transfer processes. Feng and Michaelides
@90#, following the method used in@88,89# decomposed the ap-
plied temperature field and also used a second-order expansion of
the geometric domain with respect to the eccentricity. They de-
rived the corresponding expression for the heat flux from a spher-
oid, which is as follows in dimensionless form:
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(25a)

As with the functionG(t* ), for the hydrodynamic force expres-
sion, the new functionG8(t) also depends on the frequency of
variation of the temperature field and is defined as follows:

G8~ t* !5Im@ApFeFt* erfc~AFt* !# and F53eip/3.
(25b)

The last term in Eq.~25a! is analogous to the new history term
in Eq. ~24a! and depends entirely on the eccentricity and the fre-
quency of variation of the external temperature field. The kernels
of these terms do not follow thet21/2 decay of the typical history
term in creeping flows and depend on the frequency of the varia-
tion of the velocity of temperature fields. Regarding the practical
significance of these new history terms, Feng and Michaelides
@90# showed that, when the frequency of variation of the velocity
and temperature fields is not exceedingly high, then the contribu-
tions of these terms to the total heat flux and the hydrodynamic
force are much smaller than the contributions of the other terms of
the corresponding transient equations.

A glance at the equations for the hydrodynamic force and the
rate of heat transfer for a spheroid under creeping flow conditions
proves that there are remarkable analogies between the two ex-
pressions but not a formal mathematical similarity, such as the one
Konoplin @91# contemplated and through which one may be able
to calculate the results for the one expression by knowing the
results of the other. This happens because the numerical coeffi-
cients of the correction factors resulting from the eccentricity are
entirely different. As with the expressions for spheres, the energy
equation for spheroids does not have an added mass term. How-
ever, among the similarities of the two expressions one may ob-
serve that the two have terms with similar functional forms, that
both the expressions comprise the new memory term, which is
proportional to«2 and that the kernels of this memory term have
the same functional form.

One of the conclusions that may by drawn from a simple com-
parison of the equation of motion and the heat transfer equation
for a sphere and a spheroid is that slight departures from the
spherical shape result in considerable differences on the form of
the two equations as well as on the form of the history term. This
leads one to conclude that, by extension, the shape of a particle
plays a very important role on the functional form and on the
magnitude of the hydrodynamic force and the heart transfer. As a
consequence, it is not possible to, a priori, derive with any degree
of accuracy the transient equations of motion and heat transfer of
particles with irregular shape from the corresponding equations of
a sphere. This and similar results on the history terms for cylin-
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ders by Chaplin@92# raise questions on the theoretical validity and
practical accuracy of the concept and method known as ‘‘equiva-
lent diameter,’’ which is often used in the modeling of irregular
particles in several chemical and environmental processes includ-
ing sedimentation,@93#. According to this method, an irregularly
shaped particle of volumev essentially behaves as a spherical
particle, whose equivalent diameter,de , is defined from the equa-
tion: v51/6p(de)

3. Hence, its transport coefficients are approxi-
mated by those of the sphere with diameterde . Oftentimes, cal-
culations using the method of the equivalent diameter are
accompanied by other closure equations pertaining for example,
to the sphericity, circularity, or eccentricity of the particles, that
emanate from experimental data and, because of this, the final
results are sufficiently accurate within their range of applicability,
@94#.

It appears that the method of the equivalent diameter for the
particles, especially when verified and supplemented by empirical
data or empirical correlations, is very useful as a first approxima-
tion to simple applications of the steady-state motion of irregu-
larly shaped particles. However, it must be borne in mind that the
method has very little theoretical justification and should not be
used in detailed transient flow calculations or even in steady state
calculations beyond the range of applicability of the empirical
closure equations.

7 Extension of the Creeping-Flow Solutions to Higher
Re—Semi-Empirical Expressions

While all known analytical expressions for the hydrodynamic
force and the heat transfer from particles, bubbles, or drops apply
to low Reynolds or Peclet numbers, many engineering applica-
tions of the transport processes occur at higher ranges of these
parameters. Slurry transport and practical pneumatic conveying
systems operate in the range 101,Res,103; drops in combustion
processes may reach Reynolds numbers up to 103; bubble col-
umns in chemical processes operate in a range from 0 to 103; and
particulate flows in the environment may reach Reynolds num-
bers, Res , up to 104. Since there is no applicable theory, other
than some asymptotic studies, and analytical expressions for Res
.1, experimental data and empirical correlations have been used
for the calculation of the steady state transport coefficients. Usu-
ally these correlations are power-law modifications of the Stokes
drag coefficient. They emanate from certain sets of experimental
data and are applicable only in their corresponding ranges of Res .
Oftentimes, these correlations are designed to agree with theoret-
ical asymptotic results, such as the Stokes or the Oseen expres-
sions for the steady state drag. Twelve such correlations for the
steady-state drag coefficient are listed in@47# and several others
are known to exist. The accuracy and reliability of these empirical
functions are unpredictable and depend to a great extent on the
conditions and experimental accuracy of the original data sets
from where they emanate.

7.1 Transient Expressions. Regarding the transient terms
of the hydrodynamic force, Odar and Hamilton@95# were the first
to propose modifications and correlation functions that extend to
the transient terms, following the practice used for the steady state
term. They essentially treated the three terms of the Boussinesq-
Basset expression~Eq. ~1!! as separate forces and multiplied each
one of them with a correction function that accounts for the higher
Reynolds number. Their proposed extension of the Boussinesq-
Basset expression has the following form:
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where the functionsc1 , DA , andDH are empirical functions de-
termined by experiments. Odar and Hamilton used Schiller and
Nauman’s @76# correlation for the coefficient c1(c151
10.15 Re0.667) and reduced their experimental data to derive the
following expressions for the other two coefficients:

DA51.052
0.066

0.121Ac2 and DH52.881
3.12

~11Ac!3 ,

(27a)

where Ac is the acceleration number defined as:

Ac5
uU2Vu2

2aUdV

dt U
. (27b)

In a subsequent study, Odar@96# verified the accuracy of these
coefficients over the suggested range of Res . Soon thereafter, Al-
taweel and Carley@97# performed independently their own experi-
ments for the determination ofDA and DH and derived different
correlations for these coefficients. They also performed calcula-
tions on the importance of these terms and determined under what
conditions the history terms were significant,@98#.

The use of the semi-empirical expressions became widespread
in several applications for the determination of the lateral disper-
sion of particles and for the transient reaction force exerted on the
fluid by particles, bubbles, or drops. Based on these expressions,
Shoneborn@99# explained and verified the experimentally ob-
served retardation of spheres in oscillating fluids at very low fre-
quencies.

While there have been several numerical studies that have used
Eq. ~26! as the fundamental form for the expression of the hydro-
dynamic force, there is no general agreement on the use of the
correlations in Eqs.~27a! and ~27b!. The experiments by Karan-
filian and Kotas@100#, suggest constant values forDA andDH of
0.5 and 6, respectively, for the lower values of Res . The same
authors attribute the effect of the acceleration number solely to the
coefficient c1 and suggest the correlationc15c1s(111/Ac)1.2,
wherec1s is the value of the steady state drag coefficient. Temkin
and Mehta@101# also suggested that the acceleration number af-
fects onlyc1 and recommended a different correlation for it. On
the other hand, Tsuji et al.@102# in an extensive experimental
study of gas-solid flows confirmed the expressions by Odar and
Hamilton @95# and concluded that the accuracy of their correla-
tions as given in Eq.~20! extends to Reynolds numbers up to
16,000.

Darwin @103# proposed an experimental method to measure in-
dependently the added mass coefficient of a bubble, by a determi-
nation of the deformation of a plane surface perpendicular to the
trajectory of the bubble. Based on this method, Bataille et al.
@104# measured the added mass coefficient and found out that it is
consistently equal to 1/2 in the range 500,Res,1000, when some
of the bubbles are not even spherical. Mei et al.@21#, Rivero et al.
@105#, and Auton et al.@106# confirmed that the potential flow
solution, which yields the valueDA51 for the coefficient of the
added mass term is correct, and that neither the Reynolds number
nor the acceleration number influence this term. These recent re-
sults call for the reinterpretation of the experimental data for the
total hydrodynamic force that has resulted in the semi-empirical
correlations.

The general practice of separating the transient force into three
independent components and using the empirical values forDA
andDH somehow was crowned with success~by this it is meant
agreement with the experimental data! and became very popular
in engineering calculations in the last 30 years. The reasons for
this accuracy and popularity of the expression are the relative ease
of calculations with the aid of computers and the close agreement
of the results with experimental data. This agreement is due to the
following reasons:
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a. the semi-empirical equations have a sound experimental ba-
sis, that is, they are essentially correlations of experimental
results, and,

b. the semi-empirical expressions have always been used in
calculations to determine the total hydrodynamic force, and
not any of its three parts.

It must be recalled that the pertinent experiments, from which the
empirical coefficients emanate, measured the total hydrodynamic
force on the sphere under various conditions. Then, by a series of
assumptions and deductions, the experimentalist estimated the
three parts of Eq.~26! and, hence, determined experimentally the
three coefficients. Similarly, for any verification of the derived
expressions that followed, the resulting equation was used as a
single entity to always calculate the total hydrodynamic force and
not any parts of it separately, and then to compare the results with
other experiments, similar to the ones from which the force was
determined in the first place. Because of this determination and
verification of the results, it would have been rather surprising if
close agreement between experiment and ‘‘theory’’ were not ob-
tained. It appears that this fortuitous agreement, which is based on
a circular argument, is the reason why the semi-empirical expres-
sions are still considered accurate and used in some engineering
calculations. The derived results for the total hydrodynamic force
can be trusted within their range of applicability because they
have a sound experimental basis.

Regardless of the perceived accuracy of the semi-empirical ex-
pressions, it is a fact that they are based on a form of the hydro-
dynamic force that was derived under conditions where the Rey-
nolds numbers approach zero, but the expressions themselves
were developed to be used at very high Reynolds numbers. A
glance at Eqs.~1!, ~19!, and~20a! will prove that the form of the
function of the hydrodynamic force changes dramatically, when
the Reynolds number is finite. Therefore, there is no a priori the-
oretical justification to using the functional form of expressions
such as Eq.~26! for the total hydrodynamic force at higher values
of Res . Any agreement of the semi-empirical expressions with
experimental results is fortuitous and due to the fact that the semi-
empirical expressions are essentially correlations of sets of experi-
mental data. Therefore, when they are applied under similar con-
ditions, they yield similar results. While using a semi-empirical
equation, one has only to ensure that the range of validity of the
coefficients in terms of Res and Ac covers the range of the calcu-
lations. However, if the conditions change, for example, if the
frequency of variation of the fluid field is significantly different
than the frequency of the experimental data, the semi-empirical
expressions would fail. It is believed that differences in the con-
ditions of the underlying experiments account for the manifest
differences of the correlations proposed in@95,98,100#.

It must be emphasized that the hydrodynamic force on a sphere
is a single entity and not three different forces. For this reason
there was never conducted~and it is not possible to conduct! a
physical experiment, which would independently generate the val-
ues of the several individual terms for a semi-empirical equation,
such as Eq.~26!. With the development of numerical techniques,
it is now possible to infer the value of these terms by separating
the effect of the pressure term and of the steady-state results in the
solution of the governing equations. Recent numerical studies by
Chang and Maxey@25,26# have separated the pressure effect and
computed the history term for a sphere in the cases of oscillatory
and accelerated motion. These studies also cast doubts on the
validity and accuracy of Eq.~26! when it comes to the behavior of
the history term and do not support the decomposition of the total
transient hydrodynamic force.

Kim et al. @107# developed a more recent version of a semi-
empirical expression, based on numerical results rather than ex-
perimental data. They used the same process of decomposition of
the hydrodynamic force into several components, and concen-
trated their attention to the history term. They used the standard
drag coefficient curve for the steady state component, a coefficient

equal to 1/2 for the added mass coefficient, a convolution integral
for the usual history term and another function to account for any
initial difference of the velocity between the fluid and the sphere.
Thus, they derived an expression that applies to a stationary or
oscillating fluid in the range 0,Res,150 and appears as follows:
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where the functionsK andK1 are determined from series numeri-
cal data after ensuring that their limits at Res50 for low and high
frequencies agree well with analytical and asymptotic solutions.
Kim et al. @107# claim very good accuracy of their expression in
the range 0,Res,150 and 0.2.b.0.005. Given that accurate
computations of the unsteady motion of a particle in high Rey-
nolds numbers is a recently developed area, it is almost certain
that several other semi-empirical expressions similar to the last
equation will appear in the near future. Bagchi and Balachandar
@108# essentially followed a similar approach and derived a semi-
empirical equation based on their computational results.

In the case of heat transfer there are no known semi-empirical
expressions to be applied to higher Peclet numbers under transient
conditions. However, there are several experimental correlations
for the steady-state heat transfer coefficients, such as Eq.~18b!,
which can be found in textbooks and treatises of the general sub-
ject of heat transfer,@78,109#. These correlations are analogous to
the widely used experimental correlation for the steady-state drag
coefficients.

It is apparent from the above that analytical solutions for the
transient hydrodynamic force and the heat/mass transfer rates may
only be obtained in the case of low Reynolds or Peclet numbers
and this for a solid sphere only. Although these studies yield very
good results on the form of the expressions for the hydrodynamic
force and for the rate of heat transfer at finite but small values of
the dimensionless numbers Res and Pes , and perhaps some guid-
ance on the form of these expressions at higher Res and Pes , they
do not provide any quantitative results that may be used in appli-
cations that pertain to higher values of these parameters. This only
leaves numerical studies to provide answers as to the functional
form of the hydrodynamic force and to the rate of heat transfer
from a sphere at higher values of Res and Pes .

7.2 Numerical Results on the Hydrodynamic Force at
Higher Re. Numerical~computational! studies are very specific
to the exact values of the parameters used in the derivation of the
results and do not provide as much insight as an analytical solu-
tion. However, at the present state of the art, computer capacity
and numerical techniques are advanced enough to yield reliable
results for the transient behavior of rigid as well as deformable
spheres in infinite or bounded fluids. It is not the scope of this
manuscript to cover the area of computational fluid dynamics as
applied to the transport coefficients of the sphere, but a short
discussion of certain numerical results, which provide an insight
to the transient behavior of spheres, is appropriate. For a more
in-depth analysis the reader is directed to the recent review ar-
ticles by Matsumoto and Takagi@110# and Loth@44# that cover the
numerical methods extensively.

At first, it must be mentioned that several of the recent analyti-
cal studies also contain a numerical component,@21#, where some
part of the problem was studied, or elucidated by a numerical
computation. Secondly, there are several numerical studies, which
provide answers to the steady-state hydrodynamic force and rate
of heat transfer from a viscous or a solid sphere, with different
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degrees of success and accuracy,@111–113#. The relevance and
accuracy of the results of these earlier studies is discussed in three
recent numerical studies on the steady-state heat transfer coeffi-
cient and drag coefficient for viscous spheres by Feng and
Michaelides@114–116#. The latter studies use a novel numerical
technique that allows one to extend the range of the numerical
results to values of the parameters Res and Pes up to 1000. This
value is close to the upper end of the practical limit, where some
viscous spheres retain their spherical shape,@117#.

Regarding the transient hydrodynamic force, Chang and Maxey
@25,26# conducted a purely numerical study, based on a spectral
method, for the oscillatory motion and for the accelerated motion
of a single sphere in an infinite fluid domain up to Res540. The
first study shows how important the transient effects are on the
flow structure around the sphere, by comparing steady-state re-
sults with transient results at the same values of Res . It was ob-
served that flow separation occurs in the decelerating portion of
the flow field under oscillation even at values of Res below 20. In
some cases the strongly decelerating flow completely detaches
itself from the sphere and an inner reverse flow surrounds the
sphere instantaneously. The corresponding steady-state results
show that at these values of Res there is no separation. The flow
separation and similar effects of the transient behavior observed in
the numerical results affect considerably the transport coefficients
of the sphere, both momentum exchange and heat transfer.

Chang and Maxey@25,26# also devised a way to separate the
effect of the pressure on the hydrodynamic force and essentially
separated the added mass component. They found out that, under
both oscillatory motion and constantly accelerating or decelerat-
ing flow, this component is adequately represented byDA51 in
the ranges 0,Res,40 and 0.5,Sl,10. This is the exact value of
the potential flow theory, which was first deduced by Poisson@1#
and also appears in the Boussinesq-Basset expression~Eq. ~1!!.
The correlation by Odar and Hamilton~Eqs. ~27a! and ~27b!!,
@95#, yields the coefficientDA51 only when Ac50. The results in
@25# on the history term are also rather surprising: their computa-
tions show that in the case of oscillatory flow, the history term is
adequately described by the Boussinesq-Basset expression, even
at the high range of the Reynolds numbers examined. They con-
cluded that, in this case, the results obtained by using Eq.~1!
differ very little from the numerical results and, hence, there is no
advantage in using the semi-empirical expression. They also
found out in the case of the accelerating/decelerating flow that the
Boussinesq-Basset expression adequately represents the numerical
data in the initial stages of motion. However, in the final stage of
the motion, the numerical results indicate that the kernel of the
history integral decayed faster thant21/2 and that the rate of decay
became exponential, except in the case of a sphere brought to rest
where the decay rate was still algebraic but faster thant21/2.

The studies of Rivero et al.@105#, Magnaudet et al.@118#, and
Chang and Maxey@25# also explain a flaw in the studies that
resulted in semi-empirical expressions: For the decomposition of
the experimental data most of these studies have stipulated that in
sinusoidal flows the history term vanishes at phase angles equal to
f5p/4 and 3p/4. Based on this stipulation and given an expres-
sion for the steady-state term, a correlation for the added mass
term was determined and, hence, another correlation for the his-
tory term was deduced from the residual of the total force. The
results by Rivero et al.@105# and Chang and Maxey@25# show
that the history component of the hydrodynamic force does not
vanish atf53p/4, but at a slightly lower phase angle. Therefore,
the findings of the recent numerical studies cast further doubts on
the validity of the decomposition by Odar and Hamilton@95#, as
well as of all the similar studies that used the same assumptions
for the determination of the coefficients of semi-empirical expres-
sions.

Among the other numerical studies for a single object, Chaplin
@92# calculated the history forces on a stationary cylinder in a
viscous fluid based on the asymptotic properties of the wake. The

motions he considered are oscillatory motion, impulsive start and
stop as well as reverse flow. He examined values of Res in the
range 2 to 40 and found a qualitative agreement on the decay rates
of the kernel with the results of Mei and Lawrence@119#, although
he points out that this agreement deteriorates in the high values of
Res considered. Chaplin’s results also show that, even for a cylin-
der, the history term of the hydrodynamic force finally decays as
t21, @ t0.5 log(t)#21 and t20.5, in the cases of an impulsive start,
stop, and reverse motion, respectively.

Kim et al. @120# examined the unsteady three-dimensional in-
teractions between a single advected cylindrical vortex tube and a
fixed spherical particle whose diameter is of the same order of
magnitude as the initial diameter of the vortex. They also investi-
gated the viscous flow interactions between a pair of vortex tubes
advected by a uniform freestream and a spherical particle that is
suddenly placed and held fixed in space. The values of Res in this
study reach 100. The lift force on the sphere is calculated as well
as the deviation of the rectilinear drag due to the action of the
transverse force. Massudi and Sirignano@121# extended these re-
sults from a solid sphere to an evaporating droplet. This type of
study is the first step towards understanding the two-way interac-
tions between the small-scale turbulence and a sphere.

Given that the transient behavior of a single particle in a vis-
cous fluid is complex, inter-particle interactions in a fluid are even
more complicated and can only be examined numerically. Among
these studies, Kim et al.@122# used a three-dimensional algorithm
to obtain the drag and lift on two stationary spheres~placed close
together! in a uniform fluid velocity. Chiang and Kleinstreuer
@123# used a finite element code to determine the transport coef-
ficients of three spheres in a linear array. The study by Feng and
Joseph@124# demonstrates the complexity of the unsteady motion
of several spheres in a quiescent fluid, even at creeping flow con-
ditions. They found out that had the spheres been allowed to move
freely, coalescence would have occurred and that the Nusselt
number of the second and third spheres are greatly influenced by
the wake shed by the leading sphere. Cheng and Papanicolaou
@125# used an approach that is based on the analysis of periodic
Green’s functions and calculated the force on a periodic array of
spheres in a viscous flow at small Res . Their analysis considers
asymptotically, in the low limit, the effect of the concentration of
the spherical particles in the flow.

7.3 Numerical Results on the Transient Heat Transfer.
As with the case of momentum transfer, results for the transient
heat/mass transfer at high Reynolds or Peclet numbers may only
be derived by asymptotic or numerical methods. Abramzon and
Elata @113# assumed a Stokesian velocity distribution around the
sphere and solved numerically the energy transfer equations to
derive results on the transient Nusselt number of spheres. Because
the Stokesian velocity distribution implies Res!1 and, since
Pe5Re*Pr, their results for high Pe are implicitly restricted to
very low values of Pr (Pr5m fcf /kf). Similarly, Chiang and
Kleinstreuer@126# used a known velocity profile and drag forces
between the spheres to derive the steady-state heat and mass trans-
fer coefficients for an array of three evaporating drops. Pozrikides
@127# used a matched asymptotic expansion, obtained the double-
periodic Green’s function and used numerical computations to de-
rive the rate heat transfer from a semi-infinite line of small evapo-
rating particles. Balachandar and Ha@128# used a direct numerical
simulation to address the effect of unsteadiness on the heat trans-
fer at high Peclet and Reynolds numbers. They considered the
processes of step temperature change in the temperature of the
fluid and of the particle as well as a sinusoidal temperature change
and performed computations up to Res5250. They expressed their
results in terms of an effective Nusselt number, and confirmed that
at finite Pes the history term initially decays ast21/2, and at later
stages of the processes it decays at a faster rate. In general, they
observed that the behavior of the history term in the energy equa-
tion is very similar to its behavior in the equation of motion as
described in the previous subsection.
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7.4 The Effect of the History Term„s…. It appears that the
functional form of the history term is well known, and has a
unique functional form only in the case of creeping flow condi-
tions. At finite Res or Pes the functional form of the history term
depends on the actual transient process of temperature or velocity
change. In many cases the functional form of the history term in
both the equation of motion and the heat transfer equation is only
known asymptotically,@22–24,129#. For this reason, at finite Res
or Pes it is not easy to determine the effect of the history term on
the magnitude of the hydrodynamic force with a great deal of
accuracy. However, all researchers agree that the history terms
decay faster than the creeping flow rate oft21/2 when Res and Pes
are finite. Therefore, the influence of the history term on the mag-
nitude of the hydrodynamic force or on the heat transfer would be
weaker at finite Res or Pes than at creeping flow conditions.

The main reason for the interest on the effect of the history term
is that this term is difficult to compute, as was shown in Section
4.3. If this term does not contribute substantially to the total hy-
drodynamic force or heat transfer, then neglecting the term and its
effects simplifies and shortens repetitive computations consider-
ably. The a priori knowledge of the significance of the history
terms in Lagrangian computations is particularly important in
cases where the nature of the problem examined requires the com-
putation of trajectories of a very large number of particles,@130#.
Such repetitive computations can be simplified considerably if the
history term may be neglected.

Hjemfelt and Mocros@131# were the first to compute the effect
of the several parts of the hydrodynamic force for a particle in a
turbulent flow field. They parametrized their data with respect to a
dimensionless parameter related to the Stokes number,
(18bSt)21/2 and concluded that the effect of the history term as
well as all the other transient terms may be a priori neglected only
at very low values of the density ratiob5r f /rs . Their results
also indicate that the history term may be neglected when the
Stokes number and the density ratio satisfy the condition St
,2/9* b21/2. Vojir and Michaelides@61# computed the effect of
the history term during Lagrangian computations of the particle
motion in simulated sinusoidal and randomly varying velocity
fields. They concluded that the effect of the history term is sig-
nificant in the range 0.7,b,0.002 as well as at very high values
of the Stokes number~St.10! or, equivalently, low values of the
Strouhal number. They also found out that the effect of the history
term on the total distance traveled by a particle is by far more
significant when the fluid velocity field varies monotonically than
when the fluctuations are random. Druzhinin and Ostrovsky@132#
also conducted a numerical study of the effect of the history term
in a rotating flow and concluded that the history term reduces the
drift of the particles and modifies their rotation in the azimuthal
direction. The experimental and numerical study by Domgin et al.
@133# concluded that the history term may be neglected for bubbly
flows, and that the decay rate of the kernel proposed by Mei and
Adrian @22#, t22, agrees slightly better with the experimental re-
sults than the original decay ratet21/2, which was proposed in@5#
and @7#. The study by Domgin et al.@133# also confirmed the
statistical results in@61#. Other recent studies by Launey and
Huillier @134# and Abbad and Souhar@135# confirm the fact that
the history terms may be neglected when either the Stokes number
is high or the density ratiob very low.

Given that several fluid dynamics experimental techniques,
such as the LDV and the PIV methods, are based on the assump-
tion that the velocity of very small particles is equal to the local
velocity of the fluid, Thomas@136# conducted a numerical study
to determine the influence of the history term on the statistical
quantities that emanate from the LDV velocity data. He used es-
sentially the creeping flow equation of motion of particles without
the gravitational term and concluded that the inclusion of the his-
tory term in the calculations has a considerable influence on the
experimentally observed rms velocity deviation. He also con-
cluded that small, light particles are better suited as seeding in

LDV studies. In studies that use very light particles, a correction
for the gravity/buoyancy is necessary for the interpretation of the
velocity field data.

Regarding the effect of the history terms on the heat transfer
from a sphere, Gay and Michaelides@137# conducted a thorough
numerical study to compute the effect of the history term on the
heat transferred to a sphere at creeping flow conditions and con-
sidered three processes:~a! a step variation of the fluid tempera-
ture; ~b! a ramp change of the fluid temperature; and,~c! a sinu-
soidal variation. The main parameters for this study are the
volumetric heat capacity ratiob85r fcf /rscs and the Stokes num-
ber, St. They concluded that the history term is of importance in
the computations of the transient heat flux when the ratio of the
volumetric heat capacities,b8, is between 0.002 and 0.5. This is
the range for liquid-solid flows and droplet flows in heavier gases.
They also found almost no effect of the history term on the heat
transfer for bubbles~b8.10!. Typical results of these computa-
tions for a sinusoidal variation of the fluid temperature field are
depicted in Figs. 1~a! ~amplitude ratio! and 1~b! ~phase differ-
ence!. Also, Michaelides and Feng@138# conducted a study for
creeping as well as low Reynolds number flow and heat transfer.
They determined the fractional error associated with neglecting
the history terms as a function of the particle’s Stokes number, St.
Some of the results of@138# are depicted in Fig. 2, where it shown
that the history term plays an important role at intermediate
Stokes numbers. This occurs because at low St the particles follow
almost exactly the fluid streamlines and at high St the fluid has
very little impact on the flow and the heat transfer from the par-
ticle. The results of@137,138# show that neglecting the history
term in the energy equation of a rigid sphere leads to an underes-

Fig. 1 The effect of the history term on the amplitude „a… and
phase lag „b… of the temperature of a rigid sphere
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timation of the instantaneous rate of heat transfer by 10–15 per-
cent and that this error may reach up to 35 percent in extreme
cases.

7.5 Steady-State Expressions. The Effect of Other Param-
eters. It is apparent from the treatment of the transient terms,
that in many practical applications and most engineering calcula-
tions on the flow and heat transfer from particles, bubbles, and
drops, it is sufficient to know only the steady state part of the
sphere-to-fluid interactions. The steady-state part of the transient
expressions is often the dominant part of the hydrodynamic force
or rate of heat transfer and, hence, its accurate determination is
critical to the accuracy of the computations. In this case, it is
sufficient for a practicing engineer to know the steady-state drag
coefficient or the convective heat transfer coefficient in order to
perform calculations, such as the sizing of plant components or
the design of chemical reactors. For this reason, a great deal of
experimental work in the past 60 years was spent on the task of
determining the steady-state component of the transport coeffi-
cients. The results of the experimental studies are usually empiri-
cal correlations of expressions for the drag coefficient or for the
Nusselt number.

An excellent compilation of all the experimental work that was
performed in the 1960s and 1970s may be found in Happel and
Brenner @48# and Clift et al. @47#. A ‘‘universal’’ curve for the
steady-state drag coefficient and several recommended expres-
sions, emanating from experimental data or numerical studies and
spanning the range 0,Res,4000, may be found in Clift et al.
@47# as well as several other similar monographs and texts
@48,139#. At low Reynolds numbers most of these expressions
yield the equations derived by Stokes@4# and Oseen@11#. At
higher Res most correlations resemble the power-law expansion
by Schiller and Nauman@76#. It must be pointed out that, when
Res is greater than 20, a visible wake is formed behind the sphere
that grows in size with the Reynolds number. As mentioned in
Section 5, when Res.400 this wake becomes unstable and vorti-
ces are shed behind the sphere, thus making any motion of the
sphere unsteady. Despite of this unsteadiness in the motion, it has
been confirmed that the universal curve for the drag coefficient,
which is mostly derived from experimental data, leads to reason-

ably accurate calculations for time-averaged results, such as the
average velocity and total distance traveled by a particle.

The effects of irregular particle shape~nonsphericity!, flow tur-
bulence, flow compressibility, etc., are often given as corrections
to this universal drag coefficient curve in the form of functions of
the turbulence intensity, eccentricity, or Mach number:

cD~ ū82,«,Ma . . . !5cDf 1~ ū82! f 2~«! f 3~Ma! . . . . (29)

For example, Carlson and Hoglund@140# derived the following
empirical relationship for the functionf 3(Ma), which is used in
many computations pertaining to particles in shock waves and
other compressible flow fields:

f 3~Ma!5

11expS 2
0.427

Ma4.632
3

Res
0.88D

11
Ma

Res
F3.8211.28 expS 21.25

Res

MaD G , (30)

where Ma is the Mach number based on the relative velocity of
the particle with respect to the fluid. It appears that, for small
particles, the drag coefficient decreases due to a rarefaction effect,
while, for large particles, it increases because of the associated
compressibility effects.

When using these empirical expressions for the functionsf 1 ,
f 2 , f 3 , etc., one must be aware that they are derived from a
limited number of experimental data or, more recently, from nu-
merical studies. Therefore, their accuracy is strictly limited to the
range of conditions prescribed in the experimental study from
which these functions originate.

As with the case of the equation of motion, most practical stud-
ies on the transient heat transfer from spheres use a quasi-steady
approach, and a function for the steady-state heat transfer coeffi-
cient, which originate from experimental or numerical studies.
The analytical result for conduction or creeping flow conditions,
first derived by Fourier@27#, may be written in the form that
usually appears now as Nu52. Acrivos and Taylor@30# derived
asymptotic solutions that are applicable at the limit of creeping
flow as well as at small but finite Pes . The final forms of their
expressions are as follows:

Fig. 2 The effect of the Stokes number on the heat transfer from rigid particles with and without the
history term
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Nu50.991Pes
1/310.922 (31)

for Stokesian flow (Res!1) and

Nu50.991Pes
1/3S 11

1

16
Res1

3

160
Res

2 ln Res1O~Res
2! D (32)

for steady-state flows at small but finite Reynolds numbers.
At large Reynolds or Peclet numbers, the experimental studies

by Ranz and Marshall@141# and Whitaker@76# resulted in the
following two correlations which are widely used in engineering
calculations and the design of systems:

Nu52.010.6~Res!
1/2~Prs!

1/3, (33a)

and

Nu521~0.4 Res
1/210.06 Res

2/3!Pr0.4. (33b)

These correlations are applicable up to Res5104.
The asymptotic study by Polyanin@142# provides a plethora of

asymptotic results on the heat and mass transfer coefficients of
spheres at low Pes , including cases where heat and mass transfer
take place simultaneously, combustion or evaporation/
condensation processes, for example. Also, the experimental re-
sults by Yuge@143# are being widely used in convective heat
transfer applications. Corrections to this equation for the effect of
the eccentricity of the sphere and the flow turbulence are known
to exist or may be derived directly from experimental studies,
such as the ones by Bankoff and Mason@144#, Gilbert and Ange-
lino @145#, or Hayward and Pei@146#. In analogy with the corre-
sponding studies for the expressions of the drag coefficient, the
results of these studies would be expressions of the Nusselt num-
ber that have the following functional form:

Nu~ ū82,«,Ma . . . !5Nu0f 1~ ū82! f 2~«! f 3~Ma! . . . . (34)

8 The Effects of Finite Viscosity or Conductivity of the
Sphere

8.1 Transient Expressions. Most of the results for the hy-
drodynamic force and the heat transfer mentioned in the previous
sections pertain to a rigid sphere or a sphere with viscosity much
greater than the viscosity of the surrounding fluid (ms /m f@1).
Analytical solutions pertaining to the other limit of the viscosity
ratio, that of inviscid bubbles,ms /m f!1, have also been derived
analytically in the past by Chen@147#, Morrison and Stewart@70#,
Lhuillier @148#, and Leal@34#. Auton et al.@106# studied the effect
of rotation on the transient motion of an inviscid sphere, while
Drew and Lahey@149,150# examined the added mass component
and the lift force induced on an inviscid sphere in a rotating and a
straining flow field. Mei et al.@151# conducted an analytical/
numerical study on the history term of the hydrodynamic force
acting on a spherical bubble and derived results, which were later
confirmed by an experimental investigation by Park et al.@152#.

In an analogous manner, most of the heat transfer studies,
which pertain to the steady-state heat transfer coefficients, have
been derived for cases whereks /kf@1 or kf /ks@1. Under these
conditions, the problems of momentum and energy transfer have
only one significant characteristic time scale, which is based on
the viscosity or conductivity of the surrounding fluid. In this case,
the solution of the governing equations can be achieved by well-
established exact or asymptotic mathematical methods as was
shown in Sections 4 and 5.

When the viscosity or conductivity of the sphere is comparable
to the viscosity or conductivity of the fluid, the Navier-Stokes and
the energy transfer equations must be applied to the two fluid
domains which are inside and outside the sphere and are depicted
in Fig. 3. Hence, for a viscous or conducting sphere there are two
characteristic timescales to the momentum or energy transfer
problems:

a. the time scale of momentum or energy transfer inside the
geometrical domain of the sphere, and

b. the time scale of momentum or energy transfer outside the
geometrical domain of the sphere.

Because of this, an analytical solution of the governing equa-
tions for a viscous sphere is impossible to derive, even in the
simplest case of creeping flow. Chisnell@153# recognized this fact
and obtained asymptotic solutions for the velocity of drops imme-
diately after the commencement of the process~short time do-
main! and long after the commencement of the motion process
~long time domain!. Full analytical solutions in this case may only
be obtained not in the time domain but in the Laplace or the
Fourier domain. Sy and Lightfoot@154# attempted to derive a
closed-form solution for the transient hydrodynamic force in the
case of a sphere, but applied wrongly the velocity boundary con-
dition on the interface. As a result they derived a final expression,
which is erroneous. The boundary conditions and final expression
of this study were repeated in an otherwise very informative
monograph by Kim and Karila@35#. Galindo and Gerbeth@155#
were the first to derive a correct expression for the hydrodynamic
force on a viscous sphere under creeping flow conditions in the
Laplace or the Fourier domain, which is as follows:

Fi526pam f@Vi2ui #H x f
2

9
1~x f11!

2
~x f11!2f ~xs!

@xs
32xs

2 tanh~xss!22 f ~xs!#l1~x f13! f ~xs!
J ,

(35)

where the overbar denotes Laplace domain functions andx repre-
sents the two dimensionless timescales in the Laplace domain:

x f5Asa2

n f
and xs5Asa2

ns
(35a)

and the function f~x! is as follows:

f ~x!5~x213!tanh~x!23x. (35b)

Michaelides and Feng@20# performed a similar study that in-
cluded the effect of the viscosity ratio,l5ms /m f , as well as
allowed for the existence of finite velocity slip on the surface of
the sphere. Their result in the case of no-slip at the interface is an
expression, which is identical to Eq.~35!. An expression similar to
the Maxey-Riley equation may be derived from Eq.~35! at the
limit l→`, while an expression identical to the one derived in
@70# for an inviscid bubble may be derived at the opposite limit,
l→0. One of the unexpected results of@20# is that the same ex-
pression for the transient hydrodynamic force that applies to an
inviscid bubble also applies to a sphere of finite viscosity,l.0,
with perfect slip at the interface. This leads one to conclude that if
extremely small particles~nanoparticles! are to be modeled as a
continuum with finite velocity slip allowed at their interface with
a fluid, then the values of their drag coefficients would be between
the values for the drag coefficients of bubbles and the drag coef-

Fig. 3 Spatial domains and timescales in the case of a viscous
sphere
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ficients of rigid particles. Asymptotic solutions of Eq.~35! have
also been derived at short as well as long times from the inception
of the motion of the sphere. The long-time transient solutions are
independent of the internal viscosity of the sphere because any
transient effects have dissipated in the finite geometrical domain
within the radius of the sphere.

Regarding the heat transfer from a sphere whose conductivity is
of the same order of magnitude as the conductivity of the fluid
~that is, the Biot number is neither close to zero nor approaching
infinity!, Feng et al.@156# proved that, because of the existence of
the two time scales, a closed-form analytical solution in the time
domain cannot be derived in the time domain, even under the
creeping flow conditions (Pes!1). In this case, the rate of heat
transfer to the sphere in the Laplace domain as follows:

Q̄524pakf

f 8~xs8!

@ f 8~xs8!1s~11x f8a!sinh~xs8R!#
F ~11x f8a!Tf

0~x

50!1S 1

2
1

1

6
x f8a Da2¹2Tf

0~x50!G1F ~11x f8a!

s
Ts~0,0!

1
a2

6s
~¹2Tp!~0,0!G1

akp~11x f8a!

s@ f 8~xs8!1s~11x f8a!sinh~xs8a!#

3E
Vs

¹Tp~x,0!•¹Fsinh~xs8r !

r GdV, (36)

wheres is the ratio of the thermal conductivity (s5kf /ks) and
the variablesx f8 andxs8 are the dimensionless variables analogous
to those of Eq.~35a!, defined in terms of the energy diffusivity of
the sphere:

x f85Asr fcf

kf
and xs85Asrscs

ks
. (36a)

The functionf 8(x) is analogous tof (x) above and is defined as

f 8~x!5xa cosh~xa!2sinh~xa!. (36b)

A glance at Eqs.~35! and ~36! shows that, as in the case of the
spheroids, there are several analogies in the expressions of the
momentum and energy equations, but not a strict similarity that
can be used in formal calculations. Thus, one has to calculate
independently the hydrodynamic force and the heat flux from vis-
cous spheres.

It must be pointed out that, in the special cases when the ana-
lytical transformation of Eqs.~35! and~36! onto the time domain
can be accomplished, several history terms appear that are differ-
ent than the typical history term of Eq.~1! in their functional form
as well as the details of their kernels. Yang and Leal@157#, Gal-
indo and Gerbeth@155# and Michaelides and Feng@20# have de-
rived several of these terms. The functional form, kernels and
other parameters of these history terms are significantly different
from the typical history term of Eq.~1!. This leads to the conclu-
sion that the history term emanating from the Boussinesq-Basset
expression is a special case, which applies only to the restricted
conditions underlying its derivation, and that there is a group of
history terms that appear when one or more of the restrictions
applied to the Basset-Boussinesq theory are relaxed.

8.2 Steady-state Expressions for the Hydrodynamic Force.
Given the virtual impossibility for analytical solutions to provide
simple working expressions for the hydrodynamic force and heat
transfer coefficient of a viscous sphere and the fact that for many
practical applications a knowledge of the steady state part of these
expressions is sufficient for engineering calculations and design
work, analytical, experimental, and numerical studies have filled
this void and have provided us with sufficiently accurate expres-
sions and data on the transport coefficients of viscous spheres
~bubbles and drops!. Two of the earlier analytical studies on this
subject are those by Hadamard@158# and Rybczynski@159#. These

studies resulted in the following expression for the drag coeffi-
cient, which is valid at creeping flow conditions (Res!1):

cD5
8

Res
S 3l12

l11 D . (37)

This expression yields the Stokes law for a solid particle,cD
524/Res at l→` andcD516/Res for an inviscid bubble atl→0.
At the other end of the spectrum, when Res@1, an asymptotic
solution by Happer and Moore@160# yields the following expres-
sion for the drag coefficient of an inviscid sphere, which applies to
the flow of spherical bubbles at high Reynolds numbers:

cD5
48

Res
S 11

3

2
l D . (38)

The hydrodynamic force on all objects depends very much on
their shape, and viscous spheres are deformable and do not retain
their spherical shape under all flow conditions. Therefore, a key
question in the motion of viscous spheres in fluids is whether or
not they maintain their spherical shape at higher Reynolds num-
bers. The subjects of the deformation of viscous spheres at higher
Reynolds numbers as well as the trajectory oscillations that result
from this deformation have been well studied experimentally and
computationally,@36,161–168#. Also, the formation, shape, and
size drops are reviewed in a recent article,@169#. In general, the
shape of a viscous sphere depends on the Reynolds and Bond~or
Weber! numbers, and the resulting shape is one of the primary
variables that determines the total transient or steady-state hydro-
dynamic force, as well as the rate of heat transfer. When viscous
spheres depart from their spherical shape, they become oblate
spheroids~drops! or develop a hemispherical shape~bubbles! that
may grow to become Taylor bubbles, which are bullet shaped.

The answer to the question of whether or not a drop or a bubble
maintains its spherical shape at high Reynolds numbers has been
given in the past by empirical data and more recently by numeri-
cal studies: The experimental results by Winnikow and Chao
@117# on the free fall and rise of drops in liquids show that a liquid
drop will remain spherical when the dimensionless Bond number,
Bo, is less than or equal to 0.2; that is, when

Bo5
4ga2urs2r f u

ss
<0.2, (39)

wheress is the surface tension of the sphere. The experimental
work by Winnikow and Chao@117# shows that drops of
m-nitrotoluene in water~l52.2! with d53.1 mm remain spherical
at Res5506. According to the criterion Bo,0.2, simple calcula-
tions show that water droplets in air will maintain their spherical
shape at values of Res up to 470. In the case of substances with
high surface tension such as liquid metals, the corresponding Res
would be much larger, up to 1150 for mercury droplets in air. It
must be pointed out that Loth@44# prefers the criterion Bo,0.14
for spheres to retain their shape, which is based on the experimen-
tal study by Garner and Lihou@170#. The adoption of this criterion
implies that water droplets in air maintain their spherical shape up
to Res5395 and mercury droplets in air maintain their spherical
shape up to Res51000. Regardless of the value used in the Bond
number criterion, the fact remains that viscous drops retain their
spherical shape at relatively high values of Res and, therefore, the
knowledge of their transport coefficients up to these high values is
necessary in some computations.

There are several numerical studies on the drag coefficient and
heat transfer coefficient for viscous bubbles or drops that retain
their spherical shape. One of the first such studies is by LeClair
and Hamielek@171#, who used a finite difference technique to
compute the drag coefficients of drops at relatively low values of
Res . Rivkind et al. @112# Rivkind and Ryskin@172# and Oliver
and Chung@173# used similar numerical techniques and extended
the range of Res for the drag coefficients of viscous spheres to
approximately 100. Beyond this value of Res it is known that a
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boundary layer is formed at the exterior of the sphere. The capture
of the effects of this boundary layer requires a different technique
or a hybrid type of computational grid. Feng and Michaelides
@116# used faster computers and a hybrid grid to capture the out-
side boundary layer for solid and viscous spheres and thus con-
ducted computations up to Res51000. Their results are shown
pictorially in Fig. 4, where it is observed that there are several
regularities and trends of the numerical data that would lead to
accurate empirical correlations which are useful in repetitive en-
gineering calculations. These correlations of the numerical data in
terms of the parameters Res andl are briefly summarized here:

cD~Res ,l!5
22l

2
cD~Res,0!1

4l

61l
cD~Res,2!

for 0<l<2, and 5,Res<1000,

(40a)

and

cD~Res ,l!5
4

l12
cD~Res,2!1

l22

l12
cD~Res ,`!

for 2<l<`, and 5,Res<1000

(40b)

where the functionscD(Res,0), cD(Res,2), and cD(Res ,`) are
given by the following expressions:

cD~Res,0!5
48

Res
S 11

2.21

ARes

2
2.14

Res
D (41a)

cD~Res,2!517.0 Res
22/3 (41b)

and

cD~Res ,`!5
24

Res
S 11

1

6
Res

2/3D . (41c)

The expressions forcD(Res,0) andcD(Res ,`) in the above ex-
pressions are routinely used correlations for the drag coefficients

of bubbles and solid particles. Expression~41b! is a simple cor-
relation of the computational results that are shown in Fig. 4 for
l52.

In the low-values range of Res , which is not covered by the
above expressions, the following expression is recommended:

cD5
8

Res

3l12

l11 S 110.05
3l12

l11
ResD

20.01
3l12

l11
Res ln~Res! 0<Res<5. (42)

This expression reduces to the Haddamard-Rybszynski solution at
Res50 and to the Oliver and Chung@173# expression for small but
finite Res . The form of the last term of Eq.~42! is derived from
the natural next-order expansion in terms of Res . Although the
intention was to use this expression up to Res55, it was actually
concluded that the last equation accurately represents the numeri-
cal results up to Res520. It must be pointed out that the standard
deviation of the correlations~40!, ~41!, and~42! from the numeri-
cal results is 2.1 percent and the maximum error is 4.6 percent.

The drag coefficient of inviscid spheres~bubbles! is of particu-
lar importance in practical applications, such as boiling and aera-
tion. It is generally accepted that surfactants and material impuri-
ties play a very important role in the determination of the drag
coefficient of bubbles. The drag coefficient of clean spherical
bubbles is often approximated by the expression@174#

cD05minS 16

Res
~110.15 Res

0.687!,
48

Res
D , (43)

which is consistent with the previous correlations whenl→0.
When the bubbles become bigger, their shape is distorted and they
form hemispheres. Consequently their drag coefficient depends
strongly on the surface tension, which is a determinant of their
shape. In this case the drag coefficient is independent of the Rey-
nolds number and may be given by the expression:

cD5
8

3

Eo

Eo14
, (44)

Fig. 4 Drag coefficients of viscous spheres
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which is valid for fairly large hemispherical bubbles~up to 3 cm
diameter!. However, it was observed in many studies that the pres-
ence of even traces of surfactants or other impurities in the water
causes an increase in the value of the drag coefficient as it is
shown in Fig. 5. It is generally accepted that when even traces of
surfactants appear in the system, the drag coefficient of a bubble
may take any value in the enclosed region of the three curves that
appear in Fig. 5,@34,47#.

Two recent experimental studies on the subject have provided
evidence that impurities alone do not cause this change in the
shape of a bubble and the modification of the drag coefficient. The
experimental study by Tomiyama@174# claims that the method of
a bubble’s initial release from the nozzle also determines its drag
coefficient and the trajectory it follows. When bubbles are re-
leased with small initial deformation, their shape remains close to
spherical, their drag coefficient is higher and their motion is rec-
tilinear or zigzag on a plane. However, when the bubbles are
released with high initial deformation, their shape continues to be
ellipsoidal with high aspect ratio, their drag coefficient is higher
and their motion is helical or rectilinear. In a similar study, Wu
and Gharib@175# also found that the initial method of the release
of bubbles~whether they are released from a narrow or a wide
tube! plays a role in the eventual shape, the rise velocity, and the
drag coefficient. Thus, Wu and Gharib@175# were able to observe
spherical bubbles of large diameters in clean water systems that
behaved as bubbles with surfactants. Prosperetti@176# has named
this phenomenon ‘‘the Leonardo effect’’ and has put forward the
following conjecture for its explanation: Both types of bubbles
when released from their tubes are contaminated. However, the
shape oscillations that occur after detachment are strong enough
to clean the bubble surface from its contaminants. In most practi-
cal cases, the water contains a sufficient concentration of contami-
nants for the bubble surface to become immediately contaminated.
However, in the case of a very pure system, the recontamination
process of the surface is so slow that the bubble remains clean for
the finite duration of the experiment. A consequence of this con-
jecture is that the large spherical bubbles created by this method
are unstable and, given sufficient time, will flatten. Since this is a
problem with many practical applications and great intellectual
curiosity, it is expected that it will attract a number of studies in
the near future.

8.3 Steady-State Expressions for the Heat Transfer Coef-
ficient of Viscous Spheres. The study by Bowman et al.@177#
was among the first to point out the differences in the heat/mass
transfer from solid and viscous spheres. Since most of the practi-
cal problems of the heat and mass transfer from drops and bubbles
are related to processes such as boiling, condensation, evapora-
tion, or combustion, the mass transfer at the boundary of the
sphere plays an important role in the determination of the rate of
heat transfer. For this reason an evaporation parameter, which is

sometimes called the Spalding transfer number,B, plays an im-
portant role in the heat and mass transfer expressions from drops
and bubbles:

B5
h`2ha1hcomb

hf g
(45)

whereh is the enthalpy, the superscripta denotes conditions at the
radius of the sphere, the superscript` conditions at infinity,hf g is
the latent heat of vaporization, andhcomb is the heat of combus-
tion. In many studies the effects of the transport coefficients of
viscous spheres are given in terms of the transport coefficients of
solid spheres with corrections in terms ofB, obtained from experi-
mental, analytical, or numerical data. For example, Abramzon and
Sirignano @178# expressed the Nusselt number in the case of
evaporating drops as follows:

Nu52
log~11B!

B S 11
K

2

Re1/2 Pr1/3

f ~B! D (46)

where K is a constant andf (B) is a function ofB that can be
correlated from the numerical results of Abramzon and Sirignano
@178#. In the caseB50, the above equation yields the expression
for the Nusselt number of a solid sphere~Eq. ~33a!!. Similar ex-
pressions have appeared for the Sherwood number, which is used
in cases of mass transfer from bubbles or drops, as well as for the
drag coefficient. More details on the derivation and the form of
these functions as well as the effects of the phase change on the
transport coefficients of bubbles and drops may be found in
Chigier @179,180#, Chigier and McGreath@181#, Crespo and Lin-
ian @182#, Clift et al. @47#, Law @183#, Williams @184#, and Sirig-
nano@36,40#.

If mass exchange is negligible, its effect may be isolated in the
functions of the Spalding coefficient,B, as in the last expression,
or, if the effect of the mass transfer from the sphere is negligible
on the heat transfer process~e.g., in the case of heating of sub-
cooled drops! one needs to have accurate expressions for the heat
transfer from a viscous sphere that does not exchange mass. Be-
cause of this, several analytical and numerical studies have been
conducted to determine the heat transfer coefficient of a viscous
sphere without the exchange of mass. Levich@46# provided an
asymptotic first-order solution for a liquid sphere at very large Pe
under the condition of creeping flow~Re!1!:

Nu5F 4

3p

1

11l
PeG1/2

. (47)

Feng and Michaelides@79,114# conducted two numerical studies
on the subject of heat transfer from a viscous sphere at constant
volume and derived useful correlations, first at high Res and any
Pes , @114#, and then at any Res and Pes , @79#. Their results in
correlation form are as follows:

A At small but finite Res(0,Res,1) and Pes.10, the general
expression for the Nusselt number is as follows:

Nu~l,Pes ,Res!5S 0.651

110.95l
Pes

1/21
0.991l

11l
Pes

1/3D ~11a~Res!!

1S 1.65~12a~Res!!

110.95l
1

l

11l D , (48a)

where the functiona(Res) is expressed as follows:

a~Res!5
0.61 Res
Res121

10.032. (48b)

B As with the case of the expression of the drag coefficient,
for higher Res the analysis of the data revealed that the best cor-
relations of the numerical data are obtained when the general ex-
pression for the Nusselt number is given in terms of the following
three functions:

Fig. 5 Drag coefficients for bubbles as a function of their
diameter
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B1 The correlation of Nu for an inviscid sphere~l50!, which
is as follows:

Nu~0,Pes ,Res!50.651Pes
1/2S 1.0321

0.61 Res
Res121D

1S 1.602
0.61 Res
Res121D . (49a)

B2 The corresponding function of Nu for a solid sphere~l
5`!, which is as follows:

Nu~`,Pe,Re!50.852Pe1/3~110.233 Re0.287!11.320.182 Re0.355.
(49b)

B3 The corresponding function of Nu for a sphere with vis-
cosity ratio equal to 2~l52.0!, which was derived from the nu-
merical results and is as follows:

Nu~2,Pes ,Res!50.64Pes
0.43~110.233 Res

0.287!

11.4120.15 Res
0.287. (49c)

The final correlations for the heat transfer coefficients may be
given by the following expressions in the two subranges 0<l,2
and 2,l<`:

Nu~Pes ,Res ,l)5
22l

2
Nu~Pes ,Res,0)1

4l

61l
Nu~Pes ,Res,2)

for 0<l<2, and 10<Pes<1000
(50a)

and

Nu~Pes ,Res ,l)5
4

l12
Nu~Pes ,Res,2)1

l22

l12
Nu~Pes ,Res ,`)

for 2<l<`, and 10<Pes<1000.
(50b)

For the case of smaller values of Pes,10, no correlation of
Nu~Pes ,Res ,l) of satisfactory accuracy was obtained from the
numerical data. For applications in the range 0,Pes,10, it is
recommended that one consults the original numerical results in
@79#, which are given in tabular form.

9 Transverse„Lift … Force and the Effect of Boundaries

a. Lift Force. Particle rotation combined with finite relative
velocity, or fluid velocity gradients~shear! even in the absence of
particle rotation, will induce a transverse component in the hydro-
dynamic force on the sphere, which is often called the ‘‘lift
force.’’ This transverse component of the hydrodynamic force has
two parts. The first is due to the particle rotation, is independent of
the viscosity, and is frequently referred to as ‘‘the Magnus force.’’
In a quiescent and irrotational fluid, the expression for the Magnus
force is

FLM5pa3r f@Vp^ ~V2U!#. (51)

The Magnus force is the result of pressure induced because of the
streamline asymmetry that results from the rotation of the sphere.
It is the contribution of the outer velocity field disturbance, far
from the sphere, caused by the rotating sphere. The Magnus force
is independent of the fluid viscosity and, therefore, it appears in
viscous as well as in inviscid flows.

The second part of the transverse hydrodynamic force is the
shear-induced lift and does not necessitate rotation of the sphere.
It was first derived by Saffman@185# and, for this reason, it is
oftentimes referred to as ‘‘the Saffman force.’’ Saffman@185,186#
followed the work by Proudman and Pearson@16# and Childress

@187# and performed an asymptotic domain expansion of the ve-
locity field around the sphere. He derived the following expres-
sion for the magnitude of the shear-induced lift:

FLS5Kr fa
2k1/2n21/2, (52)

where K is a constant equal to 6.44 andk is the fluid velocity
shear, evaluated at the center of the sphere. Sufficient conditions
for the validity of the above expression are very low Res as well as

V!~kn!1/2, ka2/n!1 and a2V/n!1, (52a)

which would imply one of the following two alternatives:

a. either very low particle velocity, shear and angular rotation
for the particle, or

b. extremely high kinematic viscosity for the fluid if the par-
ticle has finite velocity, shear or angular rotation.

The first alternative is compatible with the assumptions implied in
the derivation of the Basset-Boussinesq equation. The second al-
ternative implies very high viscosity in combination with finite
shear or rotation and is not strictly compatible with the implied
conditions of the Basset-Boussinesq equation.

It must be pointed out that the appearance of the lift force is
related to the inertia of the particle and that it is inconsistent with
the governing equations from which the creeping flow solutions
have been derived. Under the creeping flow conditions and the
assumptions underlined in Section 4, a sphere only experiences a
symmetric force that opposes its rectilinear motion. Transverse
forces do not appear in creeping flow conditions, because the flow
domain resulting from the introduction of the sphere is symmetric,
@34#. At finite Res transverse forces may appear if the velocity
field has an asymmetry. However, most of the analytical and nu-
merical derivations of drag coefficients at finite Res implicitly
assume that the velocity field is symmetric.

Both the Magnus and the Saffman parts of the transverse hy-
drodynamic force, or the lift force, are much weaker than the
rectilinear components of the hydrodynamic force, the drag force.
However, the lift force plays an important role in the migration of
bubbles, drops, and particles towards the walls of cylindrical
pipes. This happens because these objects have to travel relatively
very short distances in order to approach the walls of the pipe and
a weak force would be sufficient to induce them to travel such
short distances, thus contributing significantly to radial diffusion
or dispersion, wall deposition@188#, mixing, and separation pro-
cesses@189,190#.

Among the recent developments on the lift forces exerted by a
viscous fluid on a sphere, Auton@191# derived an expression for
the lift induced by the rotational motion of the fluid at higher Res .
Tsuji et al. @192# measured experimentally the shear-induced lift
on bubbles and concluded that the expression by Saffman yields
satisfactory results on the magnitude of the force. McLaughlin
@193# relaxed some of the assumptions used by Saffman and de-
rived a correction to the expression by Saffman in terms of the
shear,k. This correction improved the accuracy of Saffman’s
equation and extended the range of its applicability. McLaughlin’s
theoretical work was later confirmed experimentally by Cherukat
et al.@194# for a solid sphere near a wall. The experimental results
by Sridhar and Katz@195# suggest that the magnitude of the lift
component of the hydrodynamic force of bubbles and particles is
higher than the values predicted by the theory. Mei and Klausner
@196# also derived a correlation for the lift coefficient of a bubble
in a shear flow field by a numerical method at high values of Res .
However, their results only considered the outer expansion and
not the inner expansion of the problem as pointed out by Magnau-
det and Legendre@197#. An essentially numerical article by
Legendre and Magnaudet@198# has shed some clarity on the
mathematical formulation of the problem as well as the physical
mechanisms that contribute to the lift of the sphere in inertia-
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dominated flows. Another experimental study by Tomiyama et al.
@199# on bubbles in shear flows concluded that the lift coefficient
of larger bubbles depends on the surface tension~the Eotvos num-
ber! and that rising bubbles tend to accumulate close to the walls
if their radii are less than 6 mm, while bigger bubbles with radii
higher that 6 mm tend to migrate towards the center of the appa-
ratus.

As with the steady-state drag force, the magnitude of the Mag-
nus lift force is often expressed as a function of a dimensionless
lift coefficient, cLM , which is then correlated by experimental
data. A recent investigation by Oesterle and Bui-Dinh@200# yields
the following empirical expression for the lift coefficient of a
sphere rotating in an infinite fluid:

cLM50.451S ReR

Res
20.45Dexp~20.05684 ReR

0.4Res
0.3!

for ReR,140 (53)

where ReR is the Reynolds number based on the rotational speed
of the sphere:

ReR5
4r fa

2uVu
m f

. (54)

The lift coefficient is in general a monotonically decreasing
function of the Reynolds number, Res , as shown by many, includ-
ing Rubinow and Keller@201#, Dennis et al.@202# and Oesterle
and Bui-Dihn@200#.

The lift of growing bubbles that are formed close to a wall is
very important in the boiling and evaporation processes, because
the global rate of the heat transfer greatly depends on the amount
of vapor which is in contact with the wall or in the immediate
vicinity of the wall. In this case, the lift due to shear facilitates the
detachment of small spherical bubbles from the wall and subse-
quently the nucleation and the commencement of the growth pro-
cess of other bubbles. Thorncroft et al.@71# studied the growth
and detachment of bubbles from a surface and concluded that the
growth of a bubble close to a wall enhances the lift force exerted
by the shear. In their analytical and computational study they de-
rived the following expression for the lift due to the shear:

FSL5
1

2
uU2Vu~U2V!pr fa

2~ t !k1/2H F1.46J

Res
1/2G2

1F3

4
k1/2G2J 1/2

,

(55)

whereJ is a scalar function of the dimensionless shear rate and the
Reynolds number. The augmented lift force in this case facilitates
the detachment of the bubble from the wall, reduces the amount of
vapor close to this wall, and, thus, contributes to the enhancement
of the heat transfer from the wall to the bulk fluid.

The shear-induced lift on solid spheres attached to a wall where
other similar spheres are present, known as suspension flow, was
studied numerically by Feng and Michaelides@203#. Their results
show that the instantaneous hydrodynamic force exerted by the
suspension flow on a solid particle attached to a wall is increased
by a factor of 2–4 by the presence of similar particles in the flow
field. The augmentation includes both the lift and the drag com-
ponent of the hydrodynamic force and is caused by the interac-
tions of the suspended spherical particles with the stationary par-
ticle when they are in close proximity, within 1–2 diameters. In
this case, it is the hydrodynamic interactions between pairs or
triplets of particles that result in the augmentation of the lift and
drag components of the force. As a result of this type of hydro-
dynamic interaction, a particle that lays on a horizontal boundary

may be lifted and become suspended in the flow without any
physical collisions with other particles in the suspension.

Regardless of the method of evaluation of the lift component,
the ratio of the transverse to the longitudinal component of the
hydrodynamic force,FL /FD , is of the order ofa(k/n)1/2. This is
necessarily a very small number according to all the assumptions
used in the derivation of the lift forces~Eq. ~52a!!. Despite this,
the transverse component of the hydrodynamic force is very im-
portant because it determines the lateral migration and dispersion
of spheres, and plays an important role in several phenomena,
such as bubble detachment during boiling and particle sedimenta-
tion and resuspension in water quality models. For this reason, the
accurate knowledge of this transverse component is of paramount
importance for engineering calculations that pertain to such pro-
cesses. It is common practice in such engineering calculations to
superpose an expression for the transverse or lift component, such
as Eq.~51! or ~52! with an expression for the transient hydrody-
namic force in the longitudinal direction, such as Eqs.~1!, ~10!, or
~19!, and thus calculate the longitudinal and transverse motion of
particles, bubbles, and drops. The result of such a superposition is
that the transient hydrodynamic force on a sphere appears to have
a lateral, albeit steady-state, component in addition to the longitu-
dinal component. Although this superposition is not justified on
analytical grounds, it is very convenient to use and the results
obtained appear to be accurate, since they agree fairly well with
experimental data. When one uses this superposition, it is impor-
tant to ensure that the necessary conditions for the validity of the
expressions used for the several components of the hydrodynamic
force are not violated. In most of the cases this means that there is
very low relative velocity and rotation between the sphere and the
fluid, and that the local shear is small.

b. Effect of the Walls on the Motion of Particles. The
motion of particles, bubbles and drops in the vicinity of a wall is
very important in many practical applications ranging from boil-
ing to particulate and slurry transport. As was mentioned above,
the lift on small bubbles influences the rate of heat transfer from a
surface during several practical processes. In particulate transport
processes, particle collisions with the walls result in pipeline ero-
sion and particle adhesion to the walls cause scale buildup and
oftentimes pipeline clogging. The effect of a wall in general is to
retard the motion of particles in both the parallel and the perpen-
dicular direction to the wall, thus reducing the rate of mass trans-
port. In addition, the presence of particles and bubbles in bound-
ary layers and mixing layers significantly modifies the stability
and transport properties of these layers. Although the effect of the
particles and bubbles on the boundary layers is not the subject of
this article, there is a great deal of recent experimental and ana-
lytical work on this subject, which may be found in Aggarwal
@204#, Moursali et al.@205# Climent and Magnaudet@206# Naray-
anan et al.@207# Marie et al. @208# Joia et al.@209# Tran-Cong
et al. @210# Druhzinin and Elghobashi@211#, and Felton and Loth
@212#.

The first to consider the motion and to derive an expression for
the hydrodynamic force on a particle in rectilinear motion parallel
to a wall was Faxen@12#. He used the method of reflections for
the movement of the sphere under creeping flow conditions and
obtained an asymptotic solution for the total force acting on a
sphere that settles in an orthogonal circular cylinder, when the
trajectory of the center of the sphere is the centerline of the cyl-
inder. In this case, the ratio of the particle diameter to the charac-
teristic distance, or diameter, of the cylinder,J, is the most im-
portant parameter that affects the hydrodynamic force. Faxen’s
expression for the hydrodynamic force may be given in terms of a
wall drag multiplier,Kwall , which is the ratio of the steady-state
hydrodynamic force in the presence of the wall to the Stokesian
force (6pmaV) that a sphere experiences in an unbounded flow.
By using the same method of reflections Bohlin@213# obtained a
higher order approximation for the wall drag multiplier, which
may be written as follows:
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Kwall5
1

122.01443J12.088777J326.94813J521.372J613.87J824.19J101 . . .
. (56)

Haberman and Sayre@214# developed a theoretical method to
compute the wall correction factor,Kwall , for spheres settling in
cylinders up to very high values ofJ, and later Paine and Scherr
@215# used this method in order to computeKwall , and tabulated
their results for several values of the diameter ratio in the range
0<J<0.9. A comparison between the expression by Bohlin~Eq.
~56!! and the exact theory by Haberman and Sayre@214# shows
that Eq.~56! yields accurate results only up toJ50.6.

Apart from the analytical/computational studies, there are also
several experimental studies pertaining to the settling of a sphere
along the centerline of an orthogonal circular cylinder or next to a
plane wall. Among them, the experimental studies by Iwaoka and
Ishii @216# and Miyamura et al.@217# show good agreement with
the theoretical solutions by Faxen@12#, Bohlin @213# and Paine
and Scherr@215#. The recent study on this subject by Masmoudi
et al. @218# must also be mentioned. They devised an elaborate
experimental apparatus to measure with higher accuracy the posi-
tion and trajectory of a particle in a vessel and, thus, to determine
the interaction between the particle and the walls of the vessel.

An excellent exposition of the studies on the settling of spheres
in enclosures of any shape may be found in the treatise by Happel
and Brenner@48#, who devoted an entire chapter to discuss the
wall effects on the motion of a single sphere. They considered
creeping as well as inertia flows, and stipulated that the total effect
on the hydrodynamic force acting on the sphere is a simple linear
combination of the separate effects of proximity to the outside
boundary and inertia. Thus the total correction factor for the hy-
drodynamic force acting on a sphere is given by the expression

K5Kwall1K inertia21, (57)

whereKwall is the wall effect at creeping flow as defined above
and, K inertia is the additional correction factor due to the inertia
effects of the flow at higher Res . Equation~57! simply implies
that the drag on a sphere is composed of two additive terms: one
term is due to the effect of the cylindrical boundary and the other
is due to the flow inertia effect. The latter is usually obtained from
one of the empirical correlations for the drag coefficient at high
Reynolds numbers, such as the one by Schiller and Nauman@76#.

Equation~57! is essentially a conjecture that is based on the
experimental data by Fayon and Happel@219#. The data set per-
tains to a diameter ratio,J, in the range of 0.1250 to 0.3125 and
Reynolds numbers in the range 0.1 to 40. Feng and Michaelides
@220# conducted a more general numerical study for a wider range
of J and Res that is applied to cylindrical as well as prismatic
enclosures. They concluded that the two effects of inertia and of
flow confinement are not always additive and may not be com-
bined as Eq.~57! implies. Because of this, in calculating the hy-
drodynamic force on a sphere, it is more accurate to use compu-
tational or experimental data that are not restricted by this
assumption.

Regarding the radial migration of particles in pressure-driven
flows in pipes and small capillaries, Poiseuille@221# was the first
to perform a study in order to model blood flow and, for this
reason, such flows now bear his name. Wang and Skalak@222#
studied analytically the flow of an array of spheres located at the
centerline of a cylindrical tube under creeping flow conditions and
calculated the pressure drop in the cylinder with the particle size
and inter-particle distance as parameters. Westborg and Hassager
@223# studied numerically the creeping motion of elongated
bubbles inside capillary tubes and Xu and Michaelides@224# ex-
tended these results to flows at finite Reynolds numbers and de-
termined the hydrodynamic force on ellipsoids and spheres inside
cylindrical tubes.

Of particular interest in Poiseuille flows with suspended rigid or
deformable spheres is the transverse motion and the calculation of
the transverse, or migration, velocity of these spheres, caused by
interactions with the walls. By using the method of reflections,
Brenner and Happel@225# solved the problem of a rigid sphere
moving in the axial direction in a Poiseuille flow and obtained
asymptotic solutions for the drag force and torque. Later, Cox and
Brenner@226# extended this approach to rigid particles of irregu-
lar shapes, and derived the following expression for the migration
velocity of a sphere that is falling close to a wall:

Vr5
6pVs

2

n
h, (58)

whereVs is the sedimentation velocity andh is an integral of the
Green’s function for the point force representing the sphere. The
last expression is valid under the conditions Res!a/lw!1, where
l w is the distance of the center of the sphere from the wall. The
implications of this condition are that the sphere is far from the
wall and creeping flow. Cox and Hsu@227# evaluated this integral
for the case of a sphere and derived the following asymptotic
expression for the migration velocity:

Vr5
3

64
Res Vs , (59)

also valid under the conditions Res!a/lw!1. The fact that this
expression implies that the migration velocity of the sphere is
independent from its distance from the wall does not constitute a
paradox, because the expression is valid only at distances suffi-
ciently far from the wall as expressed by the conditiona/ l w!1.

Vasseur and Cox@228# derived analytically an expression for
the lateral migration velocity of a sphere that falls in a quiescent
fluid in the proximity of a plane wall. Their expression for the
lateral velocity is as follows:

Vr5
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l wVz
D 5/2G , (60)

whereVz is the~vertical! sedimentation velocity and the terms in
the two parentheses are the inverse of a Reynolds number based
on the distance from the wall. This expression was later confirmed
by the experimental data of Cherukat and McLaughlin@229# to be
valid up to Res53.0.

The experimental studies by Segre and Silberberg@230# with
neutrally buoyant spheres demonstrated that particles in a
pressure-driven Poiseuille flow experience a radial force and tend
to align at a distance which is at approximately 0.6 pipe radii
away from the centerline. This shows that there exists an equilib-
rium position where the radial force is zero and, thus, particles
tend to accumulate in this position. Two-dimensional numerical
studies have also concluded that there is an equilibrium position
for cylinders at a distance of 0.4234 half-channel width away
from the centerline for both a single and for a group of naturally
buoyant cylinders in a pressure-driven channel flow@231#. Mor-
tazavi and Tryggvason@232# studied the lateral migration of two-
dimensional drops in Poiseuille flows and found that drops either
move halfway between the pipe centerline and the wall, as Segre
and Sielverding@230# also observed, or they oscillate around an
off-center equilibrium position. More recently, Joseph and his co-
workers @233,234# studied the lift force in two dimensions by
examining the behavior of a circular particle in a plane Poiseuille
flow and the motion of circular particles in two-dimensional
pressure-driven flows using a finite element method.
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One of the lesser known studies on the lift of a sphere is that by
Feuillebois and Lasek@235# who, starting from the creeping flow
equations for the angular momentum of a sphere, discovered the
existence of a history term in the angular momentum equation, the
history couple. Although this history couple is weak, it contributes
to the transient rotation and transverse motion of spheres.

All the above studies pertain to the transverse motion of a
sphere, whose main direction of motion is parallel to a wall. Re-
garding the flow of a sphere perpendicular to a wall, Brenner
@236# obtained asymptotically a first-order correction for the drag
coefficient of a small rigid sphere moving towards the wall and
concluded that the Stokes’ drag coefficient increased by a factor
equal to 1.25(a/h), whereh is the distance of the particle from
the wall. Brenner’s results indicate that the hydrodynamic force
on the particle increases dramatically when the particle ap-
proaches close to the wall. The study by Kalio@237# indicates that
the influence of the wall on the drag of the particles is important
when the particle is within 20 diameters from the wall.

In the case of turbulent flows, analysis and experiments have
shown that, despite the increased drag coefficient, the process of
turbophoresis tends to bring the particles close to the wall, where
the turbulent fluctuations are weaker. However, when the particle
concentration at the wall becomes high, the accumulation of par-
ticles close to the wall results in a ‘‘drift velocity’’ towards the
center, which is the result of the high particle concentration gra-
dient. The balance of the two driving forces, turbulence and con-
centration, yields an equilibrium condition. Models that are based
on this equilibrium predict fairly well the particle behavior close
to the wall in turbulent pipe flow. Portela et al.@238# found that
the local equilibrium models predict well the particulate concen-
tration, except very close to the wall (y1,20) where the turbu-
lent fluctuations are very weak and turbophoresis cannot even be
defined in a physically meaningful way. A great deal of informa-
tion on the motion of particles close to the walls, the collisions
with the walls and inter-particle collisions may be found in the
monograph by Crowe et al.,@239# the experimental article by
Sommerfeld and Hubber@240# the recent review article by Som-
merfeld @241#, the numerical study on particles in large-eddy
simulations by Yamamoto et al.@242#, as well as in several other
research articles that were presented in the proceedings of the last
two international conferences on multiphase flow@243,244#.

Regarding bubble flows, a recent experimental study on the
effect of a vertical wall on rising bubbles and the collisions of the
bubble with the wall by De Vries et al.@245# found that, upon
collision with the wall, the wake of the bubbles impinges on the
wall and becomes a coherent, approximately spherical vortex,
which plays an important role in the dynamics of the collision
process. A numerical study by Lyubimov et al.@246# examined
the vibrations of bubbles close to the walls at microgravity
conditions.

It must be pointed out that our knowledge of the lift component
of the hydrodynamic force, that is, both the Saffman and the Mag-
nus components, and of the effect of the walls on the motion of a
sphere is not based on any rigorous derivation of the transient
equation of motion that originates from the solution of the gov-
erning equations~which would include both the longitudinal as
well as the transverse motion! but on specific analytical and nu-
merical studies at steady state. For this reason, one has to be
aware that the rectilinear transient equations of motion mentioned
in all the previous sections implicitly assume that there is no ro-
tation of the sphere, no significant shear in the flow and, in most
cases, that the sphere is in an unbounded fluid. For this reason, the
addition of the lift or wall effect on a rigorously derived transient
equation for the rectilinear motion of a particle must be viewed
as anad hocassumption, which has been justified by validation
with experiments, but has its own limitations in the range of
applicability.

10 The Effect of Concentration on the Steady-State
Drag and Added Mass Coefficient

While most of the theories and experiments on spheres have
been developed for single spheres, the majority of practical appli-
cations involve the flow of many particles, bubbles, or drops.
Interactions of the spheres and the formation of clusters and
groups of spheres with correlated motions play an important role
on the value of the hydrodynamic force exerted by the fluid and
on the temperature field developed. Hence, the motion and rate of
heat transfer from the spheres to the fluid depends on these inter-
actions, which become more pronounced as the concentration of
the spheres increases. In general, it is accepted that one may use
the results and apply the theory of a single sphere inside a flow
mixture of monodisperse spheres if the average distance between
the centers of the spheres is greater than 4a, that is, if the outer
surfaces of the spheres are separated by a distance, greater than
one diameter. Such mixtures are known as dilute mixtures. Simple
geometric arguments show that the average concentration of the
spheres in dilute mixtures is lower than approximately 6 percent.
For concentrations higher than 6 percent, the concentration of the
mixture is one of the variables that should be accounted for in the
calculation of hydrodynamic force and rate of heat transfer.

Regarding the steady state of the hydrodynamic force, Richard-
son and Zaki@247# carried out one of the earlier series of experi-
ments on the sedimentation of particles in a quiescent fluid, and
by correlating the settling velocity of the particles to the concen-
tration of the mixture, they concluded that the drag coefficient
increases by a factor equal to (12w)2K, where K is a weak
function of the Reynolds number given by the relation:K
54.45 Re0.1. Because of the spread of their data, it is apparent that
the exponentK may attain any value in the range 2.5 to 5.7. Rowe
@248# conducted experiments with arrays of solid spheres in water
and air and found out that the drag coefficient of the array is
inversely proportional to the dimensionless separation distance of
the spheres. His experimental data suggest an exponent,K, closer
to the value of 3. The experimental study by Aidi et al.@249# on
the sedimentation of polydisperse solutions showed that the ana-
lytical solution by Batchelor and Wen@250,251# is accurate
enough and also that the hydrodynamic interactions between sev-
eral spheres are of importance in the determination of the average
value of the hydrodynamic force in sedimentation processes.
More recently, Di Felice@252# used several sets of data available
in the literature, including those by Richardson and Zaki@247#
and derived the following correlation, which is recommended in
the range 1022,Re,104:

cD5cD0~12f!2K with K53.720.65 expF2
~1.52 log Res!

2

2 G .
(61)

The subject of interacting particles, bubbles and drops is rather
difficult to investigate experimentally, but ideally suited for com-
putational simulations where different initial conditions may be
examined and statistical results are relatively easy to derive. Mod-
ern computational techniques and more powerful computers have
allowed the numerical modeling of large groups of spheres. As a
result we learn more and have a better understanding of the be-
havior of large groups of particles, drops, and bubbles. Recently,
finite element methods~FEM! and the lattice Bolzmann method
~LBM ! have enabled scientists and engineers to perform ‘‘thought
experiments’’ of groups of interacting spheres and thus to deter-
mine the effect of interactions on the hydrodynamic force exerted
on individual spheres. The LBM@253–255# is an ideally suited
method for the determination of the interaction of groups of cyl-
inders and spheres, and has enabled the simulation of processes
involving very large groups of particles.

Kaneda@256# used an asymptotic method to derive the steady-
state component of the hydrodynamic force on an array of solid
spheres at very small, but not negligible, Reynolds number and at
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very low concentration. His study showed the following func-
tional relationship for the average drag coefficient,cD :

cd511~A2/3!f1/21~A2/40!f21/2 Res
2. (62)

This expression is valid at distances where the inertia of the
sphere is important, that is, at distances far from the Brinkman
screening length. In the case of an array of spheres, the Brinkman
screening length is equal tof1/2 and the range of applicability of
this expression isf1/2@Res . Kaneda@256# also concluded that in
the opposite limit,f1/2!Res , the Oseen@11# correction to the
Stokes drag is valid for the average drag coefficient, even in the
case of an array with several interacting particles. Working with
arrays of two-dimensional particles in flows at finite Reynolds
numbers and using the LBM, Koch and Ladd@257# and Rojas and
Koplik @258# also confirmed that the Oseen relationship for the
steady-state component of the hydrodynamic force,cD51
13/8 Res , applies to particles at small but finite Reynolds num-
bers.

Using the LBM for a packed bed of particles, Koch and San-
gani @259# performed calculations on the rectilinear drag coeffi-
cients with fixed arrays of spheres~essentially a well-organized
porous medium! and found out that the steady-state drag compo-
nent is scaled as Res

2 in high-concentration suspensions and de-
pends on the concentration. They obtained the following func-
tional relationship of the steady-state part of the hydrodynamic
force for concentrations higher than 40 percent, which is valid at
finite but small values of Res :

cd5cd0~f!1cd1~f!Res
2. (63)

The first function of this expression, which is the equivalent of the
dimensionless Stokes drag force, is given by the formula

cd05
113~f/2!1/212.11f ln f116.14f

110.681f28.48f218.16f3 . (64)

The ratio of the functions,cd1 /cd0 , diminishes with increasing
concentration of the solid particles. Apparently the second term of
Eq. ~63! is very small in comparison to the first and, because of
this, Koch and Sangani@259# claim that the nonlinear (Res

2) be-
havior of the steady-state part of the average hydrodynamic force
for close-packed arrays is difficult to observe in experimental
studies.

Koch and Hill @45# also performed LBM studies at higher Rey-
nolds numbers and found out that the steady-state component of
the hydrodynamic force increases linearly with Res according to
the following correlation:

cd5cd0~f!1@0.067310.212f10.0232~12f!25#Res ,
(65)

where the function cd0(f) is the same as in Eq.~64!. Koch and
Hill @45# concluded that this expression agrees well with the ex-
perimental results and the empirical relation derived by Ergun
@260# for packed beds of particles.

Bubbles have been always modeled as inviscid and weightless
spheres moving in a fluid, which is often idealized as inviscid.
Because in this case the added mass term is much greater than all
the components of the hydrodynamic force, such spheres acceler-
ate as if their masses were equal to the mass of the fluid occupy-
ing half their volume, that isms52/3pr fa

3. In the case of several
bubbles in a fluid with concentrationf, the added mass coeffi-
cient,DA , is a function of the concentration of the bubbles. Zuber
@261# used a cell model for the flow of groups of bubbles to obtain
analytically the correction to the added mass coefficient:

DA5
112f

12f
. (66)

This expression is very simple to use in repetitive computations
and according to Sangani et al.@58# it applies in a wide variety of
cases.

Van Wijngaarten @262# performed an asymptotic analytical
study in the case of a swarm of bubbles that are impulsively
accelerated and concluded that, on the order off2, the added
mass coefficient of the group with concentrationf is equal to

DA5112.76f1O~f2!. (67)

Most of the recent studies and much of our knowledge on the
behavior of interacting bubbles emanate from computer simula-
tions. Spelt and Sangani@263# performed such a simulation and
determined the influence of the fluid pseudo-turbulence, that is,
the velocity fluctuations of the fluid, as well as the effect of the
concentration of bubbles on the hydrodynamic force and the drag
coefficient. They found that there is a weak dependence of the
added mass coefficient on the fluid velocity fluctuations, but a
significant dependence of the added mass on the bubble concen-
tration. Their final expression, which is accurate forf,0.3, when
put in a form similar to that of Zuber’s expression, becomes

DA5
112f10.225fA

12f
(68)

whereA is a dimensionless measure of the temporal velocity fluc-
tuations of the fluid. With a similar analysis the same authors
obtained the following expression for the viscous drag coefficient
for a swarm of bubbles in a viscous fluid:

cd5
110.15fA

~12f!2 . (69)

The observation thatcd increases slightly with the velocity fluc-
tuations of the fluid, is also consistent with the study by Sangani
and Didwania@264#.

In an experimental study on the interactions of two bubbles in
proximity rising in a quiescent fluid, Duineveld@265# concluded
that the steady-state component of the average hydrodynamic
force increases up to 60 percent when the two bubbles approach
each other and their centerline distance is lower than 5a. Such
influence of the proximity of bubbles on the drag coefficient is a
consequence of the inertia effects and of the wake formed behind
the bubbles. For this reason the drag depends greatly on the value
of the Reynolds number, Res , of the bubbles.

Oftentimes, large groups of interacting spheres may be approxi-
mated and treated as porous media with porosityk, which de-
pends on the concentration of the media@266#. Clouds or large
groups of such smaller spheres may be approximated as larger
porous spheres that are transported in a fluid medium. Beavers
and Joseph@267# and Saffman@268# developed the foundations
for the treatment of the boundary conditions in such porous
spheres and Jones@269# obtained the expression for the steady-
state hydrodynamic force on a porous sphere at creeping flow
conditions:

F56pam f~U2V!
2z2~112hz21!

2z21316hz16hz21 , (70)

where z is the inverse of the dimensionless permeability of the
sphere (z5a/k1/2, with k being the permeability of the sphere!
andh is a dimensionless constant that depends on the properties
of the porous medium. Feng and Michaelides@129# used an
asymptotic expansion and extended this result to finite Reynolds
numbers, Res , for the porous sphere as follows:

Journal of Fluids Engineering MARCH 2003, Vol. 125 Õ 233

Downloaded 03 Jun 2010 to 171.66.16.152. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



F56pam f~U2V!

2S 11
h

z D z2

4hz12z213
h

z
11

3F 11Res

3S 11
h

z D z2

4S 4hz12z213
h

z
11D

1Res
2 ln~Res!

9S 11
h

z D 2

z4

10S 4hz12z213
h

z
11D 2G , (71)

where Res is the Reynolds number of the whole cloud of small
spheres based on its relative velocity. It must be pointed out that
Eq. ~71! yields the correct behavior in the extreme cases of zero
and infinite permeability: for a solid sphere~k→`! the last ex-
pression yields the hydrodynamic force obtained by Proudman
and Pearson@16#, while at low permeability~k→0! it yields the
result by Joseph and Tao@270#. At creeping flow (Res50) it yields
the force predicted by Saffman@268#.
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Nomenclature

Latin Symbols

a 5 heat diffusivity
A 5 vector defined in Eq.~11!

Ac 5 acceleration number
Bi 5 Biot number
c 5 specific heat capacity
C 5 mass concentration

cD 5 drag coefficient
cd 5 average drag coefficient
D 5 diffusivity coefficient
d 5 diameter

de 5 equivalent diameter
erf 5 error function

erfc 5 complementary error function
f H 5 function of the history term
F 5 force
g 5 gravitational acceleration
G 5 functions defined in Eqs.~17a! and ~18a!
H 5 the Heaviside function
k 5 conductivity
K 5 constant or function
m 5 mass

Nu 5 Nusselt number
P 5 pressure

Pe 5 Peclet number
Pr 5 Prandtl number
Q 5 rate of heat transfer

Re 5 Reynolds number
Sl 5 Strouhal number
Sh 5 Sherwood number
St 5 Stokes number

t 5 time
T 5 temperature

u 5 fluid velocity
U 5 characteristic velocity
v 5 volume
V 5 sphere velocity

Greek Symbols

a 5 radius
b 5 density ratio

b8 5 heat capacity ratio
g 5 parameter~5111/2b!

d(t) 5 Kronecker delta
DA 5 added mass coefficient
DH 5 history term coefficient

« 5 eccentricity
z 5 dimensionless permeability
h 5 dimensionless constant
u 5 temperature
k 5 rate of shear, permeability
l 5 viscosity ratio
m 5 dynamic viscosity
n 5 kinematic viscosity
J 5 dimensionless distance
r 5 density
s 5 conductivity ratio
t 5 dummy variable with units of time
w 5 concentration of particles, bubbles or drops
x 5 dimensionless timescale
V 5 angular velocity

Superscripts

* 5 dimensionless
` 5 pertains to undisturbed flow
T 5 total
8 5 pertains to heat/mass transfer

Subscripts

f 5 pertains to fluid
i 5 vector component

j j 5 laplacian operator
K 5 pertains to Kolmogorov lengthscale
L 5 characteristic dimension

LM 5 Magnus lift
LS 5 Saffman lift
m 5 pertains to mass
M 5 pertains to momentum
r 5 radial
s 5 pertains to sphere
t 5 thermal

w 5 pertains to a wall/boundary
z 5 longitudinal

L 5 pertains to integral timescale
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Modeling and Qualitative
Experiments on Swirling Bubbly
Flows: Single Bubble With Rossby
Number of Order 1
The behavior of an isolated bubble in a single-phase swirling flow is investigated theo-
retically and experimentally. The Rossby number is such that the liquid flow can be
approximated by a solid-body rotation superposed to a uniform axial velocity. The equa-
tions of the motion of the bubble are solved analytically and numerically, by assuming
that the bubble is small and does not modify the water flow. Two kinds of bubbles have
been considered: clean bubbles and bubbles with a contaminated interface. In the latter
case the bubble is treated as a solid sphere. In both cases a critical angular velocityvc
for the rotating device is found. Whenv,vc the trajectory of the bubble is a conical
spiral which converges to the pipe axis, and whenv.vc the trajectory is a cosine
conical spiral: the bubble migrates to the center in an oscillating manner. The numerical
value ofvc , together with the terminal velocity of the bubble, are found to be in good
agreement with experimental observations, provided the bubble is treated as a solid
sphere.@DOI: 10.1115/1.1539870#

1 Introduction

Single-phase swirling flows are widely used in industrial de-
vices such as cyclonic separators, combustion chambers, Francis
turbines, or Kaplan turbines. They are also visible in geophysical
science~cyclones, siphons, etc.!. In confined ducts, swirling flows
can be obtained by superposing a rotating flow to an axial flow.
Fluid points have quasi-helical trajectories, and the direction of
their velocity vector continuously changes with their axial and
radial coordinates. Rotation can be obtained in several manners in
these single-phase flows. Indeed, three different kinds of methods
emerge in the literature~Gupta et al.@1#!, so that the various ex-
perimental works are not easy to analyze and compare. One can
quote the experimental analyses of Weske and Sturov@2#, Kitoh
@3#, and Jacquin@4#, to name but a few. In addition, numerous
theoretical analyses have also been performed: Talbot@5#, Brad-
shaw@6#, Rochino and Lavan@7#, Lilley and Chigier@8#, Gibson
and Younis@9#, and Kobayashi and Yoda@10#. However, the pre-
dictive power of such models remains rather poor, and the prob-
lem of the creation and control of swirling flows is still open
today.

In the case of two-phase gas-liquid flows, very few references
are available~see, for example, Baur@11#, Greenspan and Ungar-
ish @12#, and Greenspan@13#!, so that one cannot predict correctly
the distribution of the phases in a swirling multiphase flow. When
the gaseous phase is dispersed~bubbles!, the analysis is also com-
plicated, because of particle-particle interactions and of particle-
turbulence interactions. This is the reason why, in the present
paper, we focus on the movement of an isolated bubble in a swirl-
ing flow with Rossby number of order 1. Our goal is to analyze
the trajectory of the bubble for various rotation rates of the liquid
flow.

We shall first describe the mathematical modeling of the prob-

lem, then we will solve the equations analytically and numeri-
cally, and finally we compare our results to available experimental
visualizations.

2 Visualization of Experimental Bubble Trajectories
Our experiment consists in a fixed vertical pipe of inner radius

R50.03 m ~Fig. 1!. At the bottom of the pipe a rotating honey-
comb provides a rotating flow. Any gas-liquid mixture flowing
into the device through the honeycomb is then forced to segregate
because of the radial pressure gradient. The photographs of Fig.
2~a! illustrate this effect.~The bulk velocity of gas is 0.0064 m/s,
and the bulk velocity of water is 1 m/s.!

The device can also be used to investigate the trajectory of a
singlebubble~or a train of bubbles!, by means of a needle which
tip can be placed at any position in the front section of the hon-
eycomb. Such trajectories are shown on the photographs of Fig.
2~b!. The effect of the rotation is clearly visible, as forN
5522 rpm the bubble trajectory is close to the pipe axis. In the
present paper we will investigate the case of a single bubble mov-
ing in the liquid flow. The bulk velocity of the liquid flow in our
experiments isW051 m/s.

Continuous flow rates are obtained by means of a classical loop
~see Baur@11# and Baur et al.@14#!. The control parameters of the
liquid flow are the flow rate (W03pR2), and the angular velocity
of the honeycombv. The needle is bent so that bubbles are in-
jected without radial velocity, and also to avoid the appearance of
air in its wake. The bubble injection frequency is taken to be
small, so that bubble/bubble interactions can be neglected.

Camera visualizations enable to measure the vertical coordinate
~z! and the deviated horizontal coordinate~X! of the bubble~see
Fig. 1!. Indeed, because the refraction index of air, Plexiglas, and
water are different, the horizontal coordinate measured by the
camera has to be corrected. This correction can be done by mak-
ing use of the classical Snell-Descartes law.

Visualizations are performed using a standard camera~30
frames per second! and a VTR. TheX and z-coordinates are de-
termined on the screen by using a reticle which is moved by hand.
Relative errors are of the order of65%. In addition, we can
estimate the order of magnitude of the equivalent bubble radius:
2a.3 mm620%.
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The liquid velocity profiles at various cross sections of the pipe
are obtained by means of a hot wire anemometer DANTEC 55R1,
provided by an electronic device DISA55M01~Baur @11#!. These
measures show that the velocity profile is close to a solid-body
rotation, and this point will be discussed in the next section.

Four runs have been performed in the present analysis. They
correspond to different rotation frequencies (N5v/2p). The vari-
ous parameters of these runs are shown in Table 1~see next
section!.

3 Mathematical Modeling of Bubble Trajectory
In order to describe the flow and the bubble trajectory we use

the cylindrical coordinates system (r ,u,z) as sketched on Fig. 1.
The angular velocity of the device isv, its radius isR, andW0
denotes the bulk velocity. The experiments of Weske and Sturov
@2# in air flow show that if the Rossby number

Ro5
W0

Rv

is larger than 0.6, and if the Reynolds number is large enough
~this condition is satisfied in the present work!, then the axial
velocity profile wc(r ) is approximately uniform, and the azi-
muthal velocity profilevc(r ) corresponds to a solid-body rotation
over a large part of the cross section, up to the heightz/2R.10.
This result is also in agreement with our water flow experiments.
Figure 3 shows our experimental velocity profiles at sections
z/R52.4 andz/R512 when Ro50.6 ~Baur @11#!. These profiles
are close to a solid-body rotation near the axis of the pipe~solid
lines, Fig. 3!. This result has also been confirmed by numerical
computations performed with the Fluent CFD code~Najafi et al.
@15#!, with the Reynolds stresses turbulence model.~Indeed, the
classicalk–« turbulence model is not suitable to describe such a
rotating flow, because of the anisotropy of the eddy viscosity. See,
for example, Ref.@3#.! Note that the axial velocity profile is nearly
uniform in the vicinity of the pipe axis only. However, because
bubbles migrate rapidly near the center, the assumption of uniform
axial velocity can be done at first order.

We therefore assume that the velocity fieldVc of the continuous
phase~liquid! is of the form

Vc5~uc ,vc ,wc!.~0,vr ,W0!, (1)

Fig. 1 Sketch of the pipe flow and of the rotating honeycomb. The inner radius
of the pipe is RÄ0.03 m. The liquid Õgas mixture flows through the honeycomb.
Alternatively, the gaseous phase can also be injected by means of a needle.

Fig. 2 Photographs showing the device at work, for two differ-
ent rotation rates. The honeycomb is located on the right-hand
side of the photographs. In case „a… a liquid Õgas mixture flows
through the honeycomb. In case „b… a train of bubbles is intro-
duced by means of the needle. The tip of the needle is locate
outside the visualization frame. The effect of swirling is clearly
visible here, as it makes the light phase converge to the vicinity
of the pipe axis.
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where the indexc denotes the continuous phase. We then consider
a small bubble~also denoted as ‘‘particle’’! injected at the bottom
of the pipe. The bubble is assumed to be passive, spherical, with
radiusa. In this case the forces acting up on the particle are

F5Fp1Fm1Fd1Fg1Fl5rdV
dVd

dt
, (2)

where the indexd denotes the dispersed phase,r is the density,
andV54pa3/3 is the volume of the bubble.

Fp is the action of the pressure gradient~without the gravity
term which we have included in the buoyancy forceFg): Fp
5rcVDVc /Dt.

Fm denotes the added mass:Fm5CarcVD(Vc2Vd)/Dt, where
Ca51/2 is the added-mass coefficient of a sphere in an inviscid
fluid.

Fd is the drag:Fd52(1/2)rcCdpa2(Vd2Vc)iVd2Vci , where
Cd5Cd(Rep) denotes the drag coefficient which depends on the
Reynolds number of the particle Rep52aiVd2Vci /nc , wherenc

is the kinematic viscosity of the liquid. The value ofCd for a wide
range of Rep is obtained from correlations given in Ref.@16#.

Fg is the buoyancy:Fg52V(rc2rd)g.
Fl is the lift force, which is given byFl5rcVCl(Vc2Vd)3V,
whereV5curlVc andCl.1/2 is the lift coefficient~Auton @17#!.

By writing g5rd /rc we are led to

dVd

dt
5

11Ca

g1Ca

DVc

Dt
2

12g

g1Ca
g2

3

8

Cd

a~g1Ca!
~Vd2Vc!iVd2Vci

1
Cl

g1Ca
~Vc2Vd!3V, (3)

and from Eq.~1! we get

DVc

Dt
5~2v2r ,0,0! and V5~0,0,2v!. (4)

If the position of the bubble at timet is (r (t),u(t),z(t)), then

Table 1 Parameters used in the four experiments

N R v W0 Fr g a* Ro Re52W0R/nc

522 rpm 3 cm 54.7 s21 1 m/s 9.14 0.001 0.05 0.61 6 104

313 rpm 3 cm 32.8 s21 1 m/s 3.28 0.001 0.05 1.02 6 104

209 rpm 3 cm 21.9 s21 1 m/s 1.46 0.001 0.05 1.52 6 104

104 rpm 3 cm 10.9 s21 1 m/s 0.36 0.001 0.05 3.1 6 104

Fig. 3 Mean velocity profiles at sections zÕRÄ2.4 and zÕRÄ12 obtained from
experiments and numerical computation „CFD code Fluent with Reynolds
stresses „RSM… turbulence model …. The Rossby number is Ro Ä0.59. In the vicin-
ity of the center the velocity is close to a solid body rotation. The Rossby num-
ber in the four cases considered in the present paper will be larger than this one,
and the corresponding velocity profiles will therefore be approximated by a
solid-body rotation.
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Vd5~ ṙ ,r u̇,ż! and
dVd

dt
5~ r̈ 2r u̇2,2ṙ u̇1r ü,z̈!, (5)

whereẊ denotesdX/dt.
By writing

r * 5r /R, z* 5z/R, t* 5vt, and a* 5a/R,

and by scaling velocities byRv, Eq. ~3! in polar coordinates
reads~Souhar@18#!

r̈ * 2r * u̇252C1r * 2
3

8
C3iVgi ṙ * 22C4r * ~ u̇21!, (6)

2ṙ * u̇1r * ü52
3

8
C3iVgir * ~ u̇21!12C4ṙ * , (7)

z̈* 5
C2

Fr
2

3

8
C3iVgi~ ż* 2R0!, (8)

where

C15
11Ca

g1Ca
, C25

12g

g1Ca
, C35

Cd

~g1Ca!a*
, C45

Cl

g1Ca
.

The nondimensional number Fr is the pseudo-Froude number:

Fr5
Rv2

g
,

and

Vg5~ ṙ * ,r * ~ u̇21!,ż* 2R0!

is the nondimensional slip velocity. At the initial timet50 we
take the slip velocity to be zero, that is

r * 5r * ,0 , u5u0 , z* 5z* ,0 , (9)

ṙ * 50, u̇51, ż* 5R0 . (10)

One could argue that, since the needle is fixed, the initial ve-
locity of the bubble should theoretically be zero. Nevertheless, the
gas flow rate through the needle is very small, because the detach-
ment frequency is very low. The time required for bubble forma-
tion is therefore non-negligible. During this time the bubble is
stretched, and tends to follow the liquid, so we can reasonably
assume that its initial slip velocity is small. Further analyses
should help to clarify this point. Note that the initial velocity of
the bubble does not affect significantly its migration towards the
axis of the pipe.

In the following the index* will be dropped forr, z, and t, as
well as for r 0 andz0 . Table 1 shows the various parameters and
nondimensional numbers corresponding to the four runs.

4 Resolution of the Equations
Because the density of water is much larger than that of air

(g5O(1023)) we have

C1.3, C2.2, and C4.1,

and

C3.2Cd /a* .

If bubbles are assumed to be clean, thenCd;1/Rep at leading
order for small or moderate particle Reynolds numbers. The drag
is therefore a linear function of the slip velocity, and this case is
investigated in the next section~linear-drag analysis!.

Nevertheless, our bubbles might have contaminated interfaces,
so that a no-slip boundary condition could apply at their surface
~see for example Ref.@16#, pp. 35–41, for an interesting discus-
sion!. In this case, bubbles have to be treated like solid spheres

and one can therefore setCd.constant, as soon as Rep is of order
103. This case is investigated in Subsection 4.2~nonlinear drag
theory!.

Both the linear-drag analysis and the non-linear drag analysis
will be compared to qualitative visualizations and numerical
results.

4.1 Linear-Drag Analysis. When the drag coefficient is of
the formCd.k/Rep , that is when Rep is small (k524 for clean
bubbles! or for some large Rep with k548 ~see correlations given
in Ref. @16#!, one can find an analytical solution. In this case Eq.
~7! leads to

2ṙ ~ u̇21!1r ü52 f r ~ u̇21!, (11)

where

f 5
3k

8

nc

va2 .

Equation~11! can be readily integrated, and leads to

u̇215~ u̇021!S r 0

r ~ t ! D
2

e2 f t. (12)

We therefore observe that, ifu̇051, thenu̇(t)51 is the only so-
lution for u. This solution corresponds to a movement without
azimuthal slip. In other words, in the rotating reference frame, a
bubble has a two-dimensional movement~i.e., its trajectory is
included in a rotating vertical plane with an angular velocityv!.

The whole system~6!–~8! therefore reduces to a set of linear
equations

r̈ 1 f ṙ 12r 50, (13)

u̇~ t !51, (14)

z̈1 f ż2 f Ro2
2

Fr
50. (15)

In contrast, whenu̇0Þ1, we obtain a strongly nonlinear equa-
tion for r, and this case will not be treated in the present paper.

Equations~13! and~15!, together with the initial conditions~9!
and~10! can be readily integrated. Equation~13! has two different
kinds of solutions, according to whetherf .2& or not. In other
words, there exists a critical angular velocity:

vc5
3k

16&

nc

a2

which enables to characterize the transition between two regimes.
These two solutions are

r ~ t !5r 0e2 f t/2S cosh
tAD

2
1

f

AD
sinh

AD

2
t D ,

when v,vc , ~nonoscillating regime! (16)

r ~ t !5r 0e2 f t/2S cos
tAD

2
1

f

AD
sin

AD

2
t D ,

when v.vc , ~oscillating regime! (17)

whereD5u f 228u. In both cases thez component reads

z~ t !5z02
2

f 2Fr
~12e2 f t!1S 2

f Fr
1RoD t. (18)

In particular, the nondimensional terminal vertical velocity of
the bubble is

ż`5Ro1
2

f Fr
. (19)
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The terminal ~dimensional! slip-velocity of the bubble is
16ga2/3knc and the particle Reynolds number Rep is

Rep5
32

3k

ga3

nc
2 .

The correlationCd.k/Rep given in Ref.@16# is valid for Rep
,Rep,lim , where Rep,lim is of order unity. Hence, the linear-drag
analysis is valid for bubbles with radius

a,alim5S 3k

32

nc
2

g
Rep, limD 1/3

.

In the case of water,alim is of the order of 360mm, which is
smaller than the actual bubble radius of our experiments. There-
fore, this analysis will not be compared to experimental results.

4.2 Nonlinear Drag Analysis. When the bubble is taken to
be a solid sphere, the no-slip boundary condition at the bubble
interface drastically modifies the drag coefficient. In this case we
haveCd.0.44 as soon as Rep is of the order of 103, and Eqs.
~16!–~18! in the caseu̇51, lead to

r̈ 1Fṙ 12r 50, (20)

Fig. 4 Plot of the computed particle Reynolds number, for the
four runs

Fig. 5 Plot of the decay of the r -coordinate in the four cases considered in this paper,
obtained from the numerical computation. As predicted by the analysis, the oscillating
regime appears when N is larger than about 200 rpm.
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z̈1F~ ż2Ro!2
2

Fr
50, (21)

where

F5
3

4

Cd

a*
~ ṙ 21~ ż2Ro!2!1/2, (22)

with initial conditions given by~9! and ~10!. These equations
cannot be solved exactly, and this is the reason why a numerical
solver is used below. Nevertheless, we can simplify these equa-
tions by considering the short-time solution first, then the long-
time solution.

For short times, we haveż(t)2Ro.0, as the initial condition is
ż(0)2Ro50. Hence, in Eq.~21! the term 22/Fr can only be
balanced byz̈. We then solvez̈22/Fr.0, ż(0)2Ro50, and this
leads to

ż~ t !.Ro12t/Fr, t→0.

Similarly, sinceṙ (0)50 andr (0)5r 0;1, the term 2r in Eq.
~20! can only be balanced byr̈ for short times. This leads to the
solution

r ~ t !.r 0~12t2!, t→0.

For long times, u ṙ u decreases to 0 anduż2Rou increases to the
terminal slip velocity. So we assume that the vertical slip velocity
is much larger than the radial slip velocity, that isu ṙ u!uż2Rou.
Equation~21! is then approximated by

z̈1a~ ż2Ro!22
2

Fr
50, (23)

where we have seta53Cd /(4a* ). The solution of this last equa-
tion is

ż~ t !5Ro1A 2

aFr
tanhS 2

aFr
~at2c1! D , (24)

wherec1 is an integration constant which can be determined by
matching the long-time solution with the short-time solution.
Therefore, the bubble velocity tends exponentially to the terminal
velocity:

ż`5Ro1A 2

aFr
5Ro1A 8a*

3CdFr
. (25)

As expected, this is the classical terminal velocity of a buoyant
sphere with large Reynolds number in a still fluid. In dimensional
units this velocity reads

ż`3Rv2W05A 8

3Cd
Aag'0.29 m/s. (26)

This value will be compared to experimental results in the follow-
ing section.

By injecting solution~24!, with tanh(.).1, in Eq. ~20! we ob-
tain a linear equation

r̈ 1A2a

Fr
ṙ 12r 50, (27)

Fig. 6 Plot of the analytical solution „16…–„17… of the nonlinear drag analysis „solid
line …, together with the full numerical solution „symbol s… of the basic equations of
motion „6…–„8… when NÄ104 rpm

Fig. 7 Comparison between experimental trajectories „solid
lines … and computed trajectories „dashed lines …
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which displays two different solutions according to whether
2a/Fr.8 or not. We therefore conclude that, like in the linear-
drag theory, there exists two regimes which are characterized by
the critical angular velocity:

vc5
)

4
ACdg

a
. (28)

For bubbles with diameter 2a.3 mm we obtainvc.20 rad/s,
that isNc.200 rpm, in agreement with experimental observations
~Baur @11#!. The solution of Eq.~27! is given by~16!–~17! with
f 5A2a/Fr, and its integration constants have been obtained by
matching the long-time solution with the short-time solution.

In the next section we compare the model to experimental and
numerical results.

5 Results
First of all we observe that the terminal velocityż` predicted by

the linear-drag model~Eq. ~19!! is not in agreement with experi-
ments. Indeed, the experimental terminal velocity given in the
literature and in Baur@11# is about 0.25 m/s, whereas the terminal
velocity given by Eq.~19! is about four times larger than this.
This confirms that the linear-drag analysis is not valid.

In contrast, the terminal velocity predicted by the nonlinear-
drag model~Eq. ~26!! is in agreement with these experimental
results. This confirms that the drag of the bubble must be nonlin-
ear in the experiment, and that the solid-sphere assumption is
acceptable. This might be due to the fact that our bubbles are
highly contaminated, so that a no-slip boundary condition applies
at the gas-liquid interface. In addition we have plotted the evolu-
tion of the particle Reynolds number for the four runs~Fig. 4!. We
observe that the values of the Reynolds number are in agreement
with the fact thatCd.constant.

The analytical approach~for either large or small particle Rey-
nolds number! predicts that two regimes exist, according to

whetherN is smaller or larger than a critical valueNc . Indeed,
when the rotating frequencyN of the device is larger than the
critical valueNc.200 rpm~obtained from Eq.~28!!, the decay of
the r-coordinate is pseudo-periodical. This is confirmed by nu-
merical computations~Fig. 5! of bubble trajectories. WhenN
5104 rpm the decay ofr is monotonic. In contrast, forN5209,
313, and 522 rpm, a pseudo-periodical regime appears.

The physical interpretation of these two regimes can be done by
considering the movement equation in the radial direction~6!. In
the right-hand side of this equation, the first term corresponds to
the pressure gradient force~with added mass!, the second term
corresponds to the drag force, and the third term is the radial
component of the lift, which is zero whenu̇51. If the drag is
removed from this equation, then we obtain an oscillating solution
whateverv. In contrast, if the pressure gradient term is removed,
thenC1.1, the equation is of order one inṙ , and no oscillating
regime can appear. The oscillating regime therefore appears when
the radial pressure gradient force dominates over the other radial
forces.

Becauseu5t, we observe that the bubble trajectory, whenN
,Nc , is a logarithmic conical spiral of the form

r ~u!}e2Cu, (29)

z~u!}u, (30)

~whereC is a constant!. WhenN.Nc the trajectory is a logarith-
mic cosine conical spiral of the form

r ~u!}e2Cu~A cos~C1u!1B sin~C1u!!, (31)

z~u!}u. (32)

Such an oscillating behavior has been observed experimentally,
and the measured critical velocityNc is in agreement with the one
calculated in Ref.@11#.

Fig. 8 Evolution of the forces acting on the particle, for the run NÄ209 rpm
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In order to check the validity of the analytical resolution we
have plotted the solution of the nonlinear drag analysis on Fig. 6,
together with the full numerical solution of Eqs.~6!–~8!. ~These
have been obtained by making use of a fourth-order Runge-Kutta
scheme.! The numerical solution is found to be in rather good
agreement with the nonlinear drag theory, especially when the
time required for the particle to reach its terminal velocity is short.

The comparison between model and experiments is less easy.
From Fig. 2~b! we can estimate the deviated horizontal coordinate
X ~as sketched on Fig. 1! and the vertical coordinatez. From the
theoretical particle coordinate~r,u! we obtain the theoreticalX
coordinate by making use of elementary optical calculations. The
result is shown on Fig. 7. Even if experimental and theoretical
trajectories do not fit at all, they are roughly similar.

The evolution of the forces acting on the particle can be easily
obtained from the numerical computation. These forces have been
detailed on Fig. 8, for the runN5209 rpm. They are written in
units of M3Rv2, whereM is the mass of water within the vol-
umeV. We observe that, for short times, the radial component of
the pressure gradient forceFp .er dominates and is negative. As
expected, this force is responsible for the migration of the bubble
towards the center. A positive radial drag appears, as a conse-
quence of the radial slip of the bubble during the migration. As
expected, the azimuthal drag is zero. We also observe that an
orthoradial negative lift appears during the radial migration. This
is because the slip velocity of the particle has an inward compo-
nent. As soon as the migration is complete, the lift vanishes. Also,
at short times, the added mass is non-negligible, due to the accel-
eration of the bubble. The order of magnitude of all these forces is
rather similar, but they act at different times. As expected, only the
vertical component of the drag exists for long times, and is bal-
anced by the buoyancy force, not plotted here.

6 Conclusion
The model presented in this paper shows some agreement with

available experimental results. The terminal velocity of the bubble
is well predicted only if bubbles are treated as solid spheres. This
suggests that our bubbles might be highly contaminated, so that a
no-slip boundary condition applies at the gas-liquid interface.

The critical frequencyvc above which a pseudo-periodical re-
gime appears has been calculated analytically~Eq. ~28!!. Its value
is in agreement with the experiment. Whenv.vc the bubble
converges to the center in an oscillating manner, i.e., the bubble
crosses the axis periodically.

These calculations can also be used to estimate the typical
height required for the particle to reach the axis~i.e., the overall
length-scale of the envelope of the particle trajectory!. This sug-
gests that this elementary model could be used to design phase
separators in the limit of small void fractions.

When the Rossby number is smaller than 0.6 the velocity pro-
file of the continuous phase can no longer be approximated by a
Rankine vortex. However, even in the single-phase case this prob-
lem is still open,@15#. In addition, when the void fraction in-
creases, the liquid/gas interactions are much more complex, and
the problem requires different theoretical approaches.

Further analyses are therefore necessary to investigate the
phases separator for a large range of Rossby numbers and void
fractions.

Nomenclature

N 5 rotation frequency of the honeycomb
index d 5 dispersed phase~air bubble!
index c 5 continuous phase~water!

x, y, z 5 Cartesian coordinates of the bubble

r, u, z 5 cylindrical polar coordinates of the
bubble

Ẋ5dX/dt 5 time derivative ofX(t)
X05X(0) 5 initial value of X(t)

R 5 radius of the pipe
a 5 radius of the bubble
V 5 volume of the bubble

a* 5a/R 5 nondimensional radius of the bubble
W0 5 axial velocity of the continuous phase

v 5 angular velocity of the continuous
phase

Vc5(uc ,vc ,wc) 5 velocity field of the continuous phase
in cylindrical polar coordinates

Fp , Fm , Fd , Fg , Fl 5 forces acting on the bubble~respec-
tively, pressure gradient, added mass,
drag, buoyancy, and lift!

Ca , Cl , Cd 5 respectively, added-mass coefficient,
lift coefficient, and drag coefficient

C1 , C2 , C3 5 various constants
rd , rc 5 densities

g5rd /rc 5 density ratio
nc 5 kinematic viscosity of the continuous

phase
V5curl Vc 5 vorticity field of the continuous phase
Fr5Rv2/g 5 Froude number

Ro5W0 /Rv 5 Rossby number
Re52W0R/nc 5 Reynolds number

Rep52aiVd2Vci /nc 5 particle Reynolds number
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Simulation of Swirling
Gas-Particle Flows Using
Different Time Scales for the
Closure of Two-Phase Velocity
Correlation in the Second-Order
Moment Two-Phase Turbulence
Model1
Three different time scales—the gas turbulence integral time scale, the particle relaxation
time, and the eddy interaction time—are used for closing the dissipation term in the
transport equation of two-phase velocity correlation of the second-order moment two-
phase turbulence model. The mass-weighted averaged second-order moment (MSM)
model is used to simulate swirling turbulent gas-particle flows with a swirl number of
0.47. The prediction results are compared with the PDPA measurement results taking from
references. Good agreement is obtained between the predicted and measured particle
axial and tangential time-averaged velocities. There is some discrepancy between the
predicted and measured particle axial and tangential fluctuation velocities. The results
indicate that the time scale has an important effect. It is found that the predictions using
the eddy interaction time scale give the right tendency—for example, the particle tangen-
tial fluctuation velocity is smaller than the gas tangential fluctuation velocity, as that
given by the PDPA measurements.@DOI: 10.1115/1.1538630#

Introduction
The gas-particle velocity correlation plays an important role in

the closure of second-order moment two-phase turbulence models.
It is the correlation between the particle fluctuation velocity and
the gas fluctuation velocity seen by particles. Physically, it repre-
sents the interaction between the gas and particle Reynolds
stresses or turbulent kinetic energies by the drag force, lift force,
etc., and its closure will affect the final prediction results of par-
ticle Reynolds stresses, if the gas Reynolds stresses can be rea-
sonably predicted using an appropriate gas turbulence model, such
as the second-order moment model. Zhou and Chen@1# proposed
the second-order moment two-phase turbulence model, derived
and closed the transport equation of two-phase velocity correla-
tion based on Reynolds expansion and an assumption that the
summation of normal components for the dissipation tensor of
two-phase velocity correlation is proportional to the dissipation of
gas turbulent kinetic energy, with an integral time scale of gas
turbulence. Zhou and Xu@2# started from the Zaichik’s algebraic
closure expression and improved it using the Lagrangian analysis
given by Wang and Stock@3#, Huang and Stock@4#, accounting
for the crossing-trajectory effect, inertial effect, and continuity
effect. Alternatively, Simonin et al.@5# derived the gas-particle
velocity correlation equation based on the joint PDF equation in
the gas and particle velocity space and closed it using the Lange-
vin equation. He proposed three types of closure models of two-

phase velocity correlation. In this paper, the effect of time scales
in closing the two-phase velocity correlation equation is studied.
The mass-weighed averaged second-order moment~MSM! two-
phase turbulence model with different time scales in the closure of
dissipation term of two-phase velocity correlation equation is used
to simulate swirling gas-particle flows and the predictions are
compared with PDPA measurements made in@6# for swirling gas-
particle flows with a swirl number of 0.47.

The Mass-Weighed Averaged Second-Order Moment
„MSM … Two-Phase Turbulence Model

The original second-order moment two-phase turbulence model
is obtained by time averaging,@1#. The advantage of mass-
weighed averaging over the time averaging is that the former can
remarkably reduce the number of correlation equations. The mass-
weighed averaging for turbulent gas-particle flows is an extension
of the Favre averaging for single-phase compressible flows to
two-phase flows. Let us definerp5aprpm ; rg5aprgm ; ap
1ag51, whererp , rg are apparent particle and gas densities,
rpm , rgm are particle and gas material densities. When neglecting
the forces other than drag and gravitational forces, the fluctuation
of particle source term due to reaction, and defining the mass-
weighted averaging by

fk5f̃k1fk9 ; f̃k5akrkmfk/akrkm ~k5p,g!

f̃k95akrkmfk9/akrkm50.

and taking the time-averaging for the volume fraction, pressure,
and shear stresses,

ak5āk1ak8 ; p5 p̄1p8; t j i 5 t̄ j i 1t j i8 .

1The research results, sponsored by the Special Funds for Major State Basic
Research Project, PRC.

2To whom correspondence should be addressed.
Contributed by the Fluids Engineering Division for publication in the JOURNAL

OF FLUIDS ENGINEERING. Manuscript received by the Fluids Engineering Division
January 19, 2000; revised manuscript received October 17, 2002. Associate Editor: Y.
Matsumoto.

Copyright © 2003 by ASMEJournal of Fluids Engineering MARCH 2003, Vol. 125 Õ 247

Downloaded 03 Jun 2010 to 171.66.16.152. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



The generalized closed form of mass-weighed averaged continu-
ity, momentum, and gas and particle Reynolds stress equations for
isothermal gas-particle flows can be obtained as follows:

continuity equation:
]āk

]t
1

]ākũk j

]xj
50, (1)

momentum equation:

]ākrkmũki

]t
1

]ākrkmũk jũki

]xj
5ākrkmgi2āk

] p̄

]xi
1

]ākt̄k j i

]xj

2
]ākrkmuk j9 uki9

]xj
, (2)

and Reynolds stress equation:

]ākrkmuki9 uk j9

]t
1

]ākrkmũkkuki9 uk j9

]xk
b f5Dk,i j 1Pk,i j 1Pk,i j 2«k,i j

1Sk,i j , (3)

whererp , rg are particle and gas apparent densities,rpm , rgm are
corresponding material densities, the subscriptk denotes gas
phaseg or particle phasep, and also denotes the summation of
derivatives in all coordinate directions, the one-bar symbol de-
notes time averaging, the wave or double-bar symbols denote
mass-weighted averaging, the superscript two primes denote the
fluctuation value in mass-weighed averaging,Dk,i j , Pk,i j , Pk,i j ,
«k,i j , Sk,i j stand for the diffusion term, shear production term,
pressure-strain term, dissipation term, and gas-particle interaction
term, respectively, in the Reynolds stress equation. These terms in
their closed form are

Pk,i j 52ākrkmS ukk9 uki9
]ũk j

]xk
1ukk9 uk j9

]ũki

]xk
D ;

Dk,i j 5
]

]xk
S ckākrkm

kk

«k
ukk9 ukl9

]uki9 uk j9

]x1
D ;

Pg,i j 5Pg,i j ,11Pg,i j ,2 ; Pp,i j 50; «p,i j 50;

«g,i j 5
2

3
d i j āgrgm«g ;

Pg,i j ,152Cg1~«g /kg!agrgmS ugi9 ug j9 2
2

3
d i j kgD ;

Pg,i j ,252Cg2S Pg,i j 2
2

3
d i j PgD ;

Sk,i j 5
āprpm

t rp
~ugi9 uk j9 1ug j9 uki9 2upi9 uk j9 2up j9 uki9 !.

For closing the equation of two-phase velocity correlation, the
closure of diffusion and pressure-strain terms is similar to that
used in Reynolds stress equation. The key point is the closure of
dissipation term. The dissipation can be considered as an isotropic
one. Assume that its dissipation is proportional to the summation
of all normal components divided by a time scale. This time scale
can be taken as the gas turbulence scalet t5Cmk/«, i.e., the gas
turbulent kinetic energy divided by its dissipation rate, as that
used in the original USM model,@1#. Simonin @4# takes a time
scale of the gas turbulence seen by particlest t5 l /bk/«, based on
the results for nonsettling particles in homogeneous flows. It can
also be taken as the particle relaxation time. Alternatively, this
time scale can be taken as the eddy interaction time, expressing
the crossing-trajectory effect—the particle trajectory differs from
the gas eddy’s trajectory. So the eddy interaction time is taken as

the smaller one from the gas turbulence time scale and the particle
relaxation time, as that was done in the particle trajectory model.

The closed form of the equation ofugi9 up j9 is

]

]t
~ āprpmugi9 up j9 !1

]

]xk
~ āprpmũpkugi9 up j9 !

5Dgp,i j 1Pgp,i j 1Sgp,i j 1Pgp,i j 2«gp,i j (4)

where
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D
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āgrgm
~ugi9 up j9 2upi9 up j9 !G ;

Pgp,i j 5Pgp,i j ,11Pgp,i j ,2

Pgp,i j ,152
Cgp1

t rp
aprpmS ugi9 up j9 2

1

3
d i j ugk9 upk9 D ;
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tT
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«gp,i j 5cgp

āprpm

te
ugk9 upk9 d i j ~Version3! te5min@t rp ,tT#,

tT5k/«.

Equations~3! to ~4! express the mass-weighed averaged USM
model or the MUSM model.

Simulation of Swirling Gas-Particle Flows
The MSM model is used to simulate swirling gas-particle flows

with a swirl number of 0.47, measured by PAPA,@6#. In order to
save the computation time the gas-particle fluctuation velocity
correlation transport equation is simplified to an algebraic expres-
sion, and an isotropic diffusion coefficient is used in diffusion
terms of two-phase Reynolds stress transport equations. Notice
that the last approximation is taken only in the diffusion term of
the Reynolds stress transport equations, but both the Reynolds
stresses and diffusion terms in the momentum equations are an-
isotropic. For example, we have

Dg,i j 5
]

]xk
S āg

me

sk

]ugi9 ug j9

]xk
D ; Dp,i j 5
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]xk
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]xk
D

ugi9 up j9 5~12lgp12lgp2!
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3
d i j ugk9 upk9 2lgp1teS upk9 ugi9

]ũp j

]xk

1ugk9 up j9
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]xk
D1lgp2ugi9 ug j9
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2

«g
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2

uSpgu

For boundary conditions, the inlet two-phase velocities, normal
components of Reynolds stresses, and particle number density or
volume fraction are given by experiments; the shear stresses are
given by the eddy-viscosity assumption; the fully-developed flow
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condition of two phases are taken at the exit; at the walls no-slip
condition is used for gas velocity, and the gas Reynolds stress
components as well as gas velocities are determined via produc-
tion term including the effect of wall functions for near-wall grid
nodes. Zero normal velocity, zero gradients of longitudinal and
tangential velocities and normal components of Reynolds stresses,
and zero mass flux at the walls are used for the particle phase. At
the axis the symmetrical condition is adopted for two phases. The
numerical method is an extended version of SIMPLEC algorithm
for two-phase flows.

The swirling gas-particle flows withs50.47, @6#, were simu-
lated. The geometrical configuration and sizes of the chamber are
shown in Fig. 1. The grid nodes are 32320. The length of the
chamber is 950 mm. The particle phase is glass beads with diam-
eters 30mm and density 2.153103 kg/m3. The inlet flow param-
eters are: central mass flow velocity 9.9 g/s, annular mass flow
velocity 38.5 g/s, particle mass loading 0.034.

The convergence criteria for gas and particle phases are mass
sources less than 1.031023 and 1.031022, respectively. The
computer code consists of about 10,000 statements in
FORTRAN–77 language. It takes about 66 minutes for running a
case using the Visual Fortran Version 6.0 system in a Pentium 200
MMX PC computer.

Simulation Results and Discussion
Figures 2 and 3 give the predicted time-averaged particle axial

and tangential velocities, respectively. It can be seen that the pre-
dictions are in good agreement with the measurement results. Fig-
ures 4 and 5 show the particle axial and tangential fluctuation
velocities, respectively. The particle fluctuation velocities are un-
derpredicted, in particular in the axial direction. Up to now, for
swirling flows, nearly all two-fluid models and Eulerian-
Lagrangian models underpredict the particle fluctuation velocities.
Figure 6 gives the measured gas and particle tangential fluctuation
velocities in experiments. The particle tangential fluctuation ve-

locity is smaller than the gas tangential fluctuation velocity, since
the particles initially have only the axial momentum and the par-
ticle tangential velocity is caused by the gas tangential velocity of
swirling secondary air. Figures 7 to 9 show the comparison be-
tween the gas and particle tangential fluctuation velocities, pre-
dicted using the MSM model with different time scales in the
dissipation term of the two-phase velocity correlation equation.
Figure 7 indicates that the MSM model with the eddy interaction
time scale expressing the crossing-trajectory effect properly pre-
dicts that the particle tangential fluctuation velocity is smaller than
the gas one, as observed in experiments. Figures 8 and 9 give the
comparison between the gas and particle tangential fluctuation

Fig. 1 Geometrical configuration and sizes of the chamber

Fig. 2 Particle axial velocity „ MSM, dexp. …

Fig. 3 Particle tangential velocity „ MSM, dexp. …

Fig. 4 Particle axial fluctuation velocity „ MSM, dexp. …

Fig. 5 Particle tangential fluctuation velocity „ MSM, dexp. …

Fig. 6 Two-phase tangential fluctuation velocity „experiment,
gas, dparticle …
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velocities, predicted using the MSM model with two different
time scales—the gas turbulence time scale and the particle relax-
ation time in the dissipation term of two-phase fluctuation velocity
correlation equation. The gas turbulence time is the characteristic
time scale of the large eddies in the gas phase. It can be seen that
the gas turbulence time scale gives the wrong tendency—the par-
ticle tangential fluctuation velocity is larger than the gas one. On
the other hand, the particle relaxation time gives the result near to
that given by the time scale accounting for the crossing-trajectory
effect. These results indicate that in the present case the particle
relaxation time is much smaller than the gas turbulence time scale.

Conclusions

1. The mass-weighed averaged second-order moment~MSM!
two-phase turbulence model predicts the averaged particle
axial and tangential velocities of swirling flows very well.

2. The MSM model underpredicts the particle fluctuation ve-
locities, in particular in the axial direction.

3. The time scale in the dissipation term of two-phase velocity
correlation equation plays an important role in predicting the
relationship between gas and particle fluctuation velocities.

4. The eddy interaction time, accounting for the crossing-
trajectory effect, is the best time scale.
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Nomenclature

c 5 empirical constants
D 5 diffusion term in Reynolds stress equations
g 5 gravitational acceleration
k 5 turbulent kinetic energy
N 5 particle number density
n 5 number density fluctuation
P 5 production term of Reynolds stresses or turbulent

kinetic energy
p 5 pressure
S 5 source term due to gas-particle interaction
t 5 time
u 5 velocity
x 5 coordinate

Greek

a 5 volume fraction
d 5 unit tensor
« 5 dissipation rate of Reynolds stress or turbulent kinetic

energy
f 5 generalized variable
P 5 pressure-strain term
r 5 density
t 5 relaxation time; shear stress

m, n 5 dynamic and kinematic viscosities

Subscripts

g 5 gas
i, j, k, l 5 coordinates directions

k 5 generalized symbol denoting particle or gas
m 5 material
p 5 particle
r 5 relaxation
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Fig. 7 Two-phase tangential fluctuation velocities „MSM,
particle, gas; teÄmin †trp ,tT‡, tTÄk Õ«…

Fig. 8 Two-phase tangential fluctuation velocities „MSM,
particle, gas; teÄk Õ«…

Fig. 9 Two-phase tangential fluctuation velocities „MSM,
particle, gas; teÄt rp …
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Detailed experimental and theoretical investigations were carried out to study the effect of
unsteady wake passing frequency on the boundary layer transition along the concave
surface of a curved plate under a zero longitudinal pressure gradient. Periodic unsteady
flow with different passing frequencies is generated utilizing an unsteady flow research
facility with a rotating cascade of rods positioned upstream of the curved plate. Extensive
unsteady boundary layer measurements are carried out. The data are analyzed using
conventional and wavelet-based methods. Local time scales are defined as those of the
most energetic fluctuations, and are calculated from wavelet transforms of the velocity
signals. The dominant time scales are mapped as functions of the distance to the plate, the
downstream location, and the phase relative to the wake-passing. Furthermore, condi-
tional sampling is applied, laminar and turbulent time scales are calculated and the
effects of wake passing frequency on these scales are shown.@DOI: 10.1115/1.1537253#

Introduction
Development in the field of turbomachinery computational fluid

dynamics~CFD! has reached an advanced level that allows de-
tailed computation of the complex three-dimensional viscous flow
through a turbomachinery stage using Navier-Stokes codes. Case
presentations at the past conferences by ASME International Gas
Turbine Institute~IGTI! demonstrated the capability of different
CFD-methods to calculate various flow quantities in a remarkably
detailed fashion. The efficiency and loss calculations, however,
revealed a significant discrepancy between the experiment and the
numerical calculation. Considering the physical aspects of the
computation, two major issues may be considered primarily re-
sponsible for the above discrepancy, namely the turbulence and
the laminar-turbulent boundary layer transition modeling. The lat-
ter directly impacts the accuracy of the loss, efficiency and heat
transfer calculations of the blade and the turbomachinery stage.

Boundary layer transition and its modeling has been the subject
of intensive research for the past three decades. Investigations by
Evans@1,2#, Walker @3–6#, Walker and Gostelow@7#, among oth-
ers, studied the effect of unsteadiness and turbulence on compres-
sor stage performance and aerodynamics. Comprehensive studies
by Schultz et al.@8# and Poensgen and Gallus@9,10# investigated
three-dimensional wake decay characteristics within compressor
cascades. Significant impact on turbine blade heat transfer and
aerodynamics were reported by Hodson@11,12#, Hodson and Ad-
dison @13#, Blair @14#, Blair et al. @15#, Dring et al.@16,17#, and
Joslyn et al.@18#. Wittig and his co-researchers,@19#, and Dullen-
kopf @20# conducted a series of extensive studies investigating
wake effects on gas turbine heat transfer. Investigations by
Gaugler@21# and Schobeiri et al.@22# show that the existing cor-
relations primarily developed for external aerodynamics applica-
tions are not capable of correctly predicting the unsteady transi-
tion behavior of gas turbine blades. The detailed study by Mayle

@23# and the followup discussion by Walker@6# underscore the
role and the significance of transition in turbomachinery.

The significance of the unsteady flow effect on the efficiency
and performance of compressor and turbine stages was recognized
in the early fifties by Speidel@24#, who utilized a symmetric pro-
file and an oscillating wire for generating the unsteady flow and
found a direct correlation between the Strouhal number and the
profile loss coefficient. He attributed the increase of the profile
loss coefficient to the decrease of the length of the laminar bound-
ary layer. Following the boundary layer transition studies by
Speidel@24#, Pfeil and his co-researchers Pache@25#, Eifler @26–
29#, Herbst@30#, and Schro¨der @31# concentrated their efforts on
investigating the transition process of unsteady boundary layers.
Using a flat plate and varying the pressure gradient and the wake-
induced unsteady inlet flow condition, by changing the number,
diameter, and frequency of the rods, Pfeil et al.@32# generated
wake-induced transition, where intermittently laminar and turbu-
lent states of the boundary layer were observed. Their studies
show that the wakes affect the onset and length of transition.
Based on the results of their experimental investigations, Pfeil and
his co-researchers established a generally accepted unsteady
boundary layer transition model. The innovative data published by
Pfeil and Herbst@29# along with their model were instrumental in
describing the intermittency function.

Proper modeling of the unsteady laminar-turbulent boundary
transition process requires that the parameters describing the
structure of the impinging unsteady wakes, the blade pressure
gradient, the freestream turbulence, and the surface roughness be
included into a comprehensive transition model. Thus, the cre-
ation of such a model by a deductive process involving flow equa-
tions over the range of parameters cannot be effective. Consider-
ing this situation, an inductive approach is necessary to
understand the basic physics of unsteady boundary layer transi-
tion, essential for its efficient modeling. In a recent study,
Schobeiri and Radke@33# investigated the effect of the wake-
induced unsteady flow and curvature on the boundary layer tran-
sition along the concave side of a curved plate, where zero and
negative pressure gradients were established. The experiments
clearly revealed that the periodic wake impingement and the gen-
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eration of highly turbulent intensity cores, as a result of intensive
interaction and the mutual mixing process of the incoming wakes,
affect the transition. Since the issue of the wake-induced unsteady
boundary layer development directly involves the question of
wake development and decay, in a parallel study, Schobeiri et al.
@34# also investigated, theoretically and experimentally, the struc-
ture of the unsteady wakes to comprehend thephenomenon and
the physicsof the wake development and decay as well as the
mutual interaction between wakes under the turbomachinery spe-
cific conditions. The results and the knowledge acquired by these
investigations are currently being implemented into a transition
model.

A schematic picture of the wake flow within a multi-stage tur-
bine in an absolute and relative frame of reference is shown in
Fig. 1. The structure of the unsteady turbulent flow changes by
passing successively through the stator and rotor rows. Leaving
the first stator blade row, the wake flow generated at the stator exit
impinges on the second blade row~rotor! with a spatial frequency
related to the spacing of the preceding stator blades. Due to the
frame of reference change, the second cascade is exposed to a
periodic unsteady turbulent flow that affects the boundary layer
flow pattern, velocity, turbulence stress distributions and, particu-
larly for cooled blades, the heat transfer characteristics of the
succeeding row. The third row~second stator! is subjected to two
sets of unsteady wakes that originate from the first two rows.
These sets of wakes impinge on the third row and convect with
different velocity deficits, phase displacements and turbulence
structure. The latter is already affected by the mutual interaction,
dissipation and mixing of the involved individual wakes. At
the exit of the third row, as the result of an intensive interaction
and mixing, the deterministic character of the periodic unsteady
flow is, to some extent, degenerated into a highly stochastic flow.
From this point on, the downstream rows are subjected to a highly
turbulent flow, with an intensity distribution far above the inlet.
This complex flow picture is deduced from the investigations by

Arndt @35#, who observed that the stator-rotor and the rotor-rotor
interactions have significant influence on the flow through the
multistage LP turbine he investigated; however, he did not per-
form boundary layer investigations. The above flow picture,
which was modeled by Schobeiri et al.@36# indicated that the
boundary layer transition along the blade of each row within a
multistage arrangement is subjected to distinctively different un-
steady flow structures.

The objective of this research is to provide experimental infor-
mation essential for the development of a comprehensive transi-
tion model and to analytically evaluate the turbulence scales. De-
tailed unsteady flow measurements along the concave side of a
curved plate were performed to generate a complete picture of the
unsteady boundary layer behavior. Wake-spacing is varied which
inherently results in a change of frequency of the impinging
wakes and the freestream turbulence. This variation, as discussed
previously, models the unsteady flow within a multistage turbine.
A detailed analysis of the unsteady flow picture and turbulent
intermittency is followed by the wavelet analysis of the unsteady
boundary layer discussing the determination of time scales~and
implicitly the length scales!.

Experimental Research Facility
The experimental data for this paper were obtained using the

same research facility described in the paper by Schobeiri and
Radke@33#. The detailed design description and performance can
be found in the paper by Schobeiri and Pardivala@37#. Thus, only
a brief description of the facility and its components is given in
this section.

The facility consists of a large centrifugal fan, a settling cham-
ber, a nozzle, a wake generator, and a test section~Fig. 2!. The fan
can generate a maximum mean velocity of 36 m/s and a maximum
Reynolds number~based on the test section inlet height! of 8.8
3105. For the simulation of the unsteady inlet flow condition and

Fig. 1 Schematic of unsteady wake flow propagation through a multistage
turbine in an absolute and relative frame of reference. Note the number of
wakes through each row.
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the wake flow pattern downstream of a rotor row, as sketched in
Fig. 1, asquirrel cagetype wake generator of Fig. 2 is utilized.
Similar wake generators were successfully utilized by Pfeil and
his co-researchers,@26–29#, and by Liu and Rodi@38#. Each rod
generates two wakes with every revolution of the wake generator,
oneprimary and onesecondarywake, each at horizontal distances
of 252.9 mm and 556.4 mm, respectively, from the leading edge.
The experimental investigations by Schobeiri and Pardivala@37#,
and Schobeiri and Radke@33# in accordance with those reported
by Liu and Rodi@38#, have shown that by correct adjustments of
the plate location, as well as the proper choice of the number of
cylindrical rods, clean periodic unsteady wakes with clearly iso-
lated turbulence structure can be established which allow time-
dependent boundary layer simulation and measurements. In addi-
tion, this type of wake generator has the unique capability of
simulating the unsteady wake flow through a multistage turboma-
chine. The wake generator can incorporate up to 30 cylindrical
rods that are arranged circumferentially on two parallel rotating
disks. The rotating disks are driven by a frequency controlled
electric motor with a maximum rotational speed of 1750 rpm. A
fiber-optic sensor directly monitors the angular frequency of the
wake generator and also serves as the triggering mechanism for
data transfer and for ensemble averaging. In order to simulate the
wake width and spacing, the diameter and number of rods can be

varied. For the present investigation, three sets of rods with a
diameter of 2 mm were used. The geometric, inlet flow, and the
unsteady flow specifications are given in Table 1. A frequency
parameterV is introduced that appropriately reflects the unsteady
character of the flow dominated by the wakes and their spacing. It
is related to the Strouhal number and is defined asV5s/f with
s5s0 /sr andf5V/U as the ratio of the inlet velocityV and the
circumferential velocity of the wake generatorU. The values for
V are varied as specified in Table 1 and cover approximately a
broad range ofV encountered in turbomachinery.

The test section, shown in Fig. 2, is located downstream of the
wake generator and consists of a convex top wall, a curved plate
for boundary layer measurements, a concave bottom wall and two
vertical plexiglass side walls. The convex wall assembly is de-
signed to allow precise radial and circumferential traversing of the
probes. The curved plate, which simulated the pressure surface of
a turbine blade with the specifications listed in Table 1, is inserted
mid-height of the test section in Fig. 2. The plate is mounted
between the two plexiglass side walls, where its axial and angular
position can be precisely varied by a positioning system consist-
ing of a disk, in which the curved plate is mounted eccentric to the
center, and two angular verniers shown in Fig. 2. This positioning
system allows variation of the pressure gradient and the fine ad-
justment of the leading edge position to avoid inception of sepa-
ration bubbles. It incorporated static pressure ports mounted flush
with the surface at arc length spacings of 36.8 mm. The ports were
connected to a scanivalve for the pressure measurement purposes.
For flow visualization, the static pressure ports were also con-
nected to a manometer bank to detect any possible leading edge
flow separation.

The concave bottom wall is designed to slide horizontally
within two T-slots in the bottom wall of the wake generator. A
favorable or an adverse streamwise pressure gradient within the
test section can be created by moving the concave wall in and out
inside the T-slots. The movable concave wall also serves for better
adjustment of the flow angle relative to the curved plate, thus
preventing flow separation at the plate leading edge. The two
curved walls have static pressure ports mounted flush with the
surface at regular arc lengths of 50 mm. Similar to the curved
plate, the static pressure ports of the concave wall are connected
to a manometer bank for visualization purposes.

For boundary layer measurement along the concave surface of
the curved plate, a computer controlled traversing system with a
stepper motor, decoder, and encoder is mounted vertically on the
base plate of the convex wall assembly. The system is capable of
traversing probes in small steps with a minimum of 2.5mm. This
is specifically useful for boundary layer investigations where the
measurement of the laminar sublayer is of particular interest. Po-
sitioning of the probe in the longitudinal direction is achieved by
rotating the entire convex wall assembly about its center of cur-
vature. To capture the major portion of the transition onset, the
plate was traversed in a longitudinal direction in steps of 2 deg,

Fig. 2 Test section: 1–traversing system; 2–nozzle; 3–wake
generator; 4–electric motor; 5–convex wall; 6–concave wall;
7–hot-wire probe; 8–plexiglass wall; 9–curved plate; 10–
vernier; 11–vernier

Table 1 Specifications of inlet flow, curved plate, and wake generator characteristics

Parameters Values Parameters Values

Nozzle exit Raynolds
number

Reh50.433106 Nozzle exit turbulent
intensity

Tu51.20%

Nozzle exit height h5420.00 mm Nozzle exit width w5593.00 mm
Curved plate surface arc
length

s05690 mm Curved plate width w5593.00 mm

Curved plate curvature
radius

r C5702.5 mm Curved plate leading edge
rad.

r LE51.0 mm

Curved plate thickness t515.00 mm Curved plate Re-number Res50.543106

Steady reference~no rods! sR5` mm V5parameter steady case V50.0
Set 1 rod spacing sR5188.4 mm V5parameter for cluster 1 V51.725
Set 2 rod spacing sR594.2 mm V5parameter for cluster 2 V53.443
Set 3 rod spacing sR562.8 mm V5parameter for cluster 3 V55.166
Rod diameter dR52.0 mm No. of rods in set 2 nR510
No. of rods in set 1 nR55 No. of rods in set 3 nR515
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within 50% of the plate. From this point on, up to 75% of the
plate, an increased step of 3 deg was used. Finally the final 25%
was traversed in steps of 5 deg. The slider of the traversing system
incorporates a specially designed single hot-wire boundary layer
probe, which is parallel to a distance pin. The function of the
distance pin, which is of similar shape to the hot-wire probe, is to
keep the hot-wire probe about 0.1 mm above the plate surface. By
touching the surface, an electric circuit is activated by the pin that
marks the reference zero point.

Instrumentation, Data Acquisition, Reduction
The data acquisition system is controlled by a personal com-

puter, in which a 12-bit A/D-board~analog to digital conversion!
is installed. The instantaneous velocity signal is obtained using a
constant temperature hot-wire anemometer system~TSI-IFA 100!.
Based on numerous spectral measurements within the wake, the
low pass filter of the signal conditioner is set to 20 kHz. All the
measurements in the present study were made using a tungsten
hot-wire sensor of 4mm in diameter mounted on a custom de-
signed single-wire boundary layer probe. For unsteady boundary
layer measurements, a triggering system is implemented for data
collection and tracking the number of cycles to later aid in the
calculation of ensemble-averaged quantities of the periodic un-
steady wakes. In order to ensure a high level of accuracy, the new
calibration method described in John and Schobeiri@39# was used
for all hot-wire calibration. The instantaneous velocity compo-
nents are calculated from the temperature compensated instanta-
neous voltages using the calibration coefficients. The instanta-
neous velocity can be represented in the following form:

U5Ū1u (1)

whereŪ is the mean~time-averaged! velocity andu is the turbu-
lent fluctuation component. The mean velocity, also known as the
time-average, is given by

Ū5
1

N (
j 51

N

U j (2)

whereN is the total number of samples at one radial location. A
sampling rate of 1 kHz was used for the investigation of steady
flow ~no wakes!. Good convergence was found forN516384
samples. The root mean square value of the turbulent velocity
fluctuation is obtained from the instantaneous and mean velocity
by
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and the local turbulence intensity is defined as
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~U j2Ū !23100. (4)

For certain presentations of the turbulence intensity it is appropri-
ate to nondimensionalize with respect to a reference velocity for a
particular boundary layer. This reference turbulence intensity is
given by

Tu5
u

U ref
3100. (5)

The unsteady data were reduced by the ensemble-averaging
method. In order to keep the amount of the produced data and the
required data analysis time under control, an extensive prelimi-
nary frequency study was performed prior to the final data acqui-
sition and analysis~see@4#! study dealt with the variation of the
number of samples per wake generator revolutions and the num-
ber of total revolutions to determine the optimum settings for
convergence of the ensemble-averaged quantities. As a result, a
sampling rate of 2.56 kHz was found to exactly reproduce the

same ensemble-averaged velocity and turbulence intensity distri-
butions that were found by utilizing sampling rates of 5 to 10 kHz.
Utilizing this sampling rate, at each radial~lateral! position, 512
samples were taken for each ofn5300 revolutions of the wake
generator. The data were ensemble-averaged with respect to the
rotation period ~200 ms! of the wake generator. Thus, the
ensemble-averaged results calculated over the 300 revolutions
shownR wake passings.

The ensemble-averaged fluctuation velocity and the turbulence
intensity are calculated from the instantaneous samples by

^Ui~ t i !&5
1

N (
j 51

N

Ui j ~ t i ! (6)

^ui~ t i !&5A1

N (
j 51

N

@Ui j ~ t i !2^Ui~ t i !&#2 (7)

^Tui~ t i !&5
^ui~ t i !&

Ū
3100 (8)

where j 51,2, . . .N, and N is the total number of periods~i.e.,
300 revolutions!, and I 51,2, . . .M , whereM is the number of
samples taken per period (M5512). U ref is the reference velocity
for the particular boundary layer traverse.

Measurements, Results, Discussion

Steady, Time-Averaged Velocity Distributions. Before tak-
ing the unsteady flow measurements, the boundary layer velocity
and turbulence intensity distributions were measured under steady
flow conditions in the lateral direction along the concave side of
the plate for different longitudinal positionss/s0 . The measure-
ments were conducted under the same inlet flow conditions~inlet
velocity, turbulence intensity, Reynolds number! and the same
pressure gradient in the longitudinal direction! as reported by
Schobeiri and Radke@33#. Thus, for the steady-state reference
case, identical results were obtained to which we refer for further
discussion.

To study the effect of unsteady wake passing frequency, caused
by varying the rod spacing, three different periodic unsteady flows
with the frequency parametersV51.725, 3.443, and 5.166 de-
fined in Table 1 were investigated. TheseV-values correspond to
the wake-induced unsteady flow established by 5, 10, and 15 rods.
This arrangement allows doubling and tripling the impinging
wake frequency as sketched in Fig. 1. As mentioned previously,
each rod generates a primary and a secondary wake with every
revolution of the wake generator. For the 5-rod case, the signals of
these two wakes on a velocity trace are observed to be clearly
isolated, indicating no mutual interaction. In the 10-rod case, how-
ever, visible interaction of the two wakes are observed simulating
the unsteady flow situation past the second row~first rotor! shown
in Fig. 1. The observation of the velocity traces of the 15-rod case
reveals an early mixing of the secondary wakes before they reach
the primary wakes resulting in a high freestream turbulence.

The time-averaged nondimensionalized velocity distribution for
V51.725, 3.443, and 5.166 that correspond to 5, 10, and 15 rods
are presented in Fig. 3~a,b,c! for different longitudinal positions
s/s0 . Boundary layer measurements were taken extremely close
to the wall with the resolution ofy152, thereby requiring a wall
correction which is necessary when utilizing a hot-wire measuring
scheme. As seen, for all threeV-values, the laminar sublayer
within the y1-range of 2 to 8 is well described by the linear wall
function, which is shown by the solid lines. Although these figures
do not reveal any unsteady details, they show clearly the transi-
tional behavior of the velocity profiles within the given range,
defined in Fig. 3. Further details of boundary layer transition and
development are shown in Fig. 4~a,b,c!, where the contour of the
time-averaged turbulence intensity in the longitudinal direction is
plotted in the lateral directiony/d (d510 mm). Starting withV

254 Õ Vol. 125, MARCH 2003 Transactions of the ASME

Downloaded 03 Jun 2010 to 171.66.16.152. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



51.725 ~5 rods!, the wall region exhibits a compact high turbu-
lence intensity core of above 15% with the center located at
s/s0'0.50. Increasing the frequency by reducing the rod spacing
(V53.443, 10 rods! results in a shift of the center of the turbu-
lence intensity core toward the leading edge, indicating an earlier
beginning of the transition process~for comparison with steady-
state, see Schobeiri and Radke@33#!. Two mechanisms may be
responsible for this shift. First, a higher impinging frequency of
the wake strips with excessive energy transport to the boundary
layer, second, earlier mixing of the secondary wakes results in an
increase of the freestream turbulence level. Further increase of the
frequency as a result of reducing the spacing~Fig. 4~c!, V
55.166, 15 rods! shows a farther upstream movement of the tran-

sition process which can be attributed to the same mechanisms
mentioned above. These experimental results are in accord with
those by Liu and Rodi@38#! but are in disagreement with the

Fig. 3 Time-averaged velocity profiles at the leading edge for
„a… 5 rods, „b… 10 rods, and „c… 15 rods

Fig. 4 Time-averaged turbulence intensity contours for „a… 5
rods, „b… 10 rods, and „c… 15 rods
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earlier statement by Pfeil et al.@31#, and Pfeil and Herbst@29#,
which investigated the onset of transition on a flat plate utilizing
the boundary layer integral quantities such as displacement and
momentum thicknesses. They kept the inlet velocity, the wake
generator frequency and the position of their flat plate constant,
and measured the time-averaged boundary layer velocities for
seven different rod spacings. Reducing the wake spacing by in-
creasing the rod number, caused a significant variation in the time-
averaged displacement and momentum thicknesses along the plate
within the range 20% to 100% of the length. Close to the plate
leading edge, in the range of 0% to 20% of the length, only small
variations were distinguishable. Pfeil et al.@31# presented their
original idea of a transition model and concluded that, by keeping
the flow and rod velocity constant, the variation of spacing~in-
creasing the rod numbers! would show no influence on the posi-
tion of forced transition startxf ,tr . This conclusion was drawn
primarily from the distribution of the time-averaged integral quan-
tities such as displacement and momentum thicknesses without
the presentation of experimental evidence essential to rectify the
conclusion. However, time-averaged quantities cannot sufficiently
explain the detailed physical picture of the unsteady boundary
layer behavior. It should be pointed out that Herbst@30# had a data
acquisition and processing system which only allowed for time-
averaged and limited ensemble-averaged results. Based on their
~at that time! limited information, Pfeil et al.@31# success-
fully established a transition model which is generally accepted
and, to a large extent, is supported by the present experimental
investigation.

Longitudinal Propagation of the Unsteady Wake Within the
Boundary Layer. During one rod passing period, the wake in-
duced boundary layer development undergoes a sequence of dif-
ferent states as shown in Figs. 5 and 6 forV51.725 and 5.166,
that pertain to 5 and 15 rods.~Note: the plots contained in Fig. 5
are identical to the corresponding figure in the study by Schobeiri
and Radke@33# and were reproduced with new data.! These con-
tour plots display the turbulence intensity distributions at different
lateral positionsy/d with nondimensional time (t/t) as a param-
eter. Since this sequence is periodic, we start witht/t50.25, in
Fig. 5~b!, where the quasi-steady ‘‘primary’’ boundary layer~as
defined by Schobeiri and Radke@33#! transition starts ats/s0
'0.20 and extends to the trailing edge of the plate. The primary
boundary layer has a high turbulence intensity core located around
s/s0'0.50 and is externally disturbed by a wake strip originating
from a passing wake. As Fig. 5~b! reveals, the tail of this strip
travels as an external periodic disturbance over the primary
boundary layer.

At t/t50.49, shown in Fig. 5~c!, a wake strip hits the plate’s
leading edge and forms an isolated core with a turbulence inten-
sity higher than that of the wake strip itself. While convecting
downstream, the turbulence intensities of the isolated core con-
tinuously increase, resulting in a periodic wake induced boundary
layer transition with a high turbulence intensity core~13%! close
to the wall, Fig. 5~d!. By moving farther downstream att/t
50.72, 0.96, 0.02~or 1.02!, Figs. 5~d,e,a! the periodic boundary
layer coalesces with the primary boundary layer resulting in a
strong deformation of the latter and generating a high turbulence
intensity core. After the boundary layer portion of this strip is
totally penetrated into the primary boundary layer att/t50.49,
becalmed regions are formed behind the wake strip. Increasing the
parameterV to 5.166~pertaining to 15 rods! by reducing the rod
spacing~i.e., increasing wake-passing frequency and freestream
turbulence! has moved the onset of the boundary layer transition
closer to the leading edge, as shown in Fig. 6~a–d!. This statement
is supported by Figs. 7 and 8, which will be discussed in the
following section. Similar boundary layer flow patterns were re-
vealed for V53.443 ~10 rods!. Once the individual primary
boundary layer transition pattern has been established, the wake
strip traveling downstream as an external periodic disturbance ap-
parently does not, by itself, significantly affect the transition on-

set, but it clearly causes a deformation of the boundary layer
picture. Similar observations were made by Pfeil et al.@31# and
later by Addison and Hodson@40,41#. Comprehensive investiga-
tions by Orth @42,43# and Schobeiri and Radke@33# indicate a
similar boundary layer pattern.

Velocity and Turbulence Intensity Distribution. A picture
of the temporal-spatial ensemble-averaged velocity band in the
vicinity of the wall aty50.3 mm is given in Fig. 7~a,b,c! for V
51.725, 3.443, 5.166 pertaining to 5, 10, and 15 rods. Close to
the leading edge ats/s0'0.07, the ensemble-averaged nondimen-
sional velocity distribution̂ U&/U ref shown in Fig. 7~a! is not
affected by the presence of a very thin laminar boundary layer.
However, as a result of the growing viscous boundary layer, a
continuous deceleration and deformation in the longitudinal direc-
tion, is visible. After passing through a Tollmien-Schlichting
wave-dominated region,s/s0'0.10– 0.15, this deceleration and
deformation leads to generation of turbulent spots propagating
with velocities that range between 0.36U ref and 0.60U ref . Note
that these values refer to a band of ensemble-averaged velocities
and are not identical to the leading and trailing edge velocities
which are found in literature. The process of turbulent spot gen-
eration within the boundary layer starts ats/s0'0.17, which can
be interpreted as the onset of the boundary layer transition. By
moving downstream, the distinctively periodic flow within the
boundary layer is continuously degenerating and becoming fully
stochastic~starting at s/s0'0.75 with random fluctuations in
t/t-direction!. In contrast to Fig. 7, where the velocity contour
was presented close to the surface (y50.3 mm), Fig. 8~a,b,c!
exhibits the velocity contours at the edge of the boundary layer

Fig. 5 Ensemble-averaged turbulence intensity contours at
t ÕtÄ0.02, 0.25, 0.49, 0.72, 0.96 for 5 rods
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(y52.5 mm) forV51.725, 3.443, and 5.166 pertaining to 5, 10,
and 15 rods. In Fig. 7 the wake can be identified by high velocity
regions along the wake centerline~due to profile switching under-
neath the wake as clearly shown by Schobeiri and Radke@33#!
whereas in Fig. 8 the wake can be identified by low velocity
regions~wake velocity deficit!.

The entire set of ensemble-averaged data, from which only a
few were discussed above, were utilized to generate the ensemble-
averaged turbulence intensity contour plot for two different lateral
positionsy50.3 mm and 2.5 mm presented in Figs. 9~a,b,c! and
10~a,b,c!. As shown in Fig. 9~a! (V51.725, 5 rods!, the boundary
layer is periodically disturbed by the high turbulence intensity
wake strips. These strips are contained between the wake leading
edge and the wake trailing edge~marked in the plots!. Outside the
wake strips undisturbed low turbulence regions are observed with
significantly lower intensity levels indicating the absence of any
visible wake interaction. These regions are observed between the
plate leading edge and the streamwise position ofs/s0'0.3. In-
creasing the unsteady parameterV by reducing the rod spacing
~Fig. 9~b,c! with V53.443, 5.166 rods! results in an earlier tran-
sition start compared to the above 5 rod case. In contrast to Fig. 9,
where the turbulence intensity contour was presented close to the
surface at the lateral positiony50.3 mm, Fig. 10~a,b,c!, exhibits
the turbulence intensity contours at the edge of the boundary layer
with y52.5 mm forV51.725, 3.443, and 5.166 pertaining to 5,
10, and 15 rods. For both lateral positions, the wake flow regime
is identified by periodic high turbulence intensity regions that
are characteristic for the wake development along the wake
centerline.

The turbulence intensity distributions exhibited in Figs. 9 and
10 present a fairly clear and consistent picture about the transition
start and end process and the influence of the wake structure and
interaction on the transition. In accord with the previous discus-
sions, two mechanisms are considered instrumental in affecting
the above transition start. First, an increased impinging frequency
of the primary wakes based on reducing the rod spacing cause a
formation of wakes, whose initial spacing corresponds to the rod
spacing. These wakes convect downstream while the individual
wake widths continually increase~see Schobeiri et al.@34#! until
they have reached approximately the size of the rod spacing. At

Fig. 6 Ensemble-averaged turbulence intensity contours at
t ÕtÄ0.02, 0.25, 0.49, 0.72, 0.96 for 15 rods

Fig. 7 Ensemble-averaged nondimensional velocity in the
temporal-spatial domain at yÄ0.3 mm for „a… 5 rods, „b… 10
rods, and „c… 15 rods

Journal of Fluids Engineering MARCH 2003, Vol. 125 Õ 257

Downloaded 03 Jun 2010 to 171.66.16.152. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



this point, a strong wake mixing and interaction follows that gen-
erates a highly turbulent flow regime with an intensity ofTu
515%. By decreasing the rod spacing, thereby increasing the
wake impinging frequency, the wake interaction occurs earlier.
This flow regime introduces an excessive turbulent kinetic energy
transport to the boundary layer causing a shift of transition toward
the leading edge. Second, an earlier mixing of the secondary
wakes due to the growth of their width leads to higher freestream
turbulence which inherently affects the onset of the transition. It is
conceivable that the combination of these two mechanisms would
make an additional contribution to the shift of transition. How-

ever, due to the complexity of the flow situation, a quantifying
statement cannot be made at this time. Finally, an increase ofV
~Fig. 9~c! with V55.166, 15 rods! results in a higher freestream
turbulence and increased impinging frequency and thus a signifi-
cant shift of the transition toward the leading edge as the conse-
quence of the mechanisms discussed above~for comparison with
steady-state see Schobeiri and Radke@33#!.

Spot Detection and Intermittency Factors. Discrimination
between laminar and turbulent regions of the flow from hot-wire
records is based on the presence of small-scale fluctuations within
the turbulent patches. Hedley and Keffer@44# surveyed a number

Fig. 8 Ensemble-averaged nondimensional velocity in the
temporal-spatial domain at yÄ2.5 mm for „a… 5 rods, „b… 10
rods, and „c… 15 rods

Fig. 9 Ensemble-averaged reference turbulence intensity in
the temporal-spatial domain at yÄ0.3 mm for „a… 5 rods, „b… 10
rods, and „c… 15 rods
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of options and issued recommendations for the discrimination al-
gorithms. Variants were later suggested by Antonia@45#. We sum-
marize some of the steps for background.

The small-scale fluctuations translate into high-frequency re-
gions in the time traces of the velocity~‘‘discriminator’’ signal!.
Small-scale features are enhanced by double differentiation of the
discriminator signal, and squaring eliminated irrelevant sign infor-
mation, resulting in a ‘‘detector’’ function. Smoothing over scales
of the order of the Taylor microscale fills the gaps between the
small-scale patches, yielding the ‘‘criterion’’ function. This crite-
rion function is compared to a threshold, resulting in the ‘‘indica-
tor’’ function ~0 at points where the criterion function is less than
the threshold, 1 otherwise!. The indicator function is used to mask

parts of the data in the calculation of conditional statistics~see
Antonia @45#!. The average value of the indicator function mea-
sures the fraction of the time during which a signal is identified as
turbulent, and is called the intermittency factor. All told, the con-
struction of the indicator function requires the choice of a dis-
criminator signal~in this instance, streamwise velocity is avail-
able!, an order of differentiation,~second derivatives were used
following the recommendation of Hedley and Keffer@44# a
smoothing scale~selected to be the sampling rate, in the absence
of reliable estimates of the local Taylor microscale!, and a thresh-
old ~selected at 1 rms of the detector function, in the absence of
realistic estimates of an absolute threshold!. We tested the results
for sensitivity to the last two parameters, using a range of smooth-
ing scales and thresholds. No significant differences were ob-
served, so that the results presented below are insensitive to the
parameters used in the intermittency algorithm.

Ensemble-averages of the indicator functions represent the
variations of intermittency factor in relation to the phases of the
rods. Figures 11 and 12 present the ensemble-averaged intermit-
tency for two passing periods. Figure 11~a,b,c! exhibit the inter-
mittency behavior of the boundary layer at a wall distance ofy
50.1 mm forV51.725, 3.443, and 5.155 that corresponds to 5,
10, and 15 rods, respectively. Figure 12~a,b,c! display the inter-
mittency behavior at a distancey510 mm from the wall for the
same frequencies as in Fig. 11~a,b,c!.

Intermittency distribution outside the boundary layer aty
510 mm is shown in Fig. 12~a!. Except for the narrow wake
strips, Fig. 12~a! shows the virtual absence of turbulence~as de-
fined by our criterion! with ^g&'0.0 corresponding to the wake
passings. The wake strips with highly turbulent core convect
downstream and undergo a decay process while the individual
wake widths continually increase until they have reached approxi-
mately the size of the rod spacing. ForV51.725 (5 rods), this
occurs ats/s0'0.9. At this point, a process of wake mixing fol-
lows that generates an intermittency pattern ranging from^g&
'0.2 to ^g&'1.0. The dominant feature is the abrupt change in
direction of the turbulent strip at the distances/s0'0.45. Recall-
ing that the angle of a line on this plot is a measure of the trans-
lation velocity of the observed feature, we see that the turbulent
patches travel initially at a higher speed~freestream!, then at
lower speed. Moving closer to the wall aty50.1 mm, we observe
similar intermittency patterns within the boundary layer as shown
in Fig. 11~a!. Thenonturbulentregions (̂ g&'0.0) separated from
the turbulent wake strips with sharply defined contours, indicate
the intermittent nature of the boundary layer. Similar to the case
shown in Fig. 12~a!, we observe a sudden change in direction of
the turbulent strip at the distances/s0'0.45. We interpret this as
representing the sudden shift from a flow dominated by the con-
vection of wakes by the freestream to the propagation of boundary
layer spots~or other turbulent structures! at a lower speed.

Increasing the number of the rods (V53.443, 10 rods) as
shown in Figs. 11~b! and 12~b! results in closer spacing between
the wakes. As a consequence, the mixing point of the wakes and
the onset of wake-induced transition experience a shift toward the
leading edge. Compared to the 5-rod case discussed above, the
nonturbulent regions witĥ g&'0.0 shown in Figs. 11~b! and
12~b! have become narrower. Further increasing the rod number
(V55.166,15 rods) as shown in Figs. 11~c! and 12~c! results in a
strong mutual interaction of the wakes that determines the inter-
mittency picture of the unsteady flow pattern. In any event, the
close spacing of the wakes in the 15-rod case ensures the longer
dominance of wake turbulence relative to the 10 and 5-rod cases.
As Fig. 11~c! indicates, the higher freestream turbulence generated
by the wake mixing process predominantly affects the onset of the
boundary layer transition. Interestingly, the calming effect of the
periodic unsteady wake discussed previously is maintained and
causes the very narrow nonturbulent region with^g&'0.0 exhib-
ited in Fig. 12~c! to widen as shown in Fig. 11~c!.

Intermittency Analysis. The contour plots of the intermit-

Fig. 10 Ensemble-averaged reference turbulence intensity in
the temporal-spatial domain at yÄ2.5 mm for „a… 5 rods, „b… 10
rods, and „c… 15 rods

Journal of Fluids Engineering MARCH 2003, Vol. 125 Õ 259

Downloaded 03 Jun 2010 to 171.66.16.152. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



tency distributions in Figs. 11 and 12 clearly show the unsteady
nature of the boundary layer transition process and serve for better
understanding the physics of unsteady boundary layer transition.
In this form, however, they cannot be used to quantitatively de-
scribe the complex unsteady transition process. To establish the
basic relations essential for a quantitative description of the un-
steady boundary layer transition, we resort to the fundamental
studies by Schobeiri and his co-workers,@34# and @46#, that deal
with the physics of steady and unsteady wake development in a
curved environment. These studies show clearly that the turbu-
lence structure of the steady and unsteady wake flow is deter-
mined by the wake defect, which is a Gaussian function. Follow-
ing the above studies, we define a dimensionless parameter

z5
Uwt

b
5

y

b
with b5

1

Ap
E

2`

1`

Gdj2 (9)

that relates the wake-passing timet with the wake-passing veloc-
ity in lateral directionUw and the intermittency widthb. The latter
is directly related to the wake width introduced by Schobeiri and
his co-workers,@34# and @46#. In an analogous way to find the
defect function, we define the relative intermittency functionG as

G5
^g i~ t i !&2^g i~ t i !&min

^g i~ t i !&max2^g i~ t i !&min
. (10)

In the above equation,̂g i(t i)& is the time-dependent ensemble-
averaged intermittency function, which determines the transitional
nature of an unsteady boundary layer. The maximum intermit-

Fig. 11 Ensemble-averaged intermittency g in temporal-
spatial domain at yÄ0.1 mm for „a… 5 rods, „b… 10 rods, and „c…
15 rods

Fig. 12 Ensemble-averaged intermittency g in temporal-
spatial domain at yÄ10.0 mm for „a… 5 rods, „b… 10 rods, and „c…
15 rods
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tency ^g i(t i)&max exhibits the time-dependent ensemble-averaged
intermittency value inside the wake vortical core. Finally, the
minimum intermittency ^g i(t i)&min represents the ensemble-
averaged intermittency values outside the wake vortical core.

Further analysis of the intermittency data forV
51.725 (5 rods),V53.443 (10 rods), andV55.166 (15 rods)
clearly indicated that the relative intermittencyG closely follows a
Gaussian distribution. These new results gave impetus to perform
a new set of unsteady boundary layer measurements for a fre-
quency parameter ofV51.033, which corresponds to 3-rods con-
figuration. The data were taken at a sampling rate of 10 kHz and
much smallerDy-increments. As representatives, Fig. 13~a,b!
showsG for frequency parameter values ofV51.033 (3 rods) and
V55.166 (15 rods) with the dimensionless longitudinal distance
s/s0 as a parameter. The symbols represent the experimental data.
As shown, the measured relative intermittencyG for wakes im-
pinging on the concave surface presented in this paper follow
closely a Gaussian distribution, which is given by

G5e2z2
. (11)

Here, z is the nondimensionalized variable defined in Eq.~9!.
Although the relative intermittency function described by Eq.~11!
has been derived for the unsteady boundary layer at zero pressure
gradient, the recent boundary layer study along a turbine blade
under periodic unsteady flow by Schobeiri and Chakka@47# shows
that the intermittency functionG described by Eq.~11! is also
valid for different pressure gradients characteristic of a turbine
cascade. These results indicate the universal character of the rela-
tive intermittency function.

With the relative intermittency function given by Eq.~11!, the
time-dependent intermittency function^g i(t i)& is completely de-
termined if additional information about the minimum and maxi-
mum intermittency functionŝg i(t i)&min and^g i(t i)&max are avail-
able. As a representative example for the cases investigated in this
study, the distributions of̂g i(t i)&min , ^g i(t i)&max, and the aver-
agedḡ in the streamwise direction are plotted in Fig. 14~a! for
V51.033 (3 rods) fory50.1 mm. The steady-state case~no rod!
shown in Fig. 14~b! serves as the basis of comparison for these
maximum and minimum values. In the steady-state case, the in-
termittency starts to rise from zero at a streamwise Reynolds num-
ber Rex,s'23105 and gradually approaches the unity, correspond-
ing to the fully turbulent state. This is typical of natural transition
and follows the intermittency function introduced by Narasimha
@48#. As shown in Fig. 14~a!, at each particular streamwise loca-
tion with a given Reynolds number, for example Rex513105, two
corresponding, distinctively different intermittency states are pe-
riodically present. At this location,̂g i(t i)&max corresponds to the
condition when the wake with the high turbulence intensity core
impinges on the plate surface at a particular instant of time. Once
the wake has passed over the surface, the same streamwise loca-
tion is exposed to a low turbulence intensity flow regime with an
intermittency state of̂ g i(t i)&min , where no wake is present. As
seen,^g i(t i)&min has the tendency to follow the course of the
steady ~no-wake! intermittency distribution exhibited in Fig.
14~b!, with a gradual increase from an initialnonturbulentstate
with a value of zero approaching a final state of 0.8. This was
expected aŝ g i(t i)&min is calculated outside the wake region
where the turbulence intensity is relatively small. On the other
hand,^g i(t i)&max reveals a fundamentally different behavior that
needs to be discussed further. As Fig. 14~a! shows, the wake flow

Fig. 13 Relative intermittency as a function of nondimension-
alized lateral coordinate for „a… 3 rods and „b… 15 rods

Fig. 14 Maximum, minimum, and time-averaged intermittency
distributions as a function of axial Reynolds number for „a… 3
rods and „b… no rods „steady case …
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with an intermittency close to unity impinges on the blade surface.
By convecting downstream, its turbulent fluctuations undergo a
strong damping by the wall shear stress forces. The process of
damping continues until̂g i(t i)&max reaches a minimum. At this
point, the wall shear forces are not able to further suppress the
turbulent fluctuations. As a consequence, the intermittency again
increases to approach the unity, showing the combined effect of
wake-inducedand natural transition due to an increased turbu-
lence intensity level. The damping process of the high turbulence
intensity wake flow, discussed above, explains the phenomena of
the becalmingeffect of a wake-induced transition observed first
by several researchers including Pfeil and Herbst@29–31#,
Schobeiri and Radke@33#, and Halstead et al.@49#. The intermit-
tencies^g i(t i)&min and ^g i(t i)&max precisely describe the physical
events exhibited in Figs. 5 and 6. Figure 14~a! also shows the
average intermittencyḡ which is a result of the integral effect of
periodic wakes with respect to time. The maximum intermittency
is described by

^g~ t !&max51.02c1e2~Rex2Rex,s /Rex,s2Rex,e!2
(12)

where the constantc1 depends onV. The minimum intermittency
is described by

^g~ t !&min5c2~1.02e2~Rex2Rex,s /Rex,s2Rex,e!2
! (13)

where the constantsc2 are again dependent onV. And, the time-
averaged intermittency is described by

ḡ5c4~1.02c3e2~Re2Rex,t /Rex,t2Rex,e!2
!. (14)

The combined effects of̂g i(t i)&max and^g i(t i)&min can be seen in
the expression forḡ through the constantsc3 and c4 . The four
constants for the frequencies under investigation are given in
Table 2. For natural transition, the above constants approach unity.

Spectral Analysis

Wavelet Tools: Local Spectral Discrimination. The emerg-
ing complexity of the flow makes it imperative to quantify the
active scales so that modeling can include more of the relevant
physics. Fourier methods, and variants thereof, have been the tra-
ditional method of spectral analysis of experimental data. How-
ever, it has long been apparent that the analysis of complex~non-
periodic, non-Gaussian! signals would benefit from a compromise
between the sequential and the spectral views. Indeed, while a
Fourier spectrum is very effective at identifying the wake passing
frequency, it is ill-suited to the spectral analysis of the turbulence
associated with these wakes. Wavelet methods have evolved over
the past few years~Daubechies@50# and Farge@51#! as a versatile
substitute for earlier time-frequency approaches. Mathematical
derivations, specific algorithms and alternative techniques, with
examples of applications to experimental data, can be found in
literature. Wavelet methods allow quantitative measurements of
both duration and time of occurrence, and establish the compro-
mise between their respective accuracies. In this study, we have
used the continuous Mexican hat waveletg2 ,

g2~ t !5~ t221!e2t2/2. (15)

Time t and durationk21 become two independent variables, and
the wavelet transform of the signalf (t) is defined by

f g~k,t !5E
2`

`

k1/2f ~t!g2~k~t2t !!dt. (16)

The duration can be related~Higuchi et al.@52#! to an equivalent
frequencyf. For the Mexican hat wavelet, we have

f

k
5

A2.5

2p
. (17)

This relation has been used to reduce all wavelet durations to
equivalent frequencies in the results presented below. Essential for
the purpose of this study is the ability to distribute the total energy
of the signal among a spectrum of frequencies at each instant.
This result is embodied in the Parseval theorem
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(18)

In Eq. ~18!, the expressionu f g(k,t)u2/2p can be interpreted as the
local spectral energy density. The factor 1/p in Eq. ~18! is specific
to the Mexican hat wavelet Eq.~15!. The mean energy spectrum
E~k! obtained by time integration of the local spectrum is equiva-
lent to the Fourier power spectrum. Conditional mean spectra
~Higuchi et al. @52#, Lewalle @53#, and Lewalle et al.@54#! ob-
tained by integrating the local spectral energy density only during
a portion of the sampling time~e.g., while in the wakes, or in
laminar regions only~Hedley and Keffer@45#!! adds flexibility to
the processing of the data, and the results will illustrate the merits
of this approach. Finally, dominant frequencies~energy-
containing scales! are obtained from the peak of the product of the
power spectrum and the frequency. This method is applicable to
mean wavelet spectra, with or without conditioning, as well as
Fourier spectra. In the following sections, the ‘‘dominant time
scale’’ is identified as the inverse of the frequency of the largest
energy content.

Dominant Scales: Ensemble Variations. During one cycle
of the wake generator, the time scales of the turbulence in the
freestream can be expected to vary with the basic periodicity im-
posed by the number of rods. These time scales could be calcu-
lated within the framework of Fourier methods by the following
algorithm. For each given phase, a window containing at least a
few cycles of the expected dominant frequency would be picked,
and the Fourier power spectrum calculated within this window,
cumulatively for successive cycles. The wavelet local energy
spectrum provides a simpler alternative that relies only on indi-
vidual flow events~rather than on their repetition within a larger
window!. Ensemble energy spectra E~f! can be calculated simply
by summing the local energy spectra at fixed phases. The algo-
rithm underlying the following results is as follows:

1 calculation of the wavelet transform according to Eq.~16!;
2 squaring to obtain the local spectral energy density~Eq. 18!;
3 multiplication byk to identify the energy content;
4 average the time scales for all times in each ensemble;
5 at each time, search for the maximum of the curve

ku f g(k,t)u2/2p versusk; and finally
6 at each time, express the dominantk as an equivalent fre-

quency~Eq. ~16!! and its inverse time scale.

The dominant time scales, relevant to modeling, are plotted in
Figs. 15~a,b,c! at y510 mm and 16~a,b,c! at y50.75 mm, in each
case with 5, 10, and 15 rods successively. Figure 15~a! shows a
pattern very similar to the intermittency plots, with the switch
from freestream to wall-dominated turbulence at matching loca-
tions. As the small-scale turbulence develops, the energy-
containing scales fall below the sampling rate for these very long
time series. This will be discussed in our conclusions, but we note
that comparison of the results is possible nonetheless. The present
data show clearly the effect of the wakes and their passing fre-
quency, both quantitatively as measured by the shading scale and

Table 2 Constants in the intermittency correlation

Const.

Reduced Frequency,V

1.033 1.725 3.441 5.166

c1 0.57 0.22 0.50 0.35
c2 0.80 0.85 0.80 0.83
c3 1.00 0.82 0.80 0.80
c4 0.85 0.92 0.92 0.94
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qualitatively as shown by the pattern of small scale activity be-
yond s/s0'0.6. In the 10-rod case~Fig. 15~b!!, the secondary
~double! wake-passing is observed clearly until the boundary layer
turbulence wipes out the weaker wake beyonds/s0'0.8. The 15-
rod case~Fig. 15~c!! is yet more complicated, with the double
wake observable froms/s050.0 to 0.25 and from 0.6 to 0.9. This
may be due to interactions of a given wake with lagged spots from
the previous wake as they travel at different speeds.

Closer to the wall, the interactions between wake-generated
scales and boundary layer generated scales complicate the map
~Fig. ~16a!! for the 5-rod case. The double wake-passing can be
observed at this level. The transition to smaller scales is virtually
complete bys/s0'0.8 for this case,s/s0'0.55 for the 10-rod

case~Fig. 16~b!! and s/s0'0.4 for the 15-rod case~Fig. 16~c!!.
This is consistent with the propagation speed being slower for the
boundary layer structures, and with these structures generating the
smallest observable scales. Generally, we note that the energy-
containing time scales are dependent on the wake-passing fre-
quency~see bars with each plot!. The shortest time scales, more
and more dominant as the flow evolves, reflect a mixture of nomi-
nally laminar and turbulent regions. The following section estab-
lishes a discrimination between them.

Dominant Scales: Conditional Sampling. In the construc-
tion of the ensemble power spectrum explained above, we can
elect to include only contributions that meet a combination of

Fig. 15 Ensemble-averaged dominant time scales in temporal-
spatial domain at yÄ10.0 mm, wake passing frequencies for „a…
5 rods, „b… 10 rods, „c… 15 rods

Fig. 16 Ensemble-averaged dominant time scales in temporal-
spatial domain at yÄ0.75 mm, wake passing frequencies for „a…
5 rods, „b… 10 rods, „c… 15 rods
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criteria, of which phase is only one component. Of most direct
interest would be the mapping of turbulent scales. Time scales
associated with the nominally laminar regions of flow will be
mapped, to illustrate the feasibility of the concept and the substan-
tial differences with the unconditional statistics presented in the
previous subsection. Figure 17~a,b,c! presents the results for en-
semble plots of ‘‘laminar’’ scales. Initially comparable to the un-
conditional scales in the intervals between wakes, they are notably
larger in all regions of the plots where the intermittency factor is

not very small. Thus, at larges/s0 , the energy content of the long
time-scale~‘‘laminar’’ ! region is overwhelmed by that of intermit-
tent turbulent patches in the calculation of the unconditional time
scales~Figs. 15 and 16!.

The comparison of the results for ensemble-averaged turbu-
lence intensity Figs. 9, 10, the intermittency, Figs. 11, 12 and the
dominant time scales~Figs. 15 and 16! is informative. The turbu-
lence intensity plots indicated an early increase in the random
fluctuations. This is confirmed by inspection of the velocity traces,
in which few quiescent intervals and no locally periodic wave
trains can be observed. In contrast, the intermittency factor re-
mains relatively small, even after the footprint of the wakes has
been mixed into a more uniform flow at larges/s0 . This apparent
contradiction is resolved by examining the respective contents of
the intermittency and turbulence level algorithms. The intermit-
tency algorithm is designed to detect small-scale fluctuations gen-
erated by a spectral transfer of energy. Thus, the longer time
scales coincide with a relatively low intermittency factor, but do
not presume a low energy content for the corresponding fluctua-
tions. The parts of the signal associated with high-turbulence in-
tensities~energy content! also have weak small-scale content, and
their typical duration is roughly proportional to the intervals be-
tween wake passings. This can be seen from the numerical values
on the scales for Figs. 15–17. Furthermore, an estimation of the
typical sizes of these ‘‘eddies’’ can be obtained as the product of
their time scale and their convection speed, yielding a size larger
than the distance to the wall by at least one order of magnitude.
We conclude that these long-duration events are better character-
ized as the alternance of accelerated and decelerated flow result-
ing from wake passings, than as turbulent eddies. The emerging
picture, to be tested in future studies, is that relatively few turbu-
lent patches~possibly turbulent spots! evolve primarily due to the
buffeting of the boundary layer by the passing wakes; and that the
wakes and spots, traveling at different speeds, induce large-scale
nonturbulent fluctuations in streamwise velocity.

Conclusions
The effects of periodic unsteady wake-passing frequency on the

boundary layer transition and development along the concave sur-
face of a constant curvature plate at zero pressure gradient was
experimentally investigated. The measurements were carried out
utilizing an unsteady flow research facility with a rotating cascade
of rods positioned upstream of the curved plate. Keeping the ro-
tational speed of the wake generator constant, three different pass-
ing frequencies were investigated by varying the rod spacing. Two
mechanisms were established by this variation: first, an earlier
mixing of the secondary wakes due to the reduction of their spac-
ing that led to higher freestream turbulence. Secondly, increased
impinging frequency of the primary wake strips introduced an
excessive turbulence kinetic energy transport to the boundary
layer. Based on the experimental investigations and their analysis
the following conclusions are drawn:

• The boundary layer transition behavior was significantly af-
fected by the wake-induced unsteady flow. LowerV generated
isolated unsteady wakes with no visible mutual interaction, simu-
lating the inlet flow condition to the second row of a turboma-
chine. The wake-induced unsteady flow significantly affected the
boundary layer transition behavior leading to the formation of a
wake induced boundary layer transition and a primary boundary
layer with a quasi-steady character that was periodically disturbed
by wake strips and the wall. Increasing the parameter ofV re-
sulted in a change of the boundary layer development process,
turbulence distribution, sport generation, and a shift of the transi-
tion onset toward the leading edge.

• Further increase ofV, simulating the unsteady flow through
the third and fourth row of a multistage turbine with higher im-
pinging frequency and smaller wake spacing associated with ear-
lier mixing of the secondary wakes, resulted in higher freestream

Fig. 17 Ensemble-averaged dominant ‘‘laminar’’ time scales in
temporal-spatial domain at yÄ10 mm for „a… 5 rods, „b… 10 rods,
„c… 15 rods
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turbulence and a significant shift of the transition toward the lead-
ing edge as a consequence of the mechanisms discussed above.

• Further analysis of intermittency data revealed a universal
pattern of the relative intermittency factor that follows a Gaussian
distribution. The minimum intermittency factor,̂gmin&, repre-
sented the boundary layer behavior between the turbulent wake
strips. It was shown to follow the natural transition process as the
freestream was almost nonturbulent. On the other hand,^gmax&
being the value inside the turbulent core, started with a high value
and went through a minimum, which indicates the start of wake
induced transition. This was due to the viscous damping of the
turbulent core by the boundary layer.

• Concerning the wavelet analysis, in some regions of the flow,
the calculated dominant time scales reach the lower limit set by
the data acquisition rate. These limits reached in regions where
small-scale turbulence production within the boundary layer is
expected to be significant. The transition from longer to smaller
time scales is continuous and smooth. Further studies will exam-
ine the effect of the sampling rate on the accuracy of turbulence
intensities and time scales. We also note that wavelet methods do
not introduce further aliasing or harmonics, since they only rely
on local information~as few as three data points at the smaller
scales!.

• The long time-series are necessary to yield stable statistics
presented in this paper. Detailed study of the high frequency
boundary layer turbulence will be the subject of future work.

• The effect of the wake-passing frequency on the dominant
~mainly laminar! time scales shows that the flow is not turbulent
between wakes. The frequency scaling is dictated by the intervals
between wakes, not because of local turbulence structure. The
local turbulence is more likely determined by the three-
dimensional nature of the flow induced by the layering of~and
velocity difference between! wake turbulence and boundary layer
turbulence. This layering is likely to induce streamwise vorticity
and enhanced mixing associated with three-dimensional flow.

• Turbulence intensity alone may not be good diagnostic of
turbulent transport in these very nonhomogenous flows. The com-
plex distribution of velocity fluctuations at different time scales is
exposed by the combination of methods presented in this paper.
Further studies will address the spectral resolution of active fluc-
tuations as they affect transport and its modeling in turbomachin-
ery flows.

Uncertainty Analysis
The Kline and McClintock@55# uncertainty analysis method

was used to determine the uncertainty in the velocity after cali-
bration and data reduction for the single-wire probe. In addition,
the uncertainty in the heat transfer measurements was also deter-
mined. The Kline and McClintock method determines the uncer-
tainty for a 95% confidence level. The uncertainty in velocity for
the single-wire probe after data reduction is given in Table 3. As
shown, the uncertainty in velocity increases as the flow velocity
decreases. This is due to the pneumatic pressure transducer having
a large uncertainty during calibration.

Nomenclature

c 5 chord plate length~see Table 1!
d 5 lateral position above the plate surfaced510 mm
h 5 nozzle height~see Table 1!

Reh 5 Reynolds number based on nozzle height
Rec 5 Reynolds number based on curved plate chord

T 5 wake generator period
Tu 5 reference turbulence intensity

^Tu& 5 ensemble-averaged reference turbulence intensity
u 5 fluctuation velocity

^u& 5 ensemble-averaged fluctuation velocity
u1 5 nondimensional velocityu15u/ut

Ū 5 time-averaged mean velocity parallel to the surface
U ref 5 reference local velocity at a distance ofd510 mm

above the plate surface
y 5 lateral distance from plate surface

y1 5 nondimensional wall distancey15uty/n
n 5 kinematic viscosity of air
r 5 density of air
t 5 one wake-passing period

Subscripts

in 5 inlet to test section
loc 5 local
ref 5 reference
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A Comparison of Spreading
Angles of Turbulent Wedges in
Velocity and Thermal Boundary
Layers
Turbulent wedges induced by a three-dimensional surface roughness placed in a laminar
boundary layer over a flat plate were visualized for the first time using both shear-
sensitive and temperature-sensitive liquid crystals. The experiments were carried out at
zero pressure gradient and two different levels of favorable pressure gradients. The pur-
pose of this investigation was to examine the spreading angles of turbulent wedges indi-
cated by their associated surface shear stresses and heat transfer characteristics and
hence obtain further insight about the difference in the behavior of transitional momen-
tum and thermal boundary layers when a streamwise pressure gradient exists. It was
found that under a zero pressure gradient the spreading angles indicated by the two types
of liquid crystals are the same, but the difference increases as the level of favorable
pressure gradient increases with the angle indicated by temperature-sensitive liquid crys-
tals being smaller. The results from the present study suggest that the spanwise growth of
a turbulent region is smaller in a thermal boundary layer than in its momentum counter-
part and this seems to be responsible for the inconsistency in transition zone length
indicated by the distribution of heat transfer rate and boundary layer shape factor re-
ported in the literature. This finding would have an important implication to the transition
modeling of thermal boundary layers over gas turbine blades.@DOI: 10.1115/1.1539871#

Introduction
Liquid crystals have been used in heat transfer and aerody-

namic tests as a cost-effective full surface flow visualization and
measurement tool for sometime,@1–5#. The coating of liquid crys-
tals displays different color upon changes in certain flow param-
eters and gives a vivid visual impression of the characteristics of a
surface flow. With the improvement in formulation, liquid crystals
that respond solely to changes in a single flow parameter have
become available commercially in 1990s. Currently two types of
liquid crystals are commonly used, i.e., shear-sensitive liquid
crystals and temperature-sensitive~thermochromic! liquid crys-
tals. The former display different color upon changes in surface
shear stress, providing information about the surface shear stress
distribution,@2,3#. The latter change color as surface temperature
varies. Once the surface heat flux is determined either by direct
measurements or via the use of heat transfer models, the heat
transfer rate at the wall can be obtained from the surface tempera-
ture, @4,5#.

The availability of both temperature-sensitive and shear-
sensitive liquid crystals offers an effective way of correlating the
heat transfer and aerodynamic characteristics of a nonisothermal
flow field, thus providing a means of examining the validity of the
Reynolds analogy. The problem of particular interest to the
present study is the different effects that pressure gradients exert
on the momentum and heat transfer process in a boundary layer
undergoing transition from laminar to turbulent. As reported by
Blair @6# and Sharma@7#, when a favorable pressure gradient ex-
ists, the transition zone length indicated by the distribution of heat
transfer rate along the wall is longer than that indicated by the
boundary layer shape factor~The opposite is true when an adverse
pressure gradient is present.! Blair suggested that it is because at

the presence of a favorable pressure gradient, the fully turbulent
structure, which the heat transfer process directly depends upon,
requires a longer streamwise distance to develop than the fully
turbulent mean velocity profile,@6#. Such a discrepancy questions
the adequacy of the Reynolds analogy, which relates skin friction
to heat transfer and has been widely adopted by turbomachine
designers for sometime.

Since boundary layer transition starts by formation and growth
of localized turbulent regions, i.e., turbulent spots@8#, a better
understanding of the above phenomenon should be achieved by
examining a fundamental issue, i.e., how a turbulent region grows
in a laminar background under the influence of pressure gradients
as indicated by wall heat transfer and surface shear stress, respec-
tively. In the present work, such a turbulent region is generated by
a surface roughness placed on a flat plate along which a laminar
boundary layer is developing. The turbulent region diverges in the
spanwise direction as it propagates downstream, forming a turbu-
lent wedge. Turbulent wedges produced by a surface roughness
have been studied for sometime because they closely resemble the
behavior of a train of turbulent spots, which are the active features
in a transitional boundary layer, in terms of their spanwise growth,
@9#. It has been found that the turbulent wedge is composed of a
fully turbulent core bounded by a transitional~intermittently tur-
bulent! region, and in a zero pressure gradient boundary layer the
wedge diverges with a half included angle of about 10 deg,@9,10#.

In this paper, both temperature-sensitive and shear-sensitive liq-
uid crystals were used to visualize the development of turbulent
wedges in laminar boundary layers under a zero pressure gradient
and two different levels of favorable pressure gradients. The pur-
pose of this work is to investigate the different effects of pressure
gradients on the momentum and heat transfer processes involved
in the growth of turbulent region in a laminar boundary layer, and
thus obtain further insight about the difference in the behavior of
transitional momentum and thermal boundary layers. The result
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V. Ötügen.

Copyright © 2003 by ASMEJournal of Fluids Engineering MARCH 2003, Vol. 125 Õ 267

Downloaded 03 Jun 2010 to 171.66.16.152. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



from the present study would be expected to have an important
implication to the modeling of transition in boundary layers over
gas turbine blades@11#.

Experimental Facility
The experiment was conducted in the Farnborough wind tunnel

at the Goldstein Laboratory, the Manchester School of Engineer-
ing. The wind tunnel has a test section of 460 mm3207 mm. The
maximum velocity in the test section is about 28 m/s and the
freestream turbulence intensity is about 0.3%. Both the top and
two side-walls of the test section are made of glass to allow opti-
cal access. A test plate 25 mm thick and 625 mm long was
mounted horizontally across the entire width of the test section.
The plate has a 1:3 superelliptical leading edge, which according
to Narasimha and Prasad@12#, helps to minimize flow separation
and premature transition at the leading edge. A schematic sketch
of the test section is shown in Fig. 1. In the present experiment,
the state of the boundary layer was checked by surface oil flow
tests. It was found that by setting the plate at a one-degree nega-
tive incidence and the trailing edge flap at 20 deg a fully attached
laminar boundary layer around the leading edge was obtained.
Spanwise surface pressure measurements also confirmed that the
boundary layer flow was two-dimensional over 75% spanwise
width of the plate.

For the tests with shear-sensitive liquid crystals, the transparent
thermoplastic test surface was coated with water-based matt black
paint before the liquid crystal coating was applied. The water-
based black paint is free of chemical contaminants and thus pro-
longs the life of the liquid crystals. In order to track the thermal
footprint of the turbulent wedge, another plate consisting of mul-
tiple layers ~see Fig. 2! was constructed. The test surface was
heated uniformly with a 0.1 mm thick metalized film, which was
connected to a DC power supply through metal foil strips adhered
along the edges of the film. A 14 mm thick Styrofoam sheet was
glued to the back of the test plate to reduce the heat loss by
conduction.

The favorable streamwise pressure gradients were achieved by
attaching a flat transparent thermoplastic sheet at different angles
to the ceiling of the test section~see Fig. 1!. At the maximum
operating velocity, the two wedge angles used in the present ex-

periment produced accelerating flows with a constant pressure
gradient parameter K50.2531026 and 1.031026, respectively.
The corresponding velocity and pressure gradient distributions for
these two cases are shown in Fig. 3. Tests were also carried out at
a zero pressure gradient boundary layer (K50) to provide base-
line data for comparison.

The turbulent wedge was generated by a 1.1 mm diameter
metal sphere, which was glued on the test surface at a distance of
187 mm from the leading edge. The local boundary layer thick-
ness was about 2 mm and the Reynolds number based on the local
momentum thickness ranged from 200 to 450 for the three test
cases. According to Hall@13#, a critical Reynolds number Red of
500 has to be reached in order to initiate a turbulent wedge im-
mediately downstream to the roughness. Here Red5ud/n, d is the
height of the roughness which is the diameter of the sphere andu
is the velocity in the undisturbed boundary layer at the height of
the roughness. In the present experiment, this Reynolds number
was estimated to be at least 1000 for all the test cases and is
substantially greater than the critical Reynolds number.

The Liquid Crystal Techniques

Shear-Sensitive Liquid Crystals. Shear-sensitive ~chiral
nematic! liquid crystals are capable of responding to different lev-
els of surface shear stress by color changes,@2#. As the shear
stress increases, the color of the liquid crystals coating will shift
from rusty red through the visible spectrum to violet. Since at the
same Reynolds number, the surface shear stress underneath a tur-
bulent boundary layer is considerably higher than that in its lami-
nar counterpart, the color variations displayed by the crystals can
be used to differentiate a turbulent region from its laminar back-
ground thus providing the information about the growth of a tur-
bulent wedge.

The shear-sensitive liquid crystal slurry used in the tests was
supplied by Hallcrest Ltd. and it is formulated for tests at a
freeestream velocity up to 30 m/s. To apply shear-sensitive liquid
crystals to the test surface, the slurry was first heated to its clear-
ing point at about 50°C and then brushed along the surface using
an artist paintbrush. The crystals form a sticky wet film over the
surface with an estimated thickness of about 30mm based on the
amount of crystals used and area of coverage. The film will be
sheared slightly and reach a dynamic equilibrium under the im-

Fig. 1 Schematic diagram of the test section

Fig. 2 Schematic diagram of the heated plate used with
temperature-sensitive liquid crystals

Fig. 3 Velocity and pressure gradient distributions for the mild
„K1… and strong „K2… pressure gradient cases
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pact of the local time-averaged surface shear stress. But it is be-
lieved that the displacement of the crystal top layer is small and
does not alter the no-slip condition at the wall.

Two 1 KW halogen lights were found to give desirable illumi-
nation of the liquid crystals when projected from downstream at
each side of the test section. The liquid crystal color changes
produced by the turbulent wedge were recorded at an angle of
54.5 deg to the horizontal plane through the top glass window
from a downstream viewpoint~see Fig. 4~a!!. No attempt was
made to calibrate the crystal color play against shear stress in the
present tests.

Temperature-Sensitive Liquid Crystals. Temperature-
sensitive~encapsulated cholesteric! liquid crystals show variations
of color from red through the visible spectrum to blue as tempera-
ture increases. Since at the same Reynolds number a turbulent
boundary layer exhibits a higher heat transfer rate than a laminar
boundary layer, under the same surface heat flux the surface tem-
perature beneath a turbulent boundary layer will be lower than its
laminar counterpart, making the thermal footprint of a turbulent
region visible. This method has been used successfully by Zhong
et al. @5# to visualize the growth and development of individual
artificially created spots in a water tunnel experiment.

The temperature-sensitive liquid crystal slurry used in this ex-
periment was supplied by Thermographic Measurements Ltd. It
has an active color bandwidth of 5°C, showing red at 22°C and
blue at 27°C. The slurry was mixed with adequate amount of
binder and sprayed on to the test surface using an artistic airbrush.
The crystals form a dry surface coating with a thickness not
exceeding 30mm. Two 60 W fluorescent strip lights were clamped
at each side of the test section to provide a uniform illumination
to the crystal coating~see Fig. 4~b!!. The liquid crystal images
were recorded with the axis of a video camera normal to the test
surface.

The calibration of temperature-sensitive liquid crystals color
play followed a standard procedure. The crystal color play was
calibrated against the temperature reading from a thermocouple
glued on the surface with the same lighting and recording arrange-
ment in the experiment. The color information was recorded using
a digital video camera and was subsequently processed in Matlab.
Upon loading into the Matlab, the color signals at each pixel were
represented in form of red, green, and blue color component
~RGB!. The RGB signals can be further converted into color sig-
nals represented in form of hue, saturation, and intensity~HSI
signals!. Among the HSI signals, hue signal alone is commonly
used as the color index in processing temperature-sensitive liquid
crystal images since it is a simple and monotonic function of

liquid crystal temperature and is independent of the local illumi-
nation strength@14#. The calibrated relation between temperature
and hue for the crystal coating used in the present experiment is
shown in Fig. 5.

The electrical power used to heat the surface was controlled by
a DC power supply with digital display of current and voltage
settings. In order to maximize the color variations shown by the
crystals, the power was adjusted to a level that the surface under a
laminar boundary layer began to show blue color. The magnitudes
of current and voltage were recorded for each test case, allowing
the heat flux applied to the surface to be calculated.

Flow Visualization Results
In the present experiment, all the color information was re-

corded using a digital video camera. Figures 6 and 7 show the
surface color variations~raw data! displayed by both shear-
sensitive and temperature-sensitive liquid crystals at zero, mild
and strong favorable pressure gradients, respectively. In Fig. 6, the
laminar region appears in rusty red whereas the turbulent region
associated with higher shear shows green color, making the tur-
bulent wedge clearly visible. Distinct color variations were also
observed from the temperature-sensitive liquid crystals~Fig. 7!
which showed reddish color in the turbulent region and blue in the
laminar region respectively. It can be seen that the spreading angle
of the wedge decreases as the level of favorable pressure gradient

Fig. 4 Schematic diagrams showing the lighting and recording arrangement in „a… shear-sensitive
and „b… temperature-sensitive liquid crystal tests

Fig. 5 Typical hue-temperature calibration curve for
temperature-sensitive liquid crystals
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increases, which is consistent with the observations made by oth-
ers researchers on turbulent spots using other experimental meth-
ods such as hot-wires,@15,16#. The side-wall contamination zones
on each side of the plate are also clearly visible. It is seen that
the side-wall contamination zone is smaller at the mild pressure
gradient than that to the zero pressure gradient case and at
the strong favorable pressure gradient it almost disappears
completely.

It should be noted that the images obtained with shear-sensitive
liquid crystals were taken at an oblique angle from a downstream
viewpoint ~see Fig. 4~a!!. Hence the lateral spreading angle of the
turbulent wedge obtained directly from the original images is ex-
pected to be larger than its actual value. Therefore a perspective
transformation of the images is necessary to correct this error
before the results can be compared with those from the
temperature-sensitive liquid crystal images which were taken with
the camera axis normal to the test surface. The transformation was
performed in Matlab by taking into account the camera position
relative to the plate and the camera settings with the algorithm
documented by Gonza´lez @17#.

In order to determine the lateral spreading angle of the turbulent
wedge more accurately, the color information of the images was
represented in form of hue, saturation and intensity signals. For
the images from temperature-sensitive liquid crystals, hue was
further converted into temperature using the color calibration
curve shown in Fig. 5. In the present test, since the total heat flux
required to heat the surface was known, the convective heat flux
can be calculated by subtracting the heat losses radiation from the
top surface and conduction from the back of the model. The con-
vective heat transfer rate from the surface can then be determined
by dividing the convective heat flux by the temperature difference
between the surface and freestream. A more detailed description

of this method was given in Clark et al.@10#. For the images from
shear-sensitive liquid crystals, since the color calibration was not
carried out, the color intensity was used directly to obtain the
spreading angle of turbulent wedges. Here the color intensity is
used instead of hue, since the intensity signal shows more pro-
nounced variations across the turbulent wedge. It is known that
the color changes in shear-sensitive liquid crystals depend on both
the magnitude of shear stress and angle between the shear vector
and the viewing direction,@3#. However, the direction effect is
considered to be small in the present test since in an averaged
sense its variation is not greater than 10 deg which is the spot
spreading angle for the zero-pressure-gradient case. The contours
of color intensity~shear stress! and heat transfer coefficient de-
duced from the liquid crystal images are shown in Fig. 8 and 9,
respectively.

Typical spanwise distributions of heat transfer rate and color
intensity obtained from the two types of liquid crystals are given
in Fig. 10. It can be seen that the heat transfer rate stays at a
constant level in the laminar flow region and increases dramati-
cally to the turbulent level inside the core of the turbulent wedge
~Fig. 10~a!!. In contrast, the color intensity shown by the shear-
sensitive liquid crystals is high in the laminar region and is con-
siderably lower inside the wedge~Fig. 10~b!!. Note the fluctua-
tions in the color intensity were caused by the strokes of the brush
used to apply the crystal coating.

The boundary of the turbulent wedge can be determined by
taking the intersection point of the line representing the nearly
constant heat transfer rate/color intensity in the laminar region to
the line that depicts the steep change near the boundary of the
wedge as shown in Fig. 10. It can be seen that the edge atx
5162.5 mm is located at aboutz525 mm for both types of crys-
tals at the zero pressure gradient. This process was repeated on

Fig. 6 Turbulent wedge shown by shear-sensitive liquid crys-
tals „raw data …

Fig. 7 Turbulent wedge shown by temperature-sensitive liquid
crystals „raw data …

270 Õ Vol. 125, MARCH 2003 Transactions of the ASME

Downloaded 03 Jun 2010 to 171.66.16.152. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



both sides of the turbulent wedge at several streamwise locations.
Finally the wedge spreading angle was taken as the half included
angle between two straight lines that depict the envelope of the
wedge~see Fig. 11!. A summary of the spreading angles found for
all of the test cases is given in Table 1.

The main sources of errors in determining the relative values of
spreading angle obtained from the two types of liquid crystals are
the spatial resolution of liquid crystal images and the uncertainty
associated with perspective transformation of the images from
shear-sensitive liquid crystals. For the present experimental setup,
the spatial resolution is 0.5 mm/pixel and the error due to perspec-
tive transformation is 0.2, 0.14, and 0.05 deg forK50, 0.25
326 and 131026, respectively. Therefore for the above three test
cases, the total error in the spreading angles is estimated to be
60.6,60.4, and60.3 deg, respectively, for temperature-sensitive
liquid crystals and60.7, 60.5, and60.3 deg, respectively, for
shear-sensitive liquid crystals.

Discussion of Results
Comparing the results shown in Table 1, one can see that the

spreading angle indicated by the temperature-sensitive liquid crys-
tals was nearly the same as that by the shear-sensitive liquid crys-
tals in the zero pressure gradient case. However, at the mild fa-
vorable pressure gradient, the spreading angle of the thermal
footprint was about 20% smaller than that of the shear stress foot-
print of the turbulent wedges. The difference is more pronounced
at the strong pressure gradient where a difference of 31% was
found. These results suggest that a turbulent region grows in the
spanwise direction at different rates in momentum and thermal
boundary layers. In a transitional boundary layer, a smaller
spreading angle corresponds to a slower spanwise growth of tur-
bulent spots and a longer transition zone length thus results. The

finding from the present study appears to be consistent with the
finding of Blair @6#, i.e., in a transitional flow subject to a favor-
able pressure gradient, the thermal boundary layer establishes the
fully turbulent flow state more slowly than its momentum coun-
terpart. The difference in the spreading angle observed in the
present experiment seems to provide an explanation for the incon-
sistency in transition zone length indicated by the distribution of
heat transfer rate and boundary layer shape factor reported by
Blair @6# and Sharma@7#.

In the present experiment, turbulent wedges were found to
spread at an average angle of 6.4 deg in a zero-pressure-gradient
boundary layer. This result is consistent with that of Zhong et al.
@5# who obtained a 6.5 deg angle for turbulent spots in zero-
pressure-gradient flow using temperature-sensitive liquid crystals.
However, this value is smaller than the widely reported values of
10 deg,@9,16,18#. Since the local Reynolds number based on the
momentum thickness at the roughness is about 450 which is rea-
sonably large, it is unlikely that the smaller angle is due to the low
Reynolds number effect. In order to identify the cause for the
smaller spreading angle obtained, a series of supplementary mea-
surements were carried out using hot wires and an array of
surface-mounted hot films for the zero-pressure-gradient case.

It is known that a turbulent wedge contains a fully turbulent
core bounded by an intermittently turbulent region as shown in
Fig. 11. Therefore it is worth checking if the smaller spreading
angle obtained is because the liquid crystals only responded to the
fully turbulent region in the turbulent wedge. A spanwise array of
DANTEC surface-mounted hot films were consequently fixed
across the edge of the turbulent wedge (z525 mm) detected by
the liquid crystals at a streamwise location 162.5 mm downstream
of the surface roughness. The spacing between consecutive sen-
sors was about 7 mm and the signals were sampled simulta-
neously at 5 KHz. It is clear from the signals shown in Fig. 12 that
at z512.3 mm from wedge centerline the flow was fully turbulent
suggesting that the measurement point was inside the turbulent
core, whereas atz533.3 mm the flow was laminar indicating that
it was outside the wedge. It can also be seen that the flow was
intermittently turbulent atz519.3 mm and was almost laminar
with very occasional burst of turbulence atz526.3 mm. There-
fore the edge of the turbulent wedge detected by the liquid crys-
tals (z525 mm) is located in the outer part of the transitional
region. This suggests that the sensitivity of the crystals is suffi-
cient to respond to the intermittently turbulent flow and is not the
cause for the smaller spreading angle found. Furthermore, it can
be seen that the region associated with the rapid changes in heat
transfer and shear stress from the laminar level to turbulent level
shown in Fig. 10 actually corresponds in location to the transi-
tional region in Fig. 11.

Now that the sensitivity issue of the liquid crystals is excluded,
it is felt that the only reason for the smaller spreading angle found
must be that the spanwise cross section of the wedge has a three-
dimensional shape and thus a smaller width at the wall than fur-
ther away in the boundary layer as shown in Fig. 13. This is
similar to the ‘‘overhang’’ observed by Gad-el-Hak et al.@19# at
the leading edge of a turbulent spot. In order to verify this hypoth-
esis, simultaneous measurements were carried out using surface-
mounted hot films and a hot wire atx5162.5 mm from the rough-
ness. The hot wire was fixed at 0.6 mm above the surface and at a
spanwise location (z526.3 mm) slightly outside the edge de-
tected by the crystal coatings. The signals obtained from the hot
wire and two film gauges are shown in Fig. 13. It can be seen that
although the hot wire clearly picked up the turbulent flow as the
film gauge located atz519.3 mm did, the film gauge directly
beneath the hot wire saw an essentially laminar flow. This obser-
vation confirms the presence of an overhang in the spanwise di-
rection. Being such, the spreading angle of the wedge in the outer
part of the boundary layer has to be larger than that at the wall in
order to acquire a larger spanwise width. Therefore a smaller
spreading angle measured at the wall with liquid crystals is not

Fig. 8 Contours of color intensity obtained from shear-
sensitive liquid crystals, „a… KÄ0, „b… KÄ0.25Ã10À6, „c… K
Ä1.0Ã10À6
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unexpected. It is also worth noting that almost all the researchers
who obtained a larger spreading angle used hot wires as the key
experimental apparatus for their measurement. Because of the
physical size of a hot wire, the measurement has to be carried out
at a certain distance away from the wall where the edge of the
turbulent wedge stretches further outwards than at the wall in the
spanwise direction.

Based on the above results from the supplementary measure-
ments with surface-mounted hot films and a hot wire, the reason

Fig. 9 Contours of heat transfer coefficient obtained from temperature-
sensitive liquid crystals, „a… KÄ0, „b… KÄ0.25Ã10À6, „c… KÄ1.0Ã10À6

Fig. 10 Spanwise distributions of „a… heat transfer rate from
temperature-sensitive liquid crystals and „b… color intensity
from shear-sensitive liquid crystals at xÄ162.5 mm „KÄ0…

Fig. 11 Linear best-fit of the boundaries of a turbulent wedge
„xÄ162.5 mm, KÄ0…. The symbols represent the edge of the
wedge found from the liquid crystal images at a number of
streamwise locations.

Table 1 Summary of spreading angles of turbulent wedges

K 0 0.2531026 1.031026

SSLC~°! 6.4 5.5 3.4
TSLC~°! 6.3 4.4 2.4

Difference~%! 0.3 20 31
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for the smaller spreading angle obtained with liquid crystal coat-
ings becomes clear. It is because the spanwise cross section of the
wedge has a smaller width at the wall than further away in the
boundary layer rather than the insensitivity of the crystal coating.
Therefore the results from the present study are valid.

Conclusion
Turbulent wedges induced by a three-dimensional surface

roughness placed in a laminar boundary layer over a flat plate
were studied for the first time using both shear-sensitive and
temperature-sensitive liquid crystals. The experiments were car-
ried out at a zero pressure gradient and two favorable pressure
gradients. The purpose of this investigation was to examine the
spreading angles of turbulent wedges as indicated by their associ-
ated surface shear stresses and heat transfer characteristics and
hence obtain further insight about the difference in the behavior of
transitional momentum and thermal boundary layers when a
streamwise pressure gradient exists.

It was found that under a zero pressure gradient the spreading
angles indicated by the two types of liquid crystals are the same,
but the difference increases as the level of favorable pressure gra-
dient increases with the angles indicated by temperature-sensitive
liquid crystals being smaller. Since in a transitional boundary
layer a smaller spreading angle corresponds to a slower spanwise
growth of turbulent spots and thus a longer transition zone length,
the result from the present study implies that under a favorable
pressure gradient the thermal boundary layer will reach a fully
turbulent state more slowly than its momentum counterpart. This
finding seems to provide an explanation for the inconsistency in
the transition zone length indicated by momentum transfer and
heat transfer parameters reported in the literature.

With more evidence accumulated to support, this finding should
have an important implication to the modeling of transitional
boundary layers over gas turbine blades. It suggests that when the
turbulent spot based transition models are employed, different em-

pirical relations for the spot growth rate have to be used in order
to obtain the correct transition zone length for momentum and
thermal boundary layers, respectively. This study also showed that
the spreading angle of a turbulent spot/turbulent wedge at the wall
is different from that further away in the boundary layer due to its
three-dimensional cross-sectional shape. Therefore for more accu-
rate prediction of both surface shear stress and heat transfer rate
the spot characteristics measured at the wall should be used.
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Nomenclature

h 5 convective heat transfer coefficient, W/m2K
K 5 pressure gradient parameter,K5n/U2(dU/dx0)

Re 5 Reynolds number
T 5 surface temperature, °C
U 5 freestream velocity, ms21

x0 5 streamwise distance from leading edge of test plate,
m

x 5 streamwise distance from surface roughness, m
z 5 spanwise distance from centerline of turbulent wedge,

m
n 5 kinematic viscosity, m2 s21
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An Experimental Investigation of
Starting Impinging Jets
Impulsively started impinging jets were experimentally investigated in a water tank uti-
lizing a fluorescent dye technique. The jets were examined prior to and subsequent to
impingement. The impingement surfaces included a flat surface and a two-dimensional
semicircular concave surface. The normalized jet-to-surface distance and the jet Reynolds
number were varied in this study. Using digitized flow visualization images, the jet tra-
jectories, front velocities, growth rates, and convective velocities of large-scale turbulent
structures were quantified. A central conclusion of this investigation is that, for all cases
studied, the jet-front velocity varies with the square root of time. These results are impor-
tant to applications that might use starting or pulsed jets for heat transfer enhancement
and in combustion processes.@DOI: 10.1115/1.1537255#

Introduction
This paper reports the results of an experimental study of start-

ing impinging jets. Starting impinging jets are of interest in a
variety of applications, including enhanced heat transfer, mixing,
and combustion processes. This interest results from potential in-
crease in mixing, surface shear stress, and heat transfer rates rela-
tive to steady impinging jets. A starting impinging jet can be
treated as a starting free jet before impingement and a starting
wall jet thereafter. Although steady wall jets have been studied in
detail ~see Refs.@1# and@2# for reviews!, the starting wall jet that
forms after the jet impinges on a surface has received little atten-
tion. Prior investigations of free starting jets~see, for example,
Refs. @3–5#! have revealed that the front velocity is proportional
to the square root of time and is about half of the centerline
velocity in a steady jet at the same location. Lahbabi et al.@3#
point out that the advancing jet width is proportional to the dis-
tance from the jet exit. Steady radial wall jets have been exten-
sively studied using both similarity analysis and experiments~see,
for example, Refs.@6–8#!. These studies have shown that the
maximum velocity is inversely proportional to the radial length
scale, and the jet width is proportional to the same length scale.
One study has considered the impingement of an unsteady~pul-
sating! jet on a surface, with the objective of studying the en-
hanced heat transfer characteristics,@9#. To the authors’ knowl-
edge, the trajectory and front velocities of a starting wall jet after
impingement have not been investigated.

In the present study, incompressible, homogenous, axisymmet-
ric, impulsively started turbulent jets are experimentally investi-
gated using quantitative flow visualization. Flow visualization has
been effectively used in the past to characterize unsteady jet flows,
particularly the jet front propagation~see, for example, Refs.@3#,
@5#!. Both the starting free jet and starting wall-jet flows have been
studied with an emphasis on the measurement of jet trajectories,
front velocities, growth rates, and convective velocities of turbu-
lent structures. In addition to investigating jet impingement on flat
surfaces, jet impingement on one curved surface has also been
studied to investigate the effect of surface curvature on the wall-
jet development.

The results from this study suggest that, when nondimensional-
ized using the appropriate variables, the front velocity of the start-
ing wall jet behaves in the same manner as a starting free jet. This
similarity complements previous research that showed that the
functional variation of the mean jet velocity with the trajectory

path length is of the same form in both the steady free jet and the
steady wall jet,@8#. The front velocity of a wall jet developing on
a surface with curvature also exhibits the same functional behav-
ior as normally impinging and free starting jets. It is concluded
that all of these physical similarities occur because these flows are
inertially dominated, with wall shear playing only a minor role in
the initial transient flow dynamics.

Experimental Setup
The experimental system is shown in Fig. 1, where a schematic

of the starting jet is shown in (a), and the flow visualization
system is shown in (b). The experiments are carried out in a
Plexiglas tank of 1.2 m31.2 m cross section and 0.7 m deep. A
smaller tank is filled with fluorescein sodium dyed water and is
positioned above the large tank. The apparatus provides a water
jet that impulsively issues from a nozzle into a large tank of qui-
escent water and impinges on a surface. The nozzle has an exit
diameterd0 of 3.18 mm, and an upstream contraction ratio of 8
provides a uniformly distributed velocity profile at the jet exit.
The jet velocity, which is calculated from the flow rate and the
nozzle diameter, is controlled by the water level difference be-
tween the two tanks. A solenoid valve is used to start the jet
impulsively so that no significant amount of dyed water is re-
leased prior to starting the jet.

For the majority of the plane wall impingement studies, the
water surface in the tank is used as the impingement surface,
primarily for the ease of adjusting the jet-exit-to-impingement-
point distance (H). The surface tension of tap water is sufficient
to suppress any disturbances, and, although there may be some
boundary slip, it can be shown that boundary shear is not impor-
tant to the propagation of the wall jet~this point is discussed in the
Appendix!. To investigate the effect of curvature on impingement,
the plane surface is replaced by a solid curved surface. A fluores-
cent dye technique is used to visualize the flow. Fluorescein so-
dium dyed water fills the tubing leading to the jet exit before an
experiment begins. To observe the jet, the test section is illumi-
nated from either the sides or the bottom of the tank using two
focused filament lights that produce a light sheet approximately
0.5 cm thick. The time-dependent jet-flow behavior is recorded
using a 7683484 pixel CCD camera with a zoom lens~12.5–75
mm! that is mounted perpendicularly to the illumination plane.
The camera is computer controlled using an image capture board
and imaging software. Digital images are first buffered in the im-
age capture board and then are transferred to the computer for
storage and analysis. By storing a series of images during a test, a
dynamic picture of starting jet development is captured.

The experimental conditions for each test are summarized in
Table 1, and the coordinate frame and important parameters for
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free and impinging jets are shown in Fig. 2. Cases 1–5 were
selected to cover a range of impingement heights and a small
range of Reynolds numbers for jet impingement on a flat surface.
Past experimental results have shown that the free jet behavior is
a weak function of Reynolds number,@3,4#, and impinging jets are
independent of impingement height whenH is greater than sev-
eral jet diameters,@7#. Results from the free jet portions of these
tests validated the quantitative visualization technique used here,
whereas the wall-jet portions of these experiments established the
appropriate scaling for wall jets in the absence of curvature. Case
6 was then used to compare the scaling for the wall jet with
curvature with the more detailed results for the wall jet without
curvature.

Image Analysis Approach
The digital images that captured jet development were exam-

ined quantitatively and qualitatively. For example, the edge-
enhanced images were analyzed to determine the jet-front position
of both the free and impinging jets. In addition, analysis of the
steady portion of the jet allowed for the determination of the jet
width and convective velocities. A brief description of these quan-
titative methods used is given below, but a complete description
can be found in Lai et al.@10#. In addition, digitally enhanced
sequential images were examined in slow motion in order to ob-
serve many of the details of the evolving flow.

Jet-Front Analysis. To ensure consistency and reduce subjec-
tivity in determining the jet-front location, an automatic image-
processing procedure was developed and applied to the sequence
of images in each experiment. First, the background image was
subtracted from all jet images. Next, an edge detection algorithm
based on local derivative operators,@11#, was applied to the im-
ages. This analysis yielded a sequence of images in which the jet
edge was highlighted.

Sequences of edge-enhanced images are shown in Figs. 3~jet
impinging on a horizontal free surface! and 4~jet impinging on a
curved surface!. These images show the starting jet at several

different times during its evolution. These series of images dem-
onstrate the ability of this analysis procedure to highlight the jet
front and other large-scale features of the flow. Note that the lower
boundary of the wall jet in Fig. 3 is not visible due to the lack of
scattered light in this region caused by low dye concentration and
partial blockage of the illuminating source by the jet front. In Fig.
4, the jet boundary that appears to intersect the wall is an artifact
due to light reflection from the wall.

Several qualitative observations can be made from these im-
ages. First, both figures display an initial free jet that impacts on
the wall and, after a transition period, evolves into a wall jet. In
both cases, it is evident that the macroscopic motion contains fine

Fig. 1 Schematic of experimental setup: „a… starting jet test apparatus, and „b… flow visualization
arrangement

Fig. 2 Edge-enhanced images with important parameters: „a…
starting free jet and „b… wall jet

Table 1 Details of experimental conditions

Case # of Tests Red H/d0

Impingement
Surface

1 1 7550 114 horizontal free
2 1 6600 147 horizontal free
3 1 6700 109 horizontal free
4 3 5400 115 horizontal free
5 10 7800 83 horizontal free
6 5 4200 63 curved
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detail that varies from image to image. In particular, the structure
that makes up the jet front is strongly vortical, with embedded
turbulent structure. Another observation is that the wall jet along
the curved surface travels at a higher rate than the wall jet on the
flat surface. This occurs because the initial jet momentum in the
curved wall jet deflects primarily in one direction, whereas the
momentum in the flat wall jet spreads radially.

The location on the jet edge farthest from the origin~the jet-
front position! was determined in each image. To avoid picking an
isolated point, a front point was not considered valid unless there
were other edge points in the 333 pixel neighborhood surround-
ing it. Once a front point was identified, its location was stored
along with the time of the image. By determining the distance
traveled by the jet front between several frames, the jet-front ve-
locity was determined.

Jet Width Determination. In addition to identifying the jet-
front position, the width of the jet could also be estimated. Since
the fluorescent dye acted as a passive scalar, its signal was used as
an indicator of the mixing between the jet and the ambient fluid.
Regions of high intensity existed at the jet exit, but the intensity

Fig. 3 Edge enhanced images of a starting jet impinging on a
flat surface „case 4 …. The images shown were captured at „a…
2070, „b… 3670, „c… 6530, „d… 10620, „e… 15980, and „f … 21470
U0t Õd 0 .

Fig. 4 Edge enhanced images of a starting jet impinging on a
curved surface „case 6 …. The images shown were captured at
„a… 730, „b… 1480, „c… 2230, „d… 3740, „e… 5260, and „f … 7920
U0t Õd 0 .
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decreased as the unseeded ambient fluid mixed with the jet. Gray
level values of certain points inside the steady wall-jet region
were retrieved from the images, and, by determining the location
of a specified gray level value, the wall-jet width was determined
at various distances from the impingement point.

Convective Velocity. Observations of the time evolution of
these impinging radial flows clearly revealed the advection of tur-
bulent structures~whose origins were difficult to identify!. It was
concluded that these structures were significant elements in the
flow and should be investigated. The experimental methodology
involved examining the time variation of the image gray levels at
fixed locations. Analyzing these intensity signals at several points
revealed the passage of turbulent structures. By determining the
time it took for these structures to traverse the distance between
consecutive points, the convective velocity was determined.

Uncertainty. The uncertainties of the measurements made in
this study are discussed in this section. The uncertainties in jet-
front position are60.8 d0 in space and61.2 d0 /U0 in time. The
uncertainty on Reynolds number is related to the uncertainty of a
flow meter, which results in a 5% error in Red . Where ensemble
averaging has been used~for example: to determine the mean jet
front position!, the run-to-run variations significantly exceed the
measurement uncertainty. Thus a 95% confidence interval around
the mean value is used in those cases. Details of the uncertainty
analysis can be found in Ref.@12#.

Results
The focus of this study is the trajectory and the front velocity of

the starting free jet and impinging wall jet. The results for starting
free jets, determined from enhanced images such as those in Fig.
2, are presented and compared with previous studies to validate
the quantitative flow visualization approach used here. Next, the
results are presented for starting jets impinging on flat and curved
surfaces. Finally, the width and convective velocities in the steady
wall-jet region are discussed.

Jet Trajectory. The propagation of the starting free jet has
been studied previously~see, for example, Refs.@3–5#!. Using
appropriate nondimensionalization, the jet-front position (zj f /d0)
can be expressed as

zj f /d05a~ tU0 /d0!1/21b. (1)

The experimentally determined jet-front position and linear least-
squares fits using Eq.~1! for cases 1–4 are plotted in Fig. 5. The
data for Red55400 are the ensemble average of three runs. The
virtual origin effects, reflected by the termb in Eq. ~1!, are often
neglected becauseb is close to zero. The lines included in Fig. 5
have slopesa of 2.3 and 2.6. The latter value has been found
using an experimental method similar to that used here,@5#. As in
previous studies,a does not appear to depend strongly on Red ,
@3–5#. These results indicate that the methods used in the present
experiment to determine advancing jet front location yield values
similar to those found in other studies.

After impingement on a flat surface, the jet propagates along
the surface as a wall jet. As with the starting free jet, two param-
eters can be used to characterize a wall jet: the initial wall-jet
momentum flux and the initial wall-jet diameter. These quantities
scale as follows:

Mi

r
;U0d0

2 , (2)

Dw;H, (3)

whereMi is the initial momentum flux per unit mass~conserva-
tion of momentum prior to and following impingement! andDw is
the diameter of the initial wall jet~immediately following im-

pingement!. Based on these parameters, it is suggested that the
appropriate scales for these wall-jet flows areH andH2/(d0U0)
for length and time, respectively.

In Fig. 6, the nondimensional wall-jet front trajectories mea-
sured for two Reynolds numbers are plotted versus the square root
of nondimensional time. The data points for case 5 are the en-
semble average of 10 runs, whereas those for case 4 are the en-
semble average of 3 runs.

Although the wall jet originates from the impingement of the
free jet on the surface, data in the impingement region are not
shown in Fig. 6 because the jet transitions from a free jet to a wall
jet in this region. Outside this impingement region, the wall jet
develops as if it originates from a location within the impingement
region ~defined as the virtual origin of the wall jet!. For conve-
nience, a new time coordinatetw is defined, wheretw50 corre-
sponds to the time at which the jet impinges on the surface.

The collapse of the data in Fig. 6 supports the chosen nondi-
mensional parameters. The data are fit closely by a line indicating

Fig. 5 Free-jet front trajectory

Fig. 6 Radial wall-jet front trajectory with linear least-squares
fit of the data „solid line … shown

278 Õ Vol. 125, MARCH 2003 Transactions of the ASME

Downloaded 03 Jun 2010 to 171.66.16.152. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



that the normalized jet front of the radial wall jet increases lin-
early with the square root of normalized time. The equation of this
line may be written as

r j f /H5a~ twd0U0 /H2!1/21b, (4)

whereb;0. For this case, the slopea is 0.87.
A further objective of this study is to determine if jets imping-

ing on a circular surface behave in a manner similar to jets im-
pinging on a flat surface. To investigate curvature effects, a solid
circular-arc surface with a diameter of 190 jet diameters (Ds /d0
5190) is placed in the large tank. The jet origin is located at 67
jet diameters from the center of curvature (x/d0567). At this
x/d0 location, the jet axis intersects the solid curved surface at a
distance of 63 jet diameters from the jet exit (H/d0563). A sche-
matic of the experimental setup and the important parameters for
this case are shown in Fig. 7. A new coordinatel is defined for the
wall jet impinging on a semicircle surface, wherel is the arc
length from the impingement point to the projected jet-front point
on the semicircular surface.

The jet-front trajectory of the wall jet impinging on the curved
surface determined by ensemble averaging is plotted in Fig. 8
using the same scaling that is used for the flat impingement case.
The data again show that the nondimensional jet-front location
( l j f /H) increases proportionally to the square root of nondimen-
sional time. Although similarities exist between flat impingement
and curved impingement, the jet-front propagation rate of the
curved wall jet (a51.94) is more than double that of the flat
impingement case (a50.87). As suggested by Figs. 3 and 4, this
difference in propagation rate is most likely due to the radial
spread of momentum flux in the flat impingement case, whereas
the curved wall jet is spreading primarily in one direction. The
sensitivity of this result to curvature can only be assessed with
additional tests in which the curvature is varied.

Jet Structure. Careful observation of sequences of flow visu-
alization frames provides insight into the difference in the growth
rates observed for the normal impingement on a flat surface and
the curved surface impingement case. In the normally impinging
jet, a vortex forms at the jet front upon impingement. This vortex
grows in size~radially and normally to the wall! as the jet spreads
such that its size scales with the impingement-point-to- jet-front
distance. High momentum wall-jet fluid that overtakes this vortex
is entrained. In contrast, a much smaller, flatter vortex forms when
the impingement occurs on the curved surface. This vortex
quickly moves away from the impingement point and growth in
the size of the vortex is slow. Although this vortex still entrains
higher momentum wall-jet fluid that overtakes it, it does so at a
much slower rate than the normally impinging jet. Observations of
the evolving flow indicate that the rotation induced by the wall

curvature is of the same order as the induced rotation of the vor-
tex, in contrast to the vortex structure of the flat plate impinge-
ment flow.

The wall jet starting vortex is apparently unrelated to the start-
ing vortex of the impulsively started free jet, as has been dis-
cussed by Gharib et al.@13#. At the time of impingement,t i , the
‘‘formation number’’ (U0t i /d0) for the present free jet flows is of
the order of 50, and the formation number of the first image ac-
quired following startup of the free jet is of the order of 10.
Gharib et al.@13# conclude that the free jet initial vortex is over-
taken by the free jet for formation numbers greater than 4. Thus,
the starting vortex of the free jet should not have a significant
effect on the wall jet flows discussed here.

Steady Jet Width. After the propagating jet front passes, the
flow behind the front approaches a steady flow with increasing
time. In the present experiments, the run-time limit imposed by
the size of the tank is insufficient to determine the steady flow
behavior by time-averaging alone. Therefore, the values deter-
mined from images from several runs are averaged. The region
within the dashed lines~indicated by~1! in Fig. 9! is the steady
wall-jet region. This region must be carefully chosen to avoid the

Fig. 7 Important parameters for a jet impinging on a curved
surface

Fig. 8 Jet-front trajectory of the wall jet along a circular-arc
surface for case 6 with a linear least-squares fit of the data
„solid line … shown

Fig. 9 Definitions of coordinate system and normalized inten-
sity level profile: „1… the ‘‘steady’’ wall-jet region; „2… a scan line;
and „3… a normalized intensity profile on the scan line. The im-
age is the negative of an instantaneous result and is shown
only for location reference.
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influence of the impingement region and the leading vortex re-
gion, where strong mixing and three-dimensional flow occur. Note
that the points in this region are steady only after the leading
vortex has passed, which occurs at different times for different
locations.

Scan lines~such as the one indicated by~2! in Fig. 9! at nine
radial locations spaced approximately 15 mm apart are selected in
the steady wall-jet region. The normalized average image intensity
Ī norm,j along each scan line is calculated for a given runj of case
5 as follows. First, the intensity at each location (r ,y) along a
scan line is summed forNj images. These values are then normal-
ized by the maximum summed intensity along that scan line:

Ī norm,j~r ,y!5
( i 51

Nj I i~r ,y!

max~ ( i 51
Nj I i~r ,y!!

, (5)

where I i(r ,y) is the intensity in a given image andNj is the
number of images in that given run. Next, the normalized average
intensity Ī norm(r ,y) ~see the line labeled~3! in Fig. 9! for the case
is determined by averaging over all runs for a given case:

Ī norm~r ,y!5
( j 51

N Ī norm,j~r ,y!

N
, (6)

whereN is the number of runs.
The width of a steady wall jet is usually defined as the distance

from the wall where the velocity is half of the maximum velocity,

@1,8#. In the present research, the jet width is defined using the
normalized image intensity profile,@14#, as shown in Fig. 9. In
this figure, the normalized intensity is the bold line indicated by
~3!. Averaged, normalized-intensity profilesĪ norm(r ,y) at nine lo-
cations are shown in Fig. 10. Although there is only an inexact
connection between intensity and dye concentration due to non-
uniform illumination, camera sensitivity, and scattering effects,
the normalized intensity is used to determine a concentration
thickness.

In this study, the steady jet width has been determined for three
normalized-intensity levels~0.8, 0.5, and 0.2!, as shown in Fig. 9.
The lower the intensity level, the closer the points are to the jet
edge~see Fig. 10!. The jet width, as defined by these normalized-
intensity levels, changes linearly with increasing radius as shown
in Fig. 11. TheĪ norm50.2 width seems to exhibit the largest de-
viation from a line, but this deviation is likely due to the greater
sensitivity of this normalized-intensity level to the sample size
used here. The lastĪ norm50.2 point may also be affected by the
leading vortex structure. The plot shows that the choice of inten-
sity level does not affect the linear relationship between the width
and the radius. This conclusion is consistent with the previous
research by Poreh et al.@15#. The three wall-jet widths in Fig. 11
appear to intersect when extrapolated to a point on ther axis. To
verify this intersection, the experimental data are fit using the
following linear equation:

h

r w
5kS r

r w
21D , (7)

wherer w is the intersection of the line on ther -axis, andk is the
slope. The values ofr w andk are tabulated in Table 2 for each of
the jet boundaries indicated in Fig. 11. The three values ofr w are
close to one another, which suggests thatr w is the virtual origin of
the steady wall jet. The values ofk bracket the accepted value of
0.09 for the spreading rate based on the point where the velocity
has dropped to half the maximum velocity,@1#. Assuming the
same virtual origin indicated by the concentration thickness, the
predicted wall-jet width using the 0.09 value is indicated in Fig.
11 and lies close to the 0.5 concentration thickness value.

Convective Velocity of Coherent Structures. Large-scale
structures that convect in the direction of the mean velocity are
the primary mechanisms for the transport of mass and momentum
in the jet. These structures are not always evident in the images,
but their existence is suggested by intensity changes at locations
along the jet that indicate their passage.

Fig. 10 Normalized intensity profiles at nine radial locations
for case 5 „horizontal dashed lines denote the base lines for the
subsequent radial locations …

Fig. 11 Radial wall-jet width at three normalized-intensity lev-
els for case 5
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Certain patterns are evident in Fig. 12 where intensities are
shown as a function of time at selected values of (r ,y) for the
wall jet region of case 5. Nine radial locations are shown where
the y-value for each location is chosen to be coincident with the
maximum normalized average intensity~i.e., Ī norm51.0). The
slanted solid lines identify disturbances indicative of large-scale
structures as they move radially outward. Flow disturbances are
revealed by intensity variations evident at each of the locations in
Fig. 12. By following the peaks or troughs of these disturbances
as they travel radially outward, their radial propagation velocity is
determined. By repeating such calculations for many structures
over ten runs, the average convective velocity of these coherent
structures at several radial locations can be determined. Convec-
tive velocities have been calculated from plots such as Fig. 12

using intensity variations from locations where the normalized
intensities are 0.5 and 1.0. The calculated convective velocities at
these locations are equal to or greater than the jet-front velocity
for 1.0,r /r w,3.0, the range in which these velocities have been
determined.

Conclusions
The impulsively started impinging jet has been experimentally

investigated in a series of flow visualization experiments per-
formed in a water tank. The transient, impinging jet studies have
been directed toward further understanding the dynamics of start-
ing jets impinging on flat and curved surfaces. The quantitative
flow visualization results from the starting free jet and steady wall
jet compare favorably to prior studies.

When starting jets impinge normally to a flat surface, the jet
front propagates radially along the surface at a rate proportional to
the square root of time. The same functional behavior is found for
a starting jet impinging at an angle to a curved surface. However,
the curved wall jet front propagates at a faster rate than the front
velocity of a comparable radial wall jet that forms when a jet
impinges normally on a flat surface. This result is attributed to the
constrained growth direction of the curved wall jet and not to
curvature effects. It is important to note that the jet-front velocity
of all of the impinged wall jets behaves similarly to that of the
starting free jet.

In the steady region of the jet impinging on the flat surface~i.e.,
following passage of the initial vortical front!, both the growth
rate and the convective velocities have been investigated. As
found in previous studies, the steady wall jet appears to grow
linearly from a virtual origin. In addition, the convective velocity
of observed coherent structures propagates at a velocity equal to
or greater than the local mean velocity of the steady wall-jet flow.

This study provides jet propagation rates that could be impor-
tant in the development of combustion or heat transfer systems
based on unsteady injection. In a combustion application, the
propagation of the wall jet front indicates the penetration of an
injected fuel in gasoline direct injection process. In heat transfer
applications, the jet front dictates the onset of transient heat trans-
fer. The leading front vortex is observed to provide very strong
entrainment, so enhanced mixing could be accomplished by peri-
odic jet flows in many applications.

The implications of transient impinging jets to mixing/
entraining flows suggest the need for further study. The impor-
tance of these flows in a variety of applications together with the
need for understanding the basic mechanisms of these flows have
stimulated further work in this area, which will be reported at a
later date. For example, impingement surfaces with other curva-
tures should be studied to determine the effects of wall curvature.
Repeating similar experiments on flat inclined plates should pro-
vide clarification of the roles of curvature and inclined impinge-
ment in governing the jet front velocity. Finally, this study has
pointed out the striking similarity in the jet-front velocity in start-
ing free jets and impinged wall jets. Such similarity suggests a
physical equivalence in these various cases, where inertial and
free shear effects are dominant over wall stresses.
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Fig. 12 Intensity fluctuations at nine selected radial locations
for case 5. The horizontal dashed lines denote zero intensity for
each of the radial locations. The slanted solid lines indicate the
propagation of a large-scale structure.

Table 2 Linear fit parameters for the wall-jet width „case 5 …

Ī norm k rw ~mm!

0.2 0.251 66.5
0.5 0.147 62.5
0.8 0.093 64.3
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Appendix
A brief scaling argument is presented in this appendix to dem-

onstrate that the wall shear stress plays only a minor role in the
dynamics of impinging jet behavior. After impingement, a mean
radial velocity Ur(r ) and a jet thicknessh(r ) characterize the
spreading radial wall jet. At any radial location, the radial momen-
tum flux J(r ) may be scaled as

J~r !;rUr
2Ar;rUr

2~2prh !, (8)

where Ar(r ) is the radial jet flow area (2prh). The net radial
force, from a radius beyond the initial jet impact zone (Ro@r w)
out to a radius ofR, resulting from wall shear stress may be
written as

FD~R!E
R1

RF1

2
rUr

2~r !GCf~2prdr !;E
R1

R 1

2
Cf

J~r !

h~r !
dr, (9)

whereCf is a local wall skin-friction coefficient (;1023). Be-
yond the initial transition region, the radiusr is much larger than
R1 , and, behind the leading jet front, the radial momentum flux is
constant (J(r );J1) in the absence of wall friction. Thus, one may
write the above expression as

FD

J1
;S C̄f

2k
D lnF R/r w21

R1 /r w21G , (10)

where Eq.~8! has been employed forh(r ). This scaling indicates
that the contribution of the wall shear stress to the radial momen-
tum flux J1 is small~less than 1%, forR/r w,150). For the initial
advancing front, the inviscid displacement of surrounding fluid is
the dominant mechanism controlling the flow dynamics, rather
than the wall stresses. The similarity of the frontal velocities for
all of the cases studied~with and without wall shear! is further
justification for this conclusion.

To demonstrate the validity of the argument given above, the
propagation of a jet impinging on a wall is compared to a jet
impinging on a free surface in Fig. 13. The ensemble-averaged
results indicate that, as suggested above, there is virtually no dif-
ference in the jet-front propagation rate for the two different cases.

Nomenclature

Ar 5 area of wall jet width
Cf 5 skin friction coefficient
C̄f 5 average skin friction coefficient
Dw 5 initial wall jet diameter
Ds 5 diameter of the semicircular surface

FD 5 radial force due to shear stress
H 5 jet-exit-to-impingement-point distance
I 5 pixel intensity value in gray level scales~0–255!

Ī norm,j 5 normalized average image intensity for runj
Ī norm 5 normalized average image intensity for a case

J 5 radial momentum flux of wall jet
Mi 5 initial momentum flux per unit mass
Nj 5 number of images
N 5 number of runs
R 5 radius limit of integration

Red 5 jet Reynolds number5U0d0 /y
U0 5 jet-exit velocity
Ur 5 mean radial velocity of wall jet
d0 5 diameter of the nozzle
h 5 wall-jet width
i 5 index for an image in a particular run
j 5 index for a run in a particular case
k 5 steady wall jet growth rate
l 5 coordinate along the semicircular surface

l j f 5 jet-front position for jet impinging on semicircular
surface

r ,y 5 radial and wall-normal coordinates in the wall jet
r j f 5 wall-jet front location
r w 5 virtual origin of wall jet

t 5 time
t i 5 time of jet impingement
tw 5 time associated with wall jet origin
x 5 the orthogonal distance from the semicircle center to

the jet centerline
z 5 axial coordinate in the free jet

zj f 5 free-jet front location
a 5 starting jet propagation coefficient
b 5 virtual origin of starting jet
r 5 fluid density
y 5 kinematic viscosity
0 5 exit conditions
1 5 first point of integration in wall jet
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Dynamics of a Cavitating
Propeller in a Water Tunnel
This study investigates the unsteady dynamics and inherent instabilities of a cavitating
propeller operating in a water tunnel. First, the steady characteristics of the cavitating
propeller such as the thrust coefficient are obtained by applying continuity and momentum
equations to a simple one-dimensional flow tube model. The effects of the tunnel walls as
well as those of the propeller operating conditions (advance ratio and cavitation number)
are explored. Then the transfer matrix of the cavitating propeller (considered to be the
most appropriate way to describe the dynamics of propeller) is obtained by combining the
simple stream tube model with the conventional cavity model using the quasi-static cavi-
tation compliance and mass flow gain factor representation. Finally, the surge instability
of a cavitating propeller observed by Duttweiler and Brennen (2001) is examined by
coupling the present model of the cavitation with a dynamic model for the water tunnel.
This analysis shows that the effect of tunnel walls is to promote the surge instability.
@DOI: 10.1115/1.1524588#

1 Introduction
In devices such as pumps, turbines, and marine propellers, cavi-

tation has many adverse effects including material erosion and
performance degradation. In addition, it can give rise to instabili-
ties that do not occur in single phase flow. For example, high-
speed turbopumps often suffer from severe shaft vibrations due to
cavitation instabilities such as cavitation surge and rotating cavi-
tation. With ship’s propellers, the fluctuating cavity volume due to
the interaction between the propeller and the wake of ship hull can
be a significant source of noise and even severe structural vibra-
tion of the ship. The large body of work on propeller-hull inter-
actions has been summarized by Weitendorf@1#.

Recently, a surge instability, which had not been previously
reported, was observed by Duttweiler and Brennen@2# in their
experimental work on a cavitating propeller operated in a water
tunnel. The phenomenon seems to be similar to the well-known
cavitation surge in pumps~Brennen@3#!. This suggests that the
dynamics of a cavitating propeller are system-dependent, whereas
many investigators have implicitly assumed that propellers in wa-
ter tunnels have dynamic characteristics similar to those operating
in open conditions. In the past, studies of the cavitation dynamics
of pumps developed the concept of a transfer matrix, which char-
acterizes the relationship between the fluctuating pressure and
mass flow rate at inlet and outlet~Brennen and Acosta@4#!. In
determining the elements of transfer matrix, two important param-
eters were introduced, namely the cavitation compliance and the
mass flow gain factor. The cavitation compliance models the ef-
fective compressibility of a cavitating flow. The mass flow gain
factor represents the response of the cavity volume to incoming
mass flow rate variations. Later, this modeling of cavitating
pumps led to the important conclusion that cavitation surge and
rotating cavitation of pumps are caused by a positive mass flow
gain factor ~Brennen @5# and Tsujimoto et al.@6#!. The above
background suggests that it is useful to use the transfer matrix
approach to describe the dynamics of a cavitating propeller in a
water tunnel and to use this technique to explore the stability of
these flows. In the present study, we construct a one-dimensional
flow tube model that includes the effects of the tunnel walls as
well as cavities on the propeller. First, we study the steady flow
characteristics including the thrust force in order to examine the
effects of tunnel walls. Then, the transfer matrix approach is used

to model the dynamics of the cavitating propeller, and calculations
are made for several cases with assumed cavitation characteristics.
Finally, we examine the stability of these cavitating flows by cou-
pling the propeller model with the dynamics of the water tunnel.

2 Outline of the One-dimensional Flow Tube Analysis

2.1 Formulation of the Problem. Consider the one-
dimensional flow through a cavitating propeller in a water tunnel
as shown in Fig. 1. The propeller~cross-sectional areaap) is
located on the centerline of the tunnel whose cross-sectional area
is A. We consider a stream tube containing the propeller whose
volumetric flow rate is denoted byq. For simplicity, it will be
assumed that the flow is uniformly distributed across the propeller
stream tube and is one-dimensional. Friction and mixing losses
between the inner and outer flows are neglected. The low-
frequency unsteady characteristics of the cavitating propeller will
be analyzed under the assumption that the flow can be represented
by a series of quasi-static states.

Referring to the propeller stream tube, the incoming and outgo-
ing volumetric flow rates are different due to the rate of change of
the cavity volume,dVc /dt, whereVc is the total cavity volume
on the propeller blades. The continuity relation yields

u1a12up
2ap52E

2`

0 ]a

]t
dx (1)

u2a22up
1ap5E

0

` ]a

]t
dx (2)

up
1ap2up

2ap5dVc /dt (3)

u2a21U2~A2a2!2u1A5dVc /dt (4)

whereu andU denote velocities in the inner and outer flows,a
denotes cross-sectional area of the inner tube, and the subscripts 1,
2, andp, respectively, denote quantities far upstream, far down-
stream, and at the propeller. Superscripts1 and2, respectively,
denote the outlet from and the inlet to the propeller. It has been
assumed that the velocities in the inner and the outer flows are the
same far upstream. The right-hand sides of Eqs.~1! and ~2! rep-
resent the volume change of the stream tube upstream and down-
stream of the propeller; later these will be ignored for simplicity.

The relation between the pressures far upstream and far down-
stream is obtained by applying Bernoulli’s equation in the outer
flow as follows:
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P22P15
1

2
r~u1

22U2
2!2rE

2`

` ]U

]t
dx (5)

where the last term of the right-hand side is the inertia effect in the
control volume.

Now, we calculate the thrust forceF produced by the propeller
in three ways. First, applying the momentum theorem to a control
volume containing all the tunnel flow, we obtain

ru1
2A1P1A1F5rU2

2~A2a2!1ru2
2a21P2A1dM/dt.

The last term in the right-hand side is rate of the change of the
momentum in the control volume, represented by

dM

dt
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d

dt E2`

`

@ua1U~A2a!#dx
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d

dt H E2`
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which yields
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r~u12U2!A~2u21U22u1!1r~u21U2!

dVc

dt

1FrAE
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` ]~u12U !
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dx1rE
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` d2Vc

dt2
dxG . (6)

Second, we obtain the total pressure difference across the propel-
ler from the Euler head,

DpT5rUTvp5rUT~UT2up
1 cotb!2r

c

sinb

dup
1

dt
,

whereb andc, respectively, denote the discharge flow angle and
the chord length of the blade. The last term in this equation rep-
resents the inertia effect of the fluid in the blade passage. Since the
static pressure differencepout2pin is given by

pout2pin5
1

2
r~UT

22up
12 cot2 b!2r

c
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1

dt

and the thrust force can be computed as

F5~pout2pin!ap1r~up
122up

22!ap

5
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2
r~UT

22up
12 cot2 b!ap1r~up

11up
2!

dVc
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apc
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1

dt
.

(7)

Third, the pressurespin and pout may be related to the upstream
and downstream conditions using Bernoulli’s equation:

pin5P11
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2
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2
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222rE
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0 ]u

]t
dx

where the last term is the inertance in the stream tube. Applying
Bernoulli’s equation between the outlet of the propeller and far
downstream, we obtain
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Then the thrust forceF follows as

F5~pout2pin!ap1r~up
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1rapE
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]t
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For the purpose of the general discussion, we have considered
all possible unsteady effects in the above formulation, namely the
effects of volume change of the stream tubes in Eqs.~1! and ~2!,
the inertia effects upstream and downstream of the propeller in
Eqs.~5!, ~6!, and~8!, and the inertia effect in the propeller in Eq.
~7! as well as the effects of the cavity volume changedVc /dt in
Eqs. ~3! and ~4!. To evaluate many of these terms, we need to
know the shape of the stream tube, which is beyond the scope of
the present one-dimensional stream tube analysis. Consequently,
some compromises are needed in order to proceed. First we ne-
glect the stream tube volume changes in Eqs.~1! and ~2! on the
basis that these cancel and thus produce no net perturbation within
the water tunnel. We note, however, that this superficial argument
may need further examination. Second, we neglect the inertance
terms in Eqs.~5!, ~6!, and~8! on the basis that past experience has
suggested that we can consider these contributions to be lumped
into the other inertance contributions in the tunnel circuit. Again
this may need additional examination in the future. In summary,
we choose to examine only the unsteady effects associated with
dVc /dt in Eqs.~3! and ~4!.

Summarizing, we note that the eight equations~1! through~8!
contain eight unknownsU2 , u2 , up

1 , up
2 , a1 , a2 , F, and P2

assuming that the propeller operating parametersu1 , P1 , uT , the
discharge flow angle,b, and the rate of change of the cavity
volume, dVc /dt, are given. Information on the discharge flow
angleb especially for cavitating conditions will be discussed in
the following subsection. The rate of change of the cavity volume,
dVc /dt, will be modeled in Section 2.3.

2.2 Discharge Flow Angle. To quantify the discharge flow
angleb, we resort to an empirical model for the deviation angle,u

Fig. 1 Propeller being operated at the center of axis
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~the difference between the discharge blade angleb2 and the dis-
charge flow angleb!, which takes into account the fact that the
deviation will be increased by the presence of cavities on the
propeller blades. Specifically, we adopt the following empirical
model for the deviation angle:

u50 for l.lcr

u5S b22tan21
up

UT
D S 12

l

lcr
D 2

for l.lcr (9)

where we have introduced the parameterl5s/2a, where s
52(pin2pv)/rUT

2 is the operating cavitation number of the pro-
peller anda5b12tan21(up /uT) is the incidence angle on the pro-
peller blades. The argument for this single parameter representa-
tion, u~l!, is that classical linear theory~Tulin @7# and Brennen
@8#! shows that the cavity length to chord ratio is a function only
of l and consequently the expected deviation should similarly be
a function ofl. Though nonlinear and three-dimensional effects
may generate departures from this simple functional dependence,
it seems appropriate to proceed with this simplification in this
approximate analysis.

Equation~9! has the properties that, if the cavity is small~l is
large!, the flow discharges from the propeller parallel to the blade.
At the other extreme, when the cavity is very long (l→0), the
propeller performance will be degraded and the flow turning angle
through the propeller diminished~there may be a certain smalll
at which the propeller breaks down but this detail is neglected for
simplicity.! The critical value,lcr , below which the deviation
begins, could be determined theoretically or empirically. This
study will use a typical value oflcr51.

2.3 Cavity Volume Change. We assume that the cavity vol-
umeVc(pin ,up

2) is a function of the inlet pressurepin and inflow
velocity up

2 . Then, the rate of change of the cavity volume can be
expressed as

dVc

dt
52K

dpin

dt
2M

dup
2

dt
(10)

whereK52]Vc /]pin and M52]Vc /]up
2 are, respectively, the

cavitation compliance and the mass flow gain factor~Brennen and
Acosta@4#!. These important parameters are nondimensionalized
as follows:
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whereV is the rotational frequency of the propeller, andK* and
M* are nondimensional values of the cavitation compliance and
the mass flow gain factor used by Duttweiler and Brennen@2#. In
this study, the values ofK andM are estimated using free stream-
line theory~Otsuka et al.@9# and Watanabe et al.@10#!.

3 Steady Calculation
In this section, we discuss the steady flow solutions of Eqs.~1!

to ~8! by eliminating the unsteady terms. Then, Eqs.~1!–~10! can
be solved provided the operating conditionsu1 , P1 , UT and the
discharge flow angle,b, are specified. For the purposes of illus-
tration, we choose to present results for typical blade angles,b1
andb2 , of 25 deg. Moreover, the results are best presented using
the following nondimensional parameters; the advance ratioJ1 , a
propeller flow coefficientJp and a thrust coefficient of the propel-
ler CT defined as follows:

J15pu1 /UT

Jp5pf5pup /UT

CT5F/ 1
2 rUT

2ap

wheref is the propeller flow coefficient~also used in describing
pump flows!. As shown later, if we decrease the incoming velocity
u1 , the inner flow tube expands far upstream and its cross-
sectional areaa1 reaches that of the tunnel,A, at a certain value of
u1 . When the incoming velocity is smaller than this value, Eq.~5!
no longer applies. In such cases, the steady solution is obtained by
settinga15A andU250, and eliminating Eq.~4!, because it be-
comes identical to the combination of Eqs.~1!–~3!.

3.1 Noncavitating Results. Results for the noncavitating
case~no deviation angle! are shown in Fig. 2. Various values of
the cross-sectional area ratio,A/ap , were selected in order to
examine the effect of the presence of the tunnel walls. The case
with A/ap51 corresponds closely to that of a typical axial flow
pump, because all the flow from upstream proceeds through the
propeller~assuming no tip leakage flow for simplicity! and there
is no outer flow. For the cases withA/ap52 and 10, a critical
advance ratio~approximately 0.58 and 0.12 forA/ap52 and 10,
respectively! exists at which the cross-sectional area of stream
tube far upstreama1 equals to that of the ductA. Below the
critical advance ratio, the propeller works like an axial flow pump
with all fluid flowing through the propeller. The results forA/ap
510 have been found to adequately represent the open condition
(A/ap5`) except at very low advance ratios, where the analysis
breaks down for reasons discussed elsewhere.

Figures 2(a) – (c) present the thrust coefficientCT , the propel-
ler flow coefficientJp , and the cross-sectional areasa1 /ap and
a2 /ap plotted against the advance ratioJ1 . For A/ap52 and 10,
as the advance ratio decreases, the flow coefficient decreases
gradually and the thrust coefficient increases gradually. This is
because, as the advance ratio is decreased, the propeller is taking
fluid from a wider upstream stream tube. The variations of the
thrust coefficient and the flow coefficient are more gradual than
those for A/ap51. However, below the critical advance ratio
where the propeller works like an axial flow pump, the flow co-
efficient rapidly decreases and the thrust coefficient rapidly in-
creases, and these variations are more significant than forA/ap
51. The decrease in the flow coefficient is related directly to the
advance ratio, so that the slope of the flow coefficient in Fig. 2~c!
gets steeper as the duct gets wider.

Given these steady operating characteristics, it is valuable to
consider the quasi-static response to low frequency fluctuations of
the incoming flow velocityu1 . For illustrative purposes, we com-
pare the case ofA/ap52 with that for a pump (A/ap51). Con-
sider first the case when the advance ratio is larger than the critical
advance ratio. As the upstream flow velocity varies, the flow rate
through the propeller varies less whenA/ap52 than whenA/ap
51 ~Fig. 2~b!!. However, when the advance ratio is smaller than
the critical value, this trend is reversed. If the propeller were cavi-
tating, these results would suggest that, at larger advance ratios,
the mass flow gain factor will be smaller forA/ap52 than that for
A/ap51, whereas at smaller advance ratios, the mass flow gain
factor will be larger forA/ap52. This is important since the mass
flow gain factor is responsible for cavitation instabilities of turbo-
machinery and a large mass flow gain factor implies a more un-
stable system.

The surge instability of a cavitating propeller, reported by Dut-
tweiler and Brennen@2#, is an example of cavitation instability
caused by a positive mass flow gain factor. They examined two
different configurations of the propeller, one in which the propel-
ler is operated in front of a support fairing, and the other in which
the propeller is operated downstream of that fairing, and observed
a violent surge instability only for the latter case. The explanation
for this difference is unknown, but one explanation might be as
follows. The presence of the fairing can be considered to be the
blockage, so that the effective flow path upstream of the propeller
is smaller for the case with the propeller operated downstream of
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the fairing. Figure 2~b! indicates that the critical value of the
advance ratio is larger when the propeller is operated in the nar-
rower duct. So, as the advance ratio decreases, the propeller could
readily shift into operation as a pump. The result would be that the
mass flow gain factor is larger for the propeller operated down-
stream of the fairing.

3.2 The Case With Cavitation. Figures 3~a! and ~b!
present the thrust coefficientCT and the flow coefficientJp plot-
ted against the advance ratioJ1 for various cavitation numbers,s.
Recall that in this model the presence of the cavitation affects the
results only by altering the exit flow angle~Eq. ~9!!. Figure 4
shows the thrust coefficientCT plotted against the cavitation num-

Fig. 2 Steady characteristics of noncavitating propeller with the constant exit flow
angle of bÄ25 deg. The propeller is located at the center of the duct with cross-
sectional areas of A ÕapÄ1, 2, and 10.

Fig. 3 Effect of cavitation number on thrust coefficient CT and propeller flow coeffi-
cient Jp . The presence of cavitation is taken into account through the deviation angle
of the flow exiting from the propeller †A ÕapÄ2‡.
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bers for various advance ratiosJ1 . Note that the deterioration of
the thrust coefficient as a result of cavitation is well simulated by
introducing the deviation angle due to the presence of cavitation
modeled by Eq.~9!.

Note also that the flow coefficient has a steeper slope against
the advance ratio for smaller cavitation numbers as shown in Fig.
3(b). This is because, as the cavitation number is decreased, the
thrust coefficient decreases because of the losses through the de-
viation angle associated with the presence of cavitation on the
propeller blades. Then the flow rate through the propeller must
decrease to compensate for the decreased thrust. The steeper slope
of the flow coefficient against the advance ratio means that the
flow rate through the propeller is more sensitive to the upstream
flow variation and the mass flow gain factor is larger because a
small advance ratio change makes a large propeller flow rate
change. This will tend to promote a surge instability.

4 Quasi-Steady Analysis
In this section, we analyze the low-frequency unsteady charac-

teristics of the cavitating propeller. The system of equations con-
sists of nonlinear equations. However, in order to utilize the con-

ventional transfer function methodology, we linearize the
problem. For example, the upstream flow velocity is expressed by

u15ū11Re@ ũ1 exp~ j vt !#.

After substituting similar expressions for all the unknowns, Eqs.
~1!–~8! are then divided into steady and unsteady parts and lin-
earized under the assumption of small fluctuations. The unsteady
parts of the equations consist of linear equations for the unsteady
components, the eight unknownsU2 , u2 , up

1 , up
2 , a1 , a2 , F,

and P2 as well as the quantities,u1 , P1 , b, and dVc /dt. The
unsteady component ofb is obtained by the linearized version of
Eq. ~9!, which diminishes for larger values ofs. The rate of the
change of cavity volumedVc /dt is given by Eq.~10!.

The total mass flow rate and static pressure downst ream of the
propeller are defined downstream of the mixing of the flows in the
inner and outer stream tubes. The mass flow rate and pressure
after the mixing,m2 andP28 , are obtained by applying continuity
and momentum conservation as follows:

m25r@u2a21U2~A2a2!#5ru28A

P2A1ru2
2a21rU2

2~A2a2!5P28A1ru28
2A.

Using these equations, we can relate the downstream fluctuations
to the inlet fluctuations using the conventional transfer matrix
~Brennen@3#!:

H p̃2
T

m̃2
J 5FT11 T12

T21 T22
G H p̃1

T

m̃1
J

where pT and m are total pressure and mass flow rate,
respectively.

4.1 Example Calculations. Figure 5 presents a typical cal-
culation of the transfer matrix for an advance ratio ofJ151.0 and
duct cross-sectional areas ofA/ap51, 2 and 10. For illustrative
purposes, values of the compliance and mass flow gain factor
(K* /2p,M* ) of ~0.1,1.0! are selected since these values are typi-
cal of those obtained by previous researchers,@3–5#. The change
of the exit flow angleb is neglected for simplicity, assumings
5`. Note thatT21 takes a similar value for all cases while there
are large differences in the other elements of transfer matrix. If we
consider the case with no discharge mass flow fluctuations, the

Fig. 4 Thrust coefficient CT versus cavitation number s for
various advance ratios J 1 . The effects of cavitation are taken
into account through the deviation angle of the exit flow.

Fig. 5 Calculated transfer matrices of the cavitating propeller for an advance ratio, J 1Ä1.0, and „K * Õ2p,M* …Ä„0.1,1.0… and for
various values of A ÕapÄ1„s d…, 2„n m…, and 10 „h j…, where open and closed symbols denote real and imaginary parts of
matrix elements, respectively. The change of the exit flow angle of b is neglected.

Journal of Fluids Engineering MARCH 2003, Vol. 125 Õ 287

Downloaded 03 Jun 2010 to 171.66.16.152. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



propeller operated in a wider duct~for exampleA/ap510) might
be the most stable because of the large negative impedance with
the small imaginary part ofT22 and the large imaginary part of
T21.

Figure 6 shows the transfer matrix for an advance ratio ofJ1
51.0, a duct cross-sectional area ofA/ap52 and various cavita-
tion numbers. The values of (K* /2p,M* ) are again set to be
~0.1,1.0! for all cases. Head deterioration due to the presence of
cavitation is implicitly included through the assumed changes in
the deviation angleb. All elements are affected by the head dete-
rioration, but the stability does not seem to be significantly
changed. The imaginary parts of bothT21 andT22 are increased by
the head deterioration.

4.2 Coupling With Streamline Theory. Otsuka et al.@9#
and Watanabe et al.@10# have obtained the cavitation compliance
and mass flow gain factor of cavitating cascades by a free stream-
line theory. Here, we utilize their results in order to assess appro-
priately values ofK* /2p and M* . The values of (K* /2p,M* )

obtained by those investigations are shown in Fig. 7 for typical
values for the solidity~1.0!, the stagger angle (b525.0 deg) and
the number of blades (ZN55). Because Otsuka et al. and Wa-
tanabe et al. examine only two-dimensional flows around foils,
the cavity size per blade is treated as a cross-sectional areaVcpb
~not a volume! and the scaling asVc5ZNRVcpb/2 is used as a best
estimate. Note that (K* /2p,M* ) are functions of the parameter
l5s/2a, wheres is cavitation number at inlet to the propeller.

Now, rather than use the fixed values ofK* and M* , we cal-
culate the transfer function using the above relations between
(K* /2p,M* ) and l5s/2a. Results are shown in Figs. 8 and 9
for A/ap52 and 10, respectively. Three cases with different up-
stream cavitation numberssup50.15, 0.20, and 0.5 are examined.
The advance ratioJ1 is 1.0, which is larger than the critical value.
Note that, only for the case withsup50.15, is the parameterl
5s/2a less than unity and therefore only in this case is there head
deterioration with increasing deviation angle. The cavitation com-
plianceK* /2p varies from 0.018 to 0.172 forA/ap52 and from

Fig. 6 Calculated transfer matrices of the cavitating propeller with A ÕapÄ2 and an advance ratio, J 1Ä1.0, for the various
cavitation numbers sÄ`„s d…, 0.05„n m…, and 0.01 „h j…, where open and closed symbols denote real and imaginary parts of
matrix elements, respectively

Fig. 7 Steady cavity length and the quasi-static cavitation compliance and mass
flow gain factor plotted against sÕ2a obtained by a free streamline theory „Watanabe
et al. †10‡…. †solidity Ä1.0, stagger angle bÄ25.0 deg, ZNÄ5‡.

288 Õ Vol. 125, MARCH 2003 Transactions of the ASME

Downloaded 03 Jun 2010 to 171.66.16.152. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



0.009 to 0.143 forA/ap510. The mass flow gain factorM* var-
ies from 0.231 to 0.831 forA/ap52 and from 0.140 to 0.777 for
A/ap510. These values are slightly smaller for the case with
A/ap510. This is because, as shown in Fig. 2(b), the flow coef-
ficient is slightly larger for the case withA/ap510, and this re-
sults in a smaller incidence angle.

From Figs. 8 and 9, it is seen thatT21 takes similar values for
all the cavitation numbers, while the other elements of the transfer
matrix are much affected by the presence of cavitation. Note that
the elementsT1121, T12 andT2221 are much smaller for the case
with A/ap510, whereas the elementT21 is the same order for
both cases. This implies that the propeller withA/ap510 is more
stable since the imaginary part ofT22 is smaller; in other words
the effective mass flow gain factor is smaller.

The advance ratioJ1 is also an important parameter, because
there is a critical value which separates normal operation from
pump-like operation. It would be interesting to compare the trans-
fer matrices for normal and pump-like operations, but unfortu-
nately the free streamline theory is only applicable to high flow
rates and high advance ratios.

4.3 Facility and Cavitation Dynamics. We now consider
the dynamics of the whole system of the water tunnel, taking the
experimental arrangement used by Duttweiler and Brennen@2# as
an example. Figure 10 shows the schematic of the facility and
cavitation dynamics used by Duttweiler and Brennen. The facility
dynamics are characterized by~i! the compliance,Cot@5405#, of
the overflow tank that allows control of the pressure within the

Fig. 8 Calculated transfer matrices of the cavitating propeller with A ÕapÄ2 and an advance ratio, J 1Ä1.0, for the various
cavitation numbers supÄ0.15„s d…, 0.20„n m…, and 0.50 „h j…, where open and closed symbols denote real and imaginary parts
of matrix elements, respectively. The values of cavitation compliance and mass flow gain factor are obtained from Fig. 7.

Fig. 9 Calculated transfer matrices of the cavitating propeller with A ÕapÄ10 and an advance ratio, J 1Ä1.0, for the various
cavitation numbers supÄ0.15„s d…, 0.20„n m…, and 0.50 „h j…, where open and closed symbols denote real and imaginary parts
of matrix elements, respectively. The values of cavitation compliance and mass flow gain factor are obtained from Fig. 7.

Journal of Fluids Engineering MARCH 2003, Vol. 125 Õ 289

Downloaded 03 Jun 2010 to 171.66.16.152. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



facility and therefore has the only deliberate free surface,~ii ! the
resistance,Rc@50.0295#, and inertance,Lc@557.3#, of the pipe
connecting the tunnel with the overflow tank,~iii ! the compliance,
Ct@51970#, associated with the expansion and contraction of the
walls of the tunnel, and~iv! the resistances,Rtu@50.0# and Rtd
@50.0#, and inertances,Ltu@50.953# andLtd@52.10#, associated
with the typical flow paths upstream and downstream of the cavi-
tating propeller. The parameters used by Duttweiler and Brennen
@2# were normalized using the propeller radius,R, and the propel-
ler rotation frequency,V, to obtain the values shown in the square
brackets after each symbol.

The dynamics of the system can be characterized by consider-
ing the response of the system to a fluctuating mass flow rate,m̃e ,
injected at some specific location,e, in the system~Fig. 10!. We
define a system impedance,Z, as follows:

Z5
p̃e

T

m̃e

wherep̃e
T is the total pressure fluctuation ate. Note that, in gen-

eral, the impedanceZ is complex.
Using the present methodology coupled with the dynamics of

the water tunnel identified by Duttweiler and Brennen@2#, we
have calculated the system impedanceZ for the case with advance
ratio J150.64 and cavitation numbersup50.25. The real part of
Z is plotted in Fig. 11 against the normalized frequency,v/V. In
calculating the transfer matrix of propeller, we setA/ap53.16 and
ZN56 and the cavitation characteristics (M ,K) shown in Fig. 7
were used. The positive peak atv/V50.007 is largely due to the
impedance of overflow tank. The shallow negative peak around

v/V53 might indicate the existence of surge instability, but the
frequency is much higher than the value ofv/V50.2 observed in
the experiments of Duttweiler and Brennen@2#. Moreover, if we
compare the present result with the system impedance obtained by
Duttweiler and Brennen, we find that the frequency obtained by
the present analysis is still much higher than the experimental
values and the peak is much shallower. The explanation for this
discrepancy is unknown, but the following may be pertinent. In
the pump cases, the elementsT21 andT2221 are purely imaginary
when the cavitation compliance and mass flow gain factor consid-
ered are purely real. On the other hand, in the propeller cases,T21
and T2221 are complex because of our one-dimensional flow
tube model. Complex values ofT21 and T2221 mean that the
system responds as if we have complex values of the cavitation
compliance and mass flow gain factor.

Figure 12 shows the real part of system impedance for the case
with three different cavitation numberssup50.25, 0.2, and 0.15.
The frequency at the negative peak decreases as the cavitation
number is decreased, but is still larger than the experimental value
of v/V50.2. One possible explanation for the discrepancy is that
the model considers only the sheet cavitation on the blade surface.
However, a large volume change in the tip cavity during a surge
cycle was clearly observed in experiments by Duttweiler and
Brennen @2#. It is important to note that the present one-
dimensional stream tube model may lose validity at the lower
advance ratios, where the flow around the propeller is very three-
dimensional. However, because the surge instability is a system
instability in which the large amount of fluid is accelerated one-
dimensionally by the volume change of cavities, the present
method is expected to be applicable even at those low advance
ratios provided we could evaluate the cavitation compliance and
the mass flow gain factor of all the cavitation including the tip
vortex cavities. The unsteady characteristics of tip vortex cavities
need further investigation.

Figure 13 shows the values ofs/2a just upstream of the pro-
peller plotted in thesup2J1 plane obtained by the present steady
analysis. According to the linear theory@11#, cavitation instabili-
ties of a two-dimensional cascade are dependent only on the pa-
rameters/2a. The instability boundary obtained by Duttweiler
and Brennen@2# is also plotted in the figure. We can see that the
value of s/2a is nearly constant along the instability boundary,
which means that the stability depends on the local condition at
the propeller inlet rather than the advance ratio or upstream cavi-
tation number.

5 Conclusion
This paper has evaluated the quasi-static transfer matrices for a

cavitating propeller operating in a water tunnel. Simple flow mod-
els based on a one-dimensional flow tube analysis are used. The
effects of the presence of cavitation, and of the blockage due to

Fig. 10 Schematic of facility and cavitation dynamics

Fig. 11 Example of the system impedance, Z. Mass flow fluc-
tuation is imposed at point e in Fig. 10. Real part of the system
impedance is plotted against the various excited frequencies.
†J 1Ä0.64, supÄ0.25. K * and M* are evaluated from Fig. 7. ‡

Fig. 12 Real part of the system impedance for various up-
stream cavitation numbers, sup . †J 1Ä0.64. K * and M* are
evaluated from Fig. 7. ‡
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the tunnel walls are examined. The former is modeled by the head
deterioration through the deviation of the exit flow, and the con-
ventional cavitation characteristics, the cavitation compliance and
the mass flow gain factor. These characteristics are estimated by a
free streamline theory.

It is found that the presence of the tunnel wall has a large effect
on the stability of propeller operation. In an open condition, the
flow rate through the propeller is not very sensitive to the advance
ratio. However, in the presence of the tunnel walls, the propeller
flow rate changes much more in response to the advance ratio
change. This implies that, if there are flow rate fluctuations, the
flow rate through the propeller varies more when there are tunnel
walls and this may result in unstable operation of the propeller.
When the advance ratio is the same, the flow rate through the
propeller is smaller and the incidence angle is larger if the propel-
ler is operated in a tunnel with a smaller cross-sectional area.
Large incidence angles can result in the flow instabilities and en-
hance the occurrence of cavitation. Transfer matrices for the cavi-
tating propeller are evaluated by assuming the flow is quasi-static.
The transfer matrices show that the propeller operating in the
narrower tunnel is much more unstable. If the propeller is oper-
ated in a wider tunnel or in an open condition, the effects of a
mass flow gain factor are reduced because the variation of the
propeller flow rate is smaller even when the total flow rate
changes substantially.

Finally, we have tried to obtain the frequency of surge instabil-
ity from the system impedance, but failed. One of the possible
explanations for the discrepancy is that the model considers only
sheet cavitation on the blade surface. A large volume change in
the tip cavity during a surge cycle was also observed in experi-
ments and may well contribute to the discrepancy.

Nomenclature

A 5 cross-sectional area of water tunnel
a 5 cross-sectional area of inner stream tube

Cot , Ct 5 compliance of overflow tank and water tunnel
CT 5 thrust coefficient

c 5 chord length
F 5 thrust force of propeller

J1 , Jp 5 advance ratio and flow coefficient
K* 5 cavitation compliance
Lc 5 innertance of the connecting duct between wa-

ter tunnel and overflow tank

Ltu , Ltd 5 innertance of the duct upstream and down-
stream of the tunnel

M* 5 mass flow gain factor
m 5 mass flow rate

P1 , P2 5 static pressure far upstream and downstream
pin andpout 5 static pressure at inlet and outlet of propeller

pT 5 total pressure
pv 5 vapor pressure
q 5 volumetric flow rate of the stream tube
R 5 propeller radius

Rc 5 resistance of the connecting duct between wa-
ter tunnel and overflow tank

Rtu , Rtd 5 resistance of the duct upstream and down-
stream of the tunnel

U 5 axial velocity in the outer stream tube
UT 5 rotational velocity of propeller

u 5 axial velocity component in inner stream tube
Ti j 5 elements of transfer matrix
Vc 5 cavity volume on the propeller blade
v 5 tangential velocity component in inner stream

tube
Z 5 system impedance
a 5 incidence angle
b 5 discharge flow angle

b1 , b2 5 inlet and outlet blade angles of propeller
l 5 parameter defined bys/2a

s, sup 5 cavitation numbers at propeller inlet and far
upstream

V 5 rotational frequency of propeller
v 5 angular frequency of fluctuations

Superscripts

¯ 5 steady~mean! components of variables
˜ 5 unsteady components of variables

1, 2 5 variables just upstream and downstream of propeller

Subscripts

1,2 5 far upstream and downstream

e 5 at the point of excitation in the system shown in Fig.
10

p 5 at the propeller

Fig. 13 The ratio of cavitation number to twice of incidence angle, sÕ2a, is
plotted for various upstream conditions sup and J 1 . The solid line represents
the boundary of the onset of surge instability observed by Duttweiler and Bren-
nen †2‡, showing that the surge instability occurs in the region below this line.
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Experimental Analysis of an Axial
Inducer Influence of the Shape of
the Blade Leading Edge on the
Performances in Cavitating
Regime
The aim of this paper is to analyze, from experimental results, the influence of the shape
of the leading edge and its sharpening on the cavitating behavior of an inducer. The
studied inducer is designed according to a methodology developed at LEMFI. Successive
cutting and sharpening (four cuts, which modify up to 20 percent of the blade chord at the
tip), were made to modify the shape of the leading edge. For the various geometries, the
experimental results obtained on the LEMFI test rig are presented as follows. Noncavi-
tating Regime: Overall performances at 1450 rpm. Cavitating Regime: (1) The develop-
ment of the cavitation versus the cavitation number, (2) the description of the various
cavitation pictures, and (3) the pressure fluctuations measured at the wall at 150 mm
downstream of the trailing edge for various flow rates and inlet pressures. The CFD
simulations carried out under CFX-Blade Gen1 on this range of inducers are presented
to explain certain aspects observed.@DOI: 10.1115/1.1539872#

Introduction
The inducer is generally placed upstream of a centrifugal or

mixed flow impeller in order to improve its cavitation resistance.
Both rotors are on the same drive shaft, turn at the same speed,
and work in series. Designed to reduce cavitation, the inducer, due
to the generated pressure rise, allows the main impeller to func-
tion in best supplied conditions. This configuration is usually used
in many industrial applications: nuclear industry, petroleum, agro-
business, chemistry, and especially cryogenic propellant pumping.
This device allows higher rotational speeds which make pumps
more compact and economical. Although these machines are very
useful nowadays, several aspects of their operation and their be-
havior need to be further mastered. The design methodologies
found in the literature,@1,2#, still today, completely do not explain
the influence of the constructive geometrical parameters of the
inducers on their performances.

To improve the design method and to appreciate certain phe-
nomena conditioning the reliability of these machines, their maxi-
mum performances and their application limits, the experimenta-
tion is always used,@3–5#.

During this work, mainly experimental, it is proposed to study
the influence of the shape of the leading edge on the inducer
performances. From an initial inducer, four other inducers by suc-
cessive cuttings of the inlet edge are obtained.

This step has the advantage of ensuring the same geometrical
base for the various configurations. The objective is to analyze the
influence of this operation on the surging behavior of the inducer.
This enables us to supplement the design rules worked out in@6#.

After each cutting three geometrical parameters of design
change: theT ratio ~this parameter represents the ratio of angular
sector of tip and hub delimited per one blade!, meridian stacking,
and azimuth stacking. The experimental study will make it pos-
sible to quantify the simultaneous influence of these last three

parameters. The associated parametric study presented below will
give qualitative indications on the influence of each one of these
parameters.

1 Inducers Configurations and Test Rig
An axial inducer~Fig. 1!, respecting the design rules already

suggested,@6#, and taking into account the constraints imposed by
the test bench of our laboratory~external diameter fixed by the
transparent envelop, high cylindrical hub imposed by the bearing
and the shaft line!, is carried out. The inducer named A1 is de-
signed for nominal operating conditions corresponding to a flow
coefficient ofw50.38, a rotational speed of 1450 rpm and a pres-
sure coefficient ofc50.15. It consists of three blades without
camber and with constant thickness and a sharpened leading edge.
The rolling up angles at the hub and at the tip are@uTE
2uLE#Hub5384 deg and @uTE2uLE#Tip5339 deg respectively,
~the angle’s origin is taken on the hub and at the leading edge. The
angle is positive in the clockwise direction!. The ratioT50.88 is
higher than the value recommended in the literature~close to 0.7!,
@7#.

To observe the influence of this ratio and the sharpening of the
leading edge, four successive cuttings and sharpenings were car-
ried out on the inducer A1~Fig. 1!. The obtained configurations
are indicated by a letter and a number: The numbers from 2 to 5
indicate the number of the cutting~number 1 relates to the initial
inducer! and the letter A indicates a sharpened leading edge and B
is a nonsharpened leading edge. For the B series inducers, a light
rounded on leading edge is carried out.

The leading edge cuttings are carried out according to a linear
variation of the ratioT ~see Table 1 and Fig. 1 for the cutting
quantity!.

The sharpening of the leading edge is carried out on the suction
side in such a way that after each cutting the new leading edge
obtained is not sharpened. For all cases, the sharpening length of
each blade, is spread out on zero mm at the hub, 15 mm at the
average radius, and 25 mm at the tip~see details in Fig. 2!. The
main constructive parameters of the inducers are shown in
Table 1.
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General Overview of the Experimental Facilities. In order
to compare the experimental behavior of the various inducers ob-
tained under the same operating conditions, the LEMFI-Paris
pump test rig~Fig. 3! composed of the following main elements is
used:

• two storage tanks with a capacity of 4 m3 each, connected by
a pipe of 350 mm in diameter. They can be loaded and emptied by
means of two electrical control valves.

• a liquid ring vacuum pump is used to control the pressure at
the free surface inside the storage tanks.

Fig. 1 Inducers configurations
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• a 22 kW DC motor powered by a variable frequency control-
ler was used to drive the tested inducer. The electric efficiency of
the motor is given by the manufacturer. The rotational speed is
measured using a magnetic tachometer~accuracy 0.1 percent!.

• a motorized control valve serves to adjust precisely the flow
rate.

• the inducer equipped with a transparent acrylic cover.
• a circulation centrifugal pump installed in series with the im-

peller in order to overcome the circuit losses.
• various measurement instruments and devices:

• ultrasonic flow meter~accuracy 1 percent!, placed at the in-
ducer inlet.

• two piezoresistif manometers~accuracy 1 percent!. They are
positioned at the inlet and outlet sections and measure the average
tip pressure on four points.

• a temperature probe~accuracy 1 percent!: the average tem-
perature during the tests presented below is 18°C.

• two dynamic pressure sensors KISTLER brand 601A type,
flush mounted over the transparent cover, one at 20 mm upstream
from the leading edge of the impeller and the other at 150 mm
downstream from the trailing edge. Their specifications are range
0–250 bar, and natural frequency.150 kHz. The pressure fluc-
tuations were measured by these sensors and amplified then
treated with a spectrum analyzer~Lecroy 930A!. All the signals
were identified and stored in a personal computer for further
analysis.

2 Experimental Results for the Inducer A1

2.1 Overall Performances. The characteristic flow rate
pressure in a noncavitating regime and the cavitating tests of the
A1 inducer, at 1450 rpm, are summarized on Fig. 4. It is noted at
the design flow rate that an efficiency of 57 percent and a value of
a critical cavitation numbersc of 0.05 ~the critical value corre-
sponds to a drop of 3 percent of the total pressure variation! cor-
responding to a numberSof 310 is a modest value for an inducer.
If the centrifugal pumps suction specific speedS is limited to 250,
the first generation of industrial inducers reaches 450 and the
high-performance propellers greatly surpass 600.

2.2 Development of Cavitation With the Cavitation Num-
ber. Figure 5 presents, forQ/Qn51.09 at 1450 rpm, the ap-
pearance of the cavitation pocket versuss. The first significant
vapor pockets start to appear, at the tip, on both sides of the blade
nears50.25. Ass decreases these pockets advance towards the
trailing edge and also towards the hub. Ats50.045 the passage of
water is strongly blocked by the vapor pocket and at that time a
significant drop in performance of the inducer is noted.

2.3 Presentation of the Figures of Cavitation Versus the
Flow Rate. The figures of cavitation visualized during the tests
are typical and are in general in conformity with those presented
in the literature@8#. However, the alternate pocket described in@9#
were not observed. Figure 6 presents the most representative im-
ages. One can thus identify:

• in partial flow the backflow vortex cavitation returning up-
stream of the inducer~Fig. 6~a!!: the importance of this torch
increases for the low flow rates.

Table 1 Main constructive parameters of the inducers

Flow coefficient 0.38
Head coefficient 0.15
Rotational speed 1450 rpm
Blades number 3
Blade angle~axial definition!:
~this angle is constant from inlet to outlet!

Hub:65.5 deg Tip:74.5 deg

Blade thickness 5 mm
Tip-to-hub ratio 0.494
Tip diameter 235 mm
Tip clearance 0.4 mm
Stagger angle Hub:65.5 deg Tip:74.5 deg

Hub
uLE : uTE

50 percent span
uLE : uTE

Tip
uLE : uTE Ratio: T

Solidity
hub:tip

B1 & A1 0:384 10:373 29:368 0.880 3.5:2.95
B2 & A2 0:384 22:373 47:368 0.835 3.5:2.80
B3 & A3 0:384 33:373 65:368 0.790 3.5:2.65
B4 & A4 0:384 44:373 83:368 0.745 3.5:2.50
B5 & A5 0:384 55:373 101:368 0.700 3.5:2.35

Fig. 2 Sketch sharpened leading edge

Fig. 3 Hydrodynamic test bench of the LEMFI–Paris
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• the cavitation attached to the blade observed in the nominal
flow rate ~Fig. 6~b!!.

• for high flow rates, stable cavities developed on both sides of
the blade, characterizing the phenomenon of blockage which is
accompanied by a fast rise of the criticals ~Fig. 6~c!!.

Fig. 4 Experimental performances of the inducer A1 „uncer-
tainty in NÁ2 rpm, in efficiency Á1 percent, in sÁ0.002, in
QÕQnÁ0.02, in cÁ0.002…

Fig. 5 Appearance of the cavities of cavitation NÄ1450 rpm,
QÕQnÄ1.09 „uncertainty in NÁ2 rpm, in sÁ0.002, in QÕQn
Á0.02…

Fig. 6 Various figures of cavitation, A1 inducer 1450 rpm „un-
certainty in NÁ2 rpm, in sÁ0.002, in QÕQnÁ0.02…
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Fig. 7 Overall performances of the inducers A1, A3, and A5,
experimental results „uncertainty in NÁ2 rpm, in efficiency Á1
percent, in QÕQnÁ0.02, in cÁ0.002… Fig. 8 Overall performances of the inducers A1 and A5,

POMAX model

Fig. 9 Evolution of the head versus s available inducers A2 to A5 „uncertainty in NÁ2 rpm, in sÁ0.002, in QÕQnÁ0.02, in
cÁ0.002…
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The development of cavitation is almost identical in the three
inducer channels.

The appearance of the cavitation figures above is related to the
organization of the kinematics of flow in the inducer. Indeed the
CFD simulation carried out with CFX-BladeGen1, ~three-

dimensional Navier-Stokes code with a zero-equation type turbu-
lence model and a not-structured grid generator with tetrahedral
elements! in a steady flow condition and with several flow rates
on the inducer A1 confirms this result. The simulation conditions
are: N51450 rpm, with the condition of the mass flow rate im

Fig. 10 Cutting influence „uncertainty in NÁ2 rpm, in sc
Á0.002, in QÕQnÁ0.02…

Fig. 11 Cutting influence—figures of cavitation, N
Ä1450 rpm, QÕQnÄ1.27, sÄ0.12 „uncertainty in NÁ2 rpm, in
sÁ0.002, in QÕQnÁ0.02…

Fig. 12 Cutting influence—BladeGen ¿calculation, NÄ1450 rpm, QÕQnÄ1.27, sÄ0.25
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posed at the outlet and static pressure at the inlet. The tip clear-
ance is not considered here. The mesh size is approximately
45,000 nodes.

Figure 6 presents the absolute velocity fields for three flow
rates: the meridian~on the suction side! and blade to blade at the
tip. In conformity with the experimentation, the high velocities
~favorable place to cavitation appearance! are, respectively, local-
ized: towards the inlet at low flow rates~Fig. 6~a!!, on the blade at
the design flow rate~Fig. 6~b!!, and towards the outlet at a high
flow rate ~Fig. 6~c!!.

3 Influence of the Cut of the Leading Edge

3.1 Noncavitating Tests. The overall performances of the
A1, A3, and A5 inducers are given in Fig. 7. A rotation of the
characteristic curves pressure-flow rate around the design point is
observed. The maximum efficiency point is moved to a higher

flow rate as we increase the leading edge sweep. The inducers
produce more pressure above the nominal flow rate. This still
authorizes the coupling of these inducers with centrifugal pumps.
This phenomenon is mainly linked to the reduction of the cord
due to the cutting. The simulation, done by the design software
POMAX developed at the Lemfi,@10#, and taking into account the
radial equilibrium, confirms this aspect in Fig. 8 for the inducer
A1 and A5.

3.2 Tests in the Cavitating Regime. Figure 9 presents the
cavitating performances at 1450 rpm for inducers A2 to A5: evo-
lution of the head coefficient versus the cavitation number allow-
ing the determination of the critical cavitation number. Figure 10
presents the critical cavitation number versus the flow rate for A1
to A5 inducers. A clear improvement of these performances at the
nominal flow rate and above the nominal flow rate is noted. For
Q/Qn51.15, for example, thesC varies from 0.06 (S5280) to

Fig. 13 Parametric study—BladeGen ¿calculation, NÄ1450 rpm, QÕQnÄ1.27, sÄ0.25
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0.025 (S5510). It is pointed out that an optimized inducer is that
which, on a wide scale of flow rate, has a high pressure coefficient
~for better stuff the centrifugal impeller!, a lowest critical cavita-
tion number, and weak pressure fluctuations.

This quantitative result is strongly correlated by the images of
cavitation presented in Fig. 11. The progressive disappearance of
cavitation bubbles with different cuttings is noted~these tests are
carried out under the same speed rotation 1450 rpm,s50.12, and
flow rateQ/Qn51.27).

This disappearance of cavitation bubbles with different cuttings
is related to the favorable reorganization of the velocity field at the
inducer. This result was recently confirmed by the numerical study
carried out by Arnone and al. on the PLOX inducer of Ariane 5,
@11#.

To confirm this explanation a simulation is carried out using the
CFD software CFX-BladeGen1 in a steady flow condition and
over a design flow rate (Q/Qn51,3) on the five inducers A1 to
A5. The conditions of simulation are identical to those previously
shown. Figure 12 presents the distribution of absolute velocity in
meridian~on the suction side! and blade to blade~at the tip and at
75 percent of the hub! views. The velocities are decelerated, more
and more, after each cutting. The velocities distribution is more
favorable to appearance of the cavitation for inducer A1. The ten-
dency of disappearance of cavitation bubbles with cuttings is con-
firmed for the same reason.

To qualify the influence of the three parameters which change
after each cutting, simulations under BladeGen1 are carried out
~same conditions of simulation as previously! on four other virtual
inducers called A155, A511, A551, and A515. The three numbers
state, respectively, that the ratioT, meridian stacking, and azimuth
stacking correspond to those of the machines A1 or A5. For ex-
ample, the machine A155 has the same ratioT as that of A1, the
meridian stacking of A5, and the azimuth stacking of A5.

Figure 13 presents for the two inducers A1 and A5 and the four
new machines, on the meridian~on the suction side! and blade to
blade ~of tip! views, the absolute velocity distribution. The de-
tailed analysis of these results shows the importance of the influ-
ence of each one of the three geometric parameters, in particular
the ratioT and the meridian stacking.

• The comparison of the two inducers A1 and A155 shows a
more accelerated velocity fields for the machine A155 in spite
of both stacking of A5.

• The two inducers A511 and A551 are different only by me-
ridian stacking. The machine A551 would be most powerful.

• The comparison between A551 and A5, different only by azi-
muth stacking, shows a small slowing down in the inducer
A5.

The machine A5 has the velocity fields less accelerated. There-
fore, it would be the machine where the appearance cavitation
figures are delayed compared to the other machines.

3.3 Instabilities of Operation. One of the aspects limiting
the use of the inducers is related to the presence of instabilities of
operation in the cavitating mode,@4,8#. The influence of cuttings,
on the pressure fluctuations measured with dynamic pressure sen-
sor Kistler placed at 150 mm downstream of the trailing edge of
the inducers A1, A2, A4, and A5, is presented here. The inducers
are compared under the same operation conditions.

These results are illustrated in Fig. 14~128 points of measures
for each inducer, in the flow rates field!. A clear decrease, except
in the vicinity of Q/Qn50.6 in the level of fluctuations according
to various cuttings, is noted. This reduction of the level of fluc-
tuations is due to the disappearance of the cavitation figures. The
degradation observed in the vicinity ofQ/Qn50.6 is related to
the appearance of oscillating cavitation whose amplitude increases
with the cuttings.

Fig. 14 Influence of the various cuttings on the fluctuations in
pressure downstream from the inducer NÄ1450 rpm „uncer-
tainty in NÁ2 rpm, in sÁ0.002, in QÕQnÁ0.02, in Dp fÁ0.002…
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4 Influence of the Sharpening of the Leading Edge
To show the influence of sharpening Fig. 15 presents, for the

inducers A1–A5 and B1–B5, the evolution of the critical cavita-
tion number versus the flow rate. Only an improvement around
the nominal flow rate is noted. Apart from this nominal point a
significant improvement is not observed.

5 Conclusion
The interest of this work is to describe the leading edge shape

influence on the performances of an inducer’s range. A full experi-
ment was carried out in the cavitating regime related to several
geometries of inducers obtained by successive cutting and sharp-
ening of the leading edge. These tests underlined the dominating
influence of these constructive parameters. The increase in the
slope of the leading edge makes it possible to significantly im-
prove the cavitating performances at high flow rate and to attenu-
ate the pressure fluctuations.

In order to reduce the critical cavitation number, we shown for
these studied inducers the interest to incline the leading edge to-
wards the outlet in the meridian view and towards the back for the
front view. The performance improvements were observed until a
ratio T50.7 was reached. A test with a lower ratio was not carried
out in the experiments for two reasons: first, we didn’t observe a
significant improvement of the critical cavitation numbersC be-
tween the inducers A4 and A5, and secondly, in order to conserve
the inducer A5 for other visualisation tests. Sharpening improves
these same performances in the vicinity of the nominal flow rate.
All these tests: pressure fluctuations, cavitation figures, and over-
all performances constitute a database which will be used as ref-
erence for numerical simulations.
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Nomenclature

g 5 acceleration due to gravity~m2/s!
N 5 rotational speed of inducer~rpm!

NPSP5pt(inlet)2pv 5 net positive suction pressure~Pa!
NPSH5NPSP/rg 5 net positive suction head~m!

pt 5 total pressure~Pa!
pv 5 liquid vapor pressure~Pa!
Q 5 flow rate ~m3/s!

Qn 5 nominal flow rate of A1 inducer
~m3/s!

Re 5 tip radius~m!
S552.9326

•vAQ/(g•NPSH)0,75 5 suction specific speed
Ut5v Re 5 peripheral velocity~m/s!

T5@uTE2uLE#Tip

/@uTE2uLE#Hub 5 ratio rolling up angle
Dp5pt(outlet)2pt(inlet) 5 total pressure variation~Pa!

Dpf 5 pressure fluctuations~mbar!
w5Q/v Re3 5 flow coefficient
c5Dp/rUt

2
5 pressure coefficient

uLE 5 leading edge azimuthal angle~deg!
uTE 5 trealing edge azimuthal angle~deg!

r 5 liquid density~kg/m3!

s5NPSP/rUt
2

5 cavitation number
sc 5 critical cavitation number~corre-

sponds to a drop of 3 percent of the
total pressure variation!

v 5 angular velocity~rad/s!
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Mechanism of Hysteretic
Characteristics of Wells Turbine
for Wave Power Conversion
A Wells turbine for wave power conversion has hysteretic characteristics in a reciprocat-
ing flow. The counterclockwise hysteretic loop of the Wells turbine is opposite to the
clockwise one of the well-known dynamic stall of an airfoil. In this paper, the mechanism
of the hysteretic behavior was elucidated by an unsteady three-dimensional Navier-Stokes
numerical simulation. It was found that the hysteretic behavior was associated with a
streamwise vortical flow appearing near the blade suction surface. In the accelerating
process of axial flow velocity, the vortex is intensified to enlarge the flow separation area
on the blade suction surface. In the decelerating flow process, the flow separation area is
reduced because of the weakened vortex. Therefore, the aerodynamic performance in the
accelerating flow process is lower than in the decelerating flow process, unlike the dy-
namic stall. Based on the vortex theorem, the mechanism to vary the intensity of the vortex
can be explained by the trailing vortices associated with the change in the blade
circulation. @DOI: 10.1115/1.1538629#

Introduction
In the past two decades, worldwide efforts have been devoted to

the development of energy conversion from ocean waves. One of
the most applicable devices for wave energy is the combination of
an oscillating water column~OWC! as a primary converter and a
self-rectifying air turbine as a secondary one~Fig. 1!.

The Wells turbine is one of the most suitable air turbine for
energy conversion from oscillating air flow. Usually, the unsteady
characteristics of Wells turbine are predicted by computer simula-
tion on the basis of the steady characteristics,@1#. It seems to be
reasonable to employ such a quasi-steady analysis because the
nondimensional wave frequency~based on the relative velocity
and the blade chord length! is the order of 1024. However, it
results in inaccurate predictions of the performance, since the
Wells turbine has hysteretic characteristics in an unsteady flow,
@2–4#.

Dynamic stall of an airfoil is well known as an unsteady aero-
dynamic phenomenon which has hysteretic characteristics, and a
lot of researchers have reported many kinds of aspects of dynamic
stall of an airfoil,@5–8#. But the hysteretic loop of the lift-attack
angle characteristics of the dynamic stall is counterclockwise and
opposite to the clockwise one of the Wells turbine. So the mecha-
nism of the hysteretic characteristics of Wells turbine should be
clarified for the better design of the system for wave power con-
version.

In order to investigate the mechanism of the hysteretic behavior
of the Wells turbine, unsteady, three-dimensional Navier-Stokes
numerical simulations were conducted for the flow field around a
blade of the Wells turbine.

Numerical Analysis
Numerical simulations in this paper were made of the Wells

turbine, the hysteretic behavior of which was investigated experi-
mentally by Inoue et al.@2#. Summaries of the experiments are
briefly mentioned. The test rig consists of a 1.4-m-diameter cyl-
inder with a piston disk, a rectangular settling chamber, and a
0.3-m-diameter test section with a bell mouth entry and a diffuser
exit. The turbine rotor is placed at the center of the test section,

and can be operated at arbitrary rotating speed. A sinusoidal axial
air flow is produced by controlling the motion of the piston~0.167
Hz of frequency in this paper!. The unsteady turbine performances
were examined in one-half period of the sinusoidal change in axial
flow velocity. Experimental results of the half-part of the full cy-
clic hysteretic characteristics by Alcorn and Beattie@4# reveal al-
most similar results to Inoue et al.@2#. Table 1 shows the specifi-
cations of the turbine rotor used in this study. Model testing was
made in such the way that the turbine rotating speed was set at
zero axial flow velocity condition once, then the turbine output
torqueT, the air flowQ and the total pressure drop across the rotor
DP0 were measured while keeping the turbine speed constant.
The Reynolds number based on the blade chord length and rela-
tive velocity at mean radius is about 2.43105.

A commercial code, FLUENT 5, was used for the numerical
analysis. The unsteady three-dimensional and filtered Navier-
Stokes equations were discretized by the finite volume method.
The rotating frame fixed to turbine rotor was adopted. The second-
order accuracy upwind differencing scheme was used for the con-
vection term and the second-order accuracy implicit method was
used for the time discretization. The RNG-SGS model,@9#, which
is an LES model, was used to calculate the subgrid-scale turbulent
viscosity. The unsteady calculations were made in one-half period
of the sinusoidal change in an axial flow velocity.

The computational domain was extended four and eight blade
chord lengths upstream and downstream of the blade, respectively,
as shown in Fig. 2. Figure 3 shows the perspective view of the
grids. The structured, hexahedral grids of O-type were used
around the blade, while H-type grids were used for the upstream
and downstream regions. The total number of grids is approxi-
mately 560,000. Three grids were embedded in the region of tip
clearance. The calculation for finer grids~approximately 703,000
grids, six grids for tip clearance! was made to check the grid
dependency of the calculation for the objective~560,000! grids.

Nonslip boundary conditions were used for the hub surface, the
pressure and suction side of the rotor surfaces. The moving casing
wall was used because of the rotating frame of reference. Periodic
boundary conditions were used for the surfaces of circumferential
sides. On the upstream boundary, the inlet velocities were given at
each time step, where the axial velocities were given from the
flowrate and the circumferential velocities were given from the
rotor rotating speed. On the downstream boundary, the static pres-
sures were set at each time step. The results of the steady flow
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calculation for attack angleaR50 deg were used as the initial
condition, which corresponded to the experimental condition. The
nondimensional distance of the first grid point from the blade
surface was less than 5.0 based on the friction velocity and the
kinematic viscosity of air.

Numerical Results
Figure 4 shows the experimental,@2#, and calculated results of

hysteretic behaviors of the total pressure coefficientCA and the
torque coefficientCT against the attack angleaR in one-half pe-
riod of the sinusoidal flow. Figure 4~a! shows the experimental
and calculated values ofCA , and Fig. 4~b! the experimental and
calculated values ofCT . These coefficients are defined as follows:

CA5DP0Q/~%~va
21UR

2 !zblva/2! (1)

CT5T/~r~va
21UR

2 !zblrR/2! (2)

aR5tan21~va /UR! (3)

whereDP0 denotes the total pressure drop across the rotor,Q air
flow rate, r density of air,va axial velocity, UR circumferential

velocity at midspan,z number of blades,b span of the blade,T
torque of the rotor,r R radius at midspan, andaR attack angle.

The attack angle varies between 0 deg and its maximum value
in phase with the oscillating flow. In the course of the cycle the
experimentalCA value ~broken line! during acceleration of axial
velocity ~increasingaR), is lower than that during deceleration
~decreasingaR), and then a counterclockwise hysteretic loop ap-
pears as shown in Fig. 4~a!. As is evident from Fig. 4~b!, a similar
hysteretic loop is also observed in the experimental value of the
torque coefficientCT . If the hysteretic behavior was caused by
the dynamic stall of blade, a clockwise hysteretic loop would be
seen,@5–8#. Therefore, the mechanism of hysteretic behavior of
the Wells turbine should be different from the mechanism of the
dynamic stall.

As for the agreement of the calculated values with the experi-
mental data in Fig. 4, good agreement is obtained, although the
calculated values are a little smaller than the experimental data for
bothCA andCT . Maximum values of the calculated results ofCA
andCT agree well with the experiment quantitatively. As for the
grid dependency ofCA , CA values for finer grids are a little~0.1
of CA in the maximum case! larger than the values for the objec-
tive grids in the accelerating flow, but the maximumCA value and
theCA values in the decelerating flow for finer grids is almost the
same as theCA values for the objective grids. The grid depen-
dency ofCT is similar to the one ofCA . The calculation of the
objective grids can qualitatively simulate the hysteretic phenom-
enon of the Wells turbine in spite of comparably small numbers of
grid points in the tip clearance. In the following description, the
mechanism of the hysteretic characteristics of the Wells turbine is
considered through the examination of the calculated flow fields.

Figure 5 shows the circumferential velocity contours at mid
span, where the numbers at the centerline are the attack angleaR ,
and the air flows left to right. ForaR56;15 deg, the contour
lines near the suction surface of the blade are denser than the ones
near the pressure surface, which means that the boundary layer
along the suction surface is thicker than the one along the pressure
surface. Comparing the figures in the decelerating flow with the
ones in the accelerating flow foraR56 or 12 deg, the boundary
layer along the suction side surface in the accelerating flow is
thicker. In each figure, the region where the contour lines are
dense exists in the area from the upstream side of the periodic
boundary to a location a little distant from the suction surface of
the blade, which is considered the wake formed by the front side
blade in the rotational direction. The thickness of the wake in the
accelerating flow is larger than that in the decelerating flow for
aR56 deg.

Figure 6 shows the streamlines near the suction surface starting
from the leading edge of the blade. ForaR56 deg, the flow near
the hub surface separates more upstream than the flow near the tip
side in the accelerating flow. This region of separation cannot be
seen foraR56 deg in the decelerating flow. In addition, some of

Fig. 1 Schematic view for OWC device

Table 1 Turbine models

Blade Profile NACA0020
Number of bladesz 6
Blade chord lengthl 90 mm

Solidity at tip s t 0.57
Aspect ratioAR 0.5
Tip radiusRt 149 mm

Tip clearanceTC 1 mm
Setting angleg 0 deg

Fig. 2 Computational domain

Fig. 3 Perspective view of grids
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the streamlines near the trailing edge go away from the suction
surface in the tip-side region, due to the effect of the tip leakage
flow. For aR512 deg, the separation region is extended in both

accelerating and decelerating flows. The separation region in the
accelerating flow becomes more enlarged than the one in the de-
celerating flow.

Figure 7 shows the streamlines starting from the trailing edge of
the blade. The streamlines crossing over the blade suction surface
come from the trailing edge of the left side blade. A clockwise
vortex exists near the hub, which is caused by the strong down-
ward flow near the trailing edge. The clearest vortex can be seen
in the accelerating flow foraR56 deg among the four cases in
Fig. 7.

Figure 8 shows the pressure contour maps on the suction sur-
face of the blade. The minimum and maximum values are located
near the leading edge and the trailing edge, respectively. The pres-
sure difference between the leading edge and the trailing edge in
the decelerating flow is larger than that in the accelerating flow for
both aR56 and 12 deg. This fact is consistent with the larger
values ofCT in the decelerating flow. The region where the con-
tours are coarse is enlarged around the center of the blade surface
in the accelerating flow for bothaR56 and 12 deg, corresponding
to the separation region in Fig. 6.

Figure 9~a! shows the velocity vectors around the blade for
aR56 deg. The numbers at the center of the figure are the non-
dimensional radiusesr * (5(r 2r h)/(r t2r h)). At r * 50.5 ~mid-

Fig. 4 Comparison of calculated results with experimental data by Inoue et al. †2‡

Fig. 5 Circumferential velocity contours at midspan Fig. 6 Streamlines near the suction surface
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span!, the boundary layer is thicker near the trailing edge of the
suction surface, and the wake from the front side blade appears
more clearly in the accelerating flow. In addition, near the hub
surface ofr * 50.1, the velocities are overall smaller in the accel-
erating flow, which means that a lot of low-energy fluids gather
near the hub surface in the accelerating flow. Figure 9~b! shows
velocity vector map foraR512 deg. At r * 50.1 the flows are
largely separated near the suction surface in both increasing and
decelerating flow. Atr * 50.5, the flow separates near the side of
the trailing edge of the suction surface in the accelerating flow,
while the flow in the decelerating flow does not separate.

Figure 10~a! shows the velocity diagram on the plane perpen-
dicular to the chordwise direction foraR56 deg. The numbers at
the center of the figure are the distance from the leading edge
normalized by the chord length. The clockwise vortex mentioned
in Fig. 7 can be seen in Fig. 10~a! in the accelerating flow. This
vortex moves from hub to tip according to the mainstream. In
addition, a counterclockwise vortex can be seen on the corner of
the suction surface and hub surface forx/ l 50.9 for bothaR56
and 12 deg. No clockwise vortex can be seen in the decelerating
flow. Figure 10~b! shows the similar figure as Fig. 10~a! for aR
512 deg. The clockwise vortex is not seen around the region of
the wake for bothaR56 and 12 deg.

The change in the intensity of the clockwise vortex in Fig.
10~a! seems to result in the hysteretic characteristics. By the in-
creased intensity of this clockwise vortex in the accelerating flow,
the low-energy fluids in the separation region near the suction side
of the hub surface migrate toward the mid span region and the
torque of the rotor reduces. In the decelerating flow, the intensity

Fig. 7 Streamlines starting from the trailing edge

Fig. 8 Pressure contours on the suction surface
Fig. 9 „a… Velocity diagram around the blade for aRÄ6 deg; „b…
velocity diagram around the blade for aRÄ12 deg
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of this clockwise vortex is so small that the low-energy fluids are
confined near the hub surface and the torque remains larger.

Mechanism of Hysteretic Characteristics
As shown in Fig. 4, the performance of the Wells turbine has a

hysteretic loop in which the values ofCT andCA in the acceler-
ating flow are smaller than that in the decelerating flow. This
behavior cannot be explained by the dynamic stall of an airfoil. As
mentioned above, however, it seems to be associated with the
intensity of the vortical flow appearing near the blade suction

surface. In this section, the mechanism to vary the vortex intensity
in the accelerating and the decelerating flow will be discussed
based on the vortex theorem.

Figure 11 shows an illustration of the flow structure obtained by
the present numerical simulation. At high angles of attack a sepa-
ration vortex~2! appears on the blade suction surface in the hub
side to reduce the blade circulation, because of the excessive
angle of attack near the hub. A strong downward flow~3! is in-
duced by the separation vortex near the trailing edge. It brings
about the clockwise vortical wake flow~4a!, which enlarges the
flow separation on the adjacent blade suction surface~4b!. The
intensity of the vortical flow varies in the accelerating and the
decelerating flow process for the following reason.

Figure 12 illustrates how the unsteady trailing vortices that are
shed affect the vortical wake flow. In the accelerating flow pro-
cess, as the blade circulation increases, vortices opposite to the
blade circulation are shed from the trailing edge according to
Kelvin’s theorem. The stronger vortices are shed at a larger radius

Fig. 10 „a… Velocity diagram on the plane perpendicular to the
chordwise direction for aRÄ6 deg; „b… velocity diagram on the
plane perpendicular to the chordwise direction for aRÄ12 deg

Fig. 11 Illustrations of the flow structure in blade suction side

Fig. 12 Illustration of unsteady trailing shed vortices to affect
the vortical wake flow
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because the blade circulation increases more than at a smaller
radius. Then, the clockwise trailing vortices are generated accord-
ing to Helmholtz’s theorem, as illustrated in Fig. 12~a!. Therefore,
the clockwise vortical flow is intensified by these vortices. In the
decelerating flow process where the blade circulation decreases,
the shed vortices are in the same direction of the blade circulation.
They form counterclockwise trailing vortices as shown in Fig.
12~b!, which suppress the vortical wake flow. Since the stronger
vortical wake flow enlarges the separation on the suction surface
of the adjacent blade, the performance in the accelerating flow
process becomes lower than in the decelerating flow process.

Conclusions
In order to elucidate the mechanism of hysteretic characteristics

of the Wells turbine, unsteady, three-dimensional Navier-Stokes
numerical simulations were conducted using the commercial code
of FLUENT5 for the case of an axial velocity changing sinusoi-
dally. Conclusions are summarized as follows.

1. The calculated results using the RNG-SGS model reveal
the hysteretic behavior which agrees well with the experimental
results qualitatively.

2. In the accelerating flow, the boundary layer is thicker
along the suction side surface, the separation region is more en-
larged, and the wake of the front side blade in the rotating direc-
tion is clearer than in the decelerating flow.

3. The flow is downward near the trailing edge of the suction
surface and a clockwise vortex exists in the wake. This vortex is
intensified when the attack angle increases rapidly~in the accel-
erating flow process foraR56 deg).

4. The cause of hysteretic behavior is associated with this
clockwise vortex. In the accelerating flow, the increased intensity
of the clockwise vortex extends the separation region on the blade
suction surface toward the mid span region, which leads to the
reduction of the torque coefficient and the total pressure coeffi-
cient. In the decelerating flow, the separation region is reduced as
the vortex is weakened.

5. The mechanism to change the vortex intensity in the wake
can be explained based on the vortex theorem. The vortex is in-
tensified by the clockwise trailing shed vortices~due to increase in
the blade circulation! in the accelerating flow process, while it is
suppressed by the counterclockwise vortices~due to decrease in
the blade circulation! in the decelerating flow process.

Nomenclature

b 5 span of the blade, m
CA 5 total pressure coefficient~Eq. ~1!!
CT 5 torque coefficient~Eq. ~2!!

l 5 chord length, m
r 5 radius, m
T 5 torque generated by rotor, Nm
U 5 circumferential velocity, m/s
va 5 axial velocity, m/s
x 5 distance from the leading edge, m
z 5 number of blades
a 5 angle of attack, degree

DP0 5 total pressure drop between settling chamber and at-
mosphere, Pa

r 5 density of air, kg/m3

Subscripts

h 5 hub
R 5 midspan
t 5 tip
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Comparison of Semi-Empirical
Correlations and a Navier-Stokes
Method for the Overall
Performance Assessment
of Turbine Cascades
Turbomachinery flows can nowadays be investigated using several numerical techniques
to solve the full set of Navier-Stokes equations; nevertheless the accuracy in the compu-
tation of losses is still a challenging topic. The paper describes a time-marching method
developed by the authors for the integration of the Reynolds averaged Navier-Stokes
equations in turbomachinery cascades. The attention is focused on turbine sections and
the computed aerodynamic performances (outlet flow angle, profile loss, etc.,) are com-
pared to experimental data and/or correlations. The need for this kind of CFD analysis
tools is stressed for the substitution of standard correlations when a new blade is
designed.@DOI: 10.1115/1.1539869#

Introduction
The two-dimensional analysis of turbomachinery cascades is

still an interesting field of investigation both from a numerical and
from an experimental point of view. The interest is motivated by
the need for profiles with increasing load~less blade number that
means less weight in aeronautical applications! and high effi-
ciency. In the past the experimental analysis of profiles was the
only feasible way to optimize the performance of the cascade in a
two-dimensional arrangement and the results have been general-
ized with correlations,@1–3#, for use of profile design not too
different from the original data. The use of compressible time-
marching techniques coupled with boundary layer calculations has
pioneered the analysis of two-dimensional cascades with some
account for losses and deviation,@4,5#. More recently the impres-
sive evolution of CFD has significantly modified the industrial
approach in designing new turbomachinery components. Many
codes are in current use in industry for the two-dimensional and
three-dimensional analysis of turbomachinery,@6–8#. The overall
features of the flowfield are captured pretty well but there is still
room for the improvement of the CFD techniques in the evalua-
tion of losses. Nowadays correlations for deviation in axial tur-
bines can be optimized with three-dimensional Navier-Stokes
codes to give the designer an efficient tool,@9#, for a quick defi-
nition of a new blade. Nevertheless a similar approach for losses
is still more difficult. The paper presents a Navier-Stokes solver
developed by the authors for two-dimensional blade sections
analysis and the attention is focused on turbine applications. An
algebraic turbulence model has been introduced because it did
show the ability of reproducing the overall physics of the turbu-
lent flow in cascades,@10#. Some modifications have been intro-
duced in the standard model of Baldwin-Lomax following Boyle
@11#. Several turbine blade sections have been analyzed and the
computed performances are compared to existing experimental
data and correlations. Many correlations have been proposed over
the years for turbine blade performance prediction, but they have
not usually been updated in the open literature following the ad-
vances in turbine design methods. The correlation from Ainley-

Mathieson,@12#, has been frequently updated and the last version
from Kacker-Okapuu,@2#, has been considered to compute the
total pressure loss coefficient. Moreover the accuracy of the above
correlation, discussed by the authors,@2#, for the prediction of
turbine stage efficiency~61.5 percent! has been considered suffi-
cient for the present work. The correlation originally proposed by
Ainley-Mathieson,@12#, has been used for the evaluation of the
outlet flow angle.

Many papers have been presented in the past to show the ability
of a given CFD method to accurately predict the flow field in
different turbomachinery cascades,@11,13#. Nevertheless the at-
tention has been mainly focused on blade load distribution~isoen-
tropic Mach number or static pressure! or on detailed flow fea-
tures ~i.e., heat transfer along the blade profile! rather than on
overall cascade performances. Some comparisons have been pub-
lished for the computed versus experimental total pressure loss
coefficient for compressor,@14#, or turbine,@15#, cascades, but the
analysis has been restricted to one family of aerodynamic profiles.
In this paper, after a critical verification of the accuracy of the
flow solver, the comparison is extended to turbine profiles with
very different characteristics and the ability of both the Navier-
Stokes method and standard semi-empirical correlations in obtain-
ing the overall performances is checked.

Navier-Stokes Solver
The two-dimensional Reynolds-averaged equations are written

in conservative form

]

]t
Q1

]

]x
F1

]

]y
G5

1

ReS ]

]x
Fv1

]

]y
GvD (1)

where

Q5S r
ru
rv
rē
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The stress tensor is computed in the standard way using Stokes’s
hypothesis,@16#. The ‘‘total’’ energy per unit massē in vectorQ is
defined as

ē5e1
1

2
V2. (4)

A cell-vertex finite volume technique with an explicit Runge-
Kutta integration method and Jameson artificial dissipation
scheme has been used, as accurately described in previous papers,
@17,18#.

The numerical technique is second-order accurate in both time
and space. The control volume shown in Fig. 1 is considered; the
conservative variables are stored in the grid vertices~black circle!
while the diffusive terms are calculated in the auxiliary midpoints
~white rectangle!. This arrangement simplifies the computation of
boundary points keeping a second order accuracy with skewed
grids.

Structured H-Type Grids. Structured H-type grids with or-
thogonal lines at the wall boundaries are generated by integrating
a biharmonic system as described by Cravero@19#. The bihar-
monic system consists of two fourth-order differential equations
~one for each coordinate direction! that can be split into four
second-order Poisson equations. Increasing the order of the sys-
tem permits to impose as boundary conditions both the points
distribution and the line orthogonality along the boundaries.

Several point stretching functions are implemented in the code
to distribute the points along the blade profile in order to generate
an H-type orthogonal mesh in turbine sections with a strong cur-
vature or/and thick leading and trailing edges.

The numerical procedure has demonstrated very strong stability
properties and flexibility in generating boundary orthogonal H
grids when applied to several profiles typical of turbine sections.

The grids are periodic upstream and downstream the profile and
allow a straightforward implementation of the periodicity bound-
ary condition for turbomachinery flow analysis. Downstream the
trailing edge the mesh is inclined according to the outlet blade
metal angle; this simplifies the implementation of the algebraic
turbulence model and improves its accuracy in the wake region.

In order to asses the grid quality, the line orthogonality at the
boundaries is checked after the grid is generated and a maximum
difference of ten degree, with respect to the geometrical orthogo-
nal local direction, is accepted.

For Navier-Stokes analysis the grid lines are stretched to the
wall boundary in order to have a value ofy1 less then ten. The
distribution ofy1 at the wall is checked after the computation and
if values higher then the above-mentioned limit are detected a new
grid is generated.

In Fig. 2 a sample grid for the ECA6 turbine blade profile,@20#,
is shown. The grid consists of 121395 points in thex and
y-direction respectively.

Inlet and Outlet Boundary Conditions. Different sets of
quantities can be fixed at inlet or outlet according to the axial inlet
Mach number. For turbomachinery computations it is known that
the best set of values to fix is composed by total pressure, total
temperature, and flow angles at the inlet and static pressure at the
outlet. This is for subsonic inlet axial velocity, while for super-
sonic inlet axial Mach number an additional quantity is fixed at
the inlet and all the values are extrapolated at the outlet.

At the inlet, in case of axial Mach number less than unity, total
pressure, total temperature and flow angle are fixed and the static
density is extrapolated from the interior point. To update all the
conservative variables in the first axial section, the one-
dimensional Riemann invariants have been considered.

At the outlet the static pressure is fixed while density and the
Riemann invariants are extrapolated from the interior points using
a local one-dimensional approximation.

Wall Boundary Conditions. The cell-vertex finite volume
technique is directly applied at the wall boundary points using a
half-control volume for the point lying on the surface. When vis-
cous flows are computed the nonslip condition at the wall is
implemented and the adiabatic wall (]T/]n50) is enforced using
the neighboring points to the wall. In case of heat transfer analysis

Fig. 1 Control volume

Fig. 2 Boundary orthogonal grid–ECA6 cascade; 121 Ã95 grid
points
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the static temperature value is fixed at the wall. The code has the
option to solve an inviscid flow. In this case the slip condition for
velocity at the wall point is implemented as described in Ref.@18#.
In the applications presented in this paper only viscous adiabatic
wall boundary condition has been used.

Turbulence Model. The Baldwin-Lomax algebraic turbu-
lence model,@21#, is implemented to compute the turbulent vis-
cosity and some modifications to the standard model have been
introduced as additional options for the near-wall damping and the
turbulent Prandtl number evaluation. The dynamic turbulent vis-
cosity is computed with the two-layers model:

mT5r« «5« inner if n<n̄ or «5«outer if n.n̄,

n̄ being the normal distance to the wall where« inner5«outer.
The standard option for theinner layeris the Prandtl-van Driest

formulation with the following mixing-length model:

« inner5 l 2uvu, (5)

v being the vorticity and 1 the mixing length according to

l 5kn@12e2n1/A1
# k50.4~Von Karman! (6)

with n15nArWutWu/mW5nrut max/mL and ut max is the maxi-
mum value ofut5AmLuv/ru along the boundary layer profile.
The wall-damping functions of Table 1 can be selected.

P1 is the pressure gradient computed asP1

5nU3/r(Cf /2)1.5]p/]s while Ckm530.2 for P1<0.0 otherwise
Ckm520.6. The turbulent Prandtl number can be either fixed~0.9
in case of air! or computed following Boyle@11# for heat transfer
analysis:
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being PrT`50.86. The variable Prandtl number model allows a
slight improve in the heat transfer predictions for turbine blades,
as discussed by Boyle@11#, and it has been therefore included as
an option in the present code. Without heat transfer analysis the
constant Prandtl number option shows no differences with respect
to the model of Eq.~7!.

The outer layer is computed with the complete formulation
including the functionFwake for the wake region analysis:

«outer50.02688FwakeFKleb (8)

Fwake5minFnmaxFmax,C2~Umam2Umin!
2

nmax

Fmax
G , (9)

Umax and Umin being the maximum and the minimum values of
the velocity profile andnmax the value of n where the maximum
value of the following function is reached:

F5nuvu@12e2n1/A1
#. (10)

The function of Klebanov is

Fkleb5@115.5~0.3n/nmax!
6#21. (11)

In the near wall regionUmin is equal to zero while in the wake
region the turbulent viscosity is computed with the outer value.

The simple transition criterion of the original Baldwin-Lomax
model,@21#, has been retained, as in other codes,@8#, without any
intermittency function effect,@11#.

Applications
The computational technique has been applied to a set of tur-

bine cascades from different profile families. All the computations
presented have been performed with a four-stage Runge-Kutta
scheme with standard coefficients~1/4,1/3,1/2,1!, standard values
for the second and fourth-order artificial viscosity coefficients~1/4
and 1/64, respectively!. The adiabatic wall condition and constant
turbulent Prandtl number~0.9! have been fixed for the above com-
putations. The Kays-Moffat option~see Table 1! for the wall
damping function has been considered.

The convergence criterion for the iterative computation has
been based on the total pressure coefficient and a tolerance of 0.1
percent for its stabilization has been introduced~this requires
about 25,000 iterations starting from a uniform initial guess of the
flow field!.

The two-dimensional cascade obtained with the profile ECA6,
@20#, typical for a gas turbine rotor section, has been analyzed to
compare the results obtained with the Navier-Stokes solver to the
experimental data. A grid refinement study has been conducted
with the cascade design conditions (a1537.7 deg2M250.59).
The grids are formed by 121 lines in the axial direction~see Fig.
2! and 35/75/95 points in the tangential direction clustered to the
wall. Denoting byj the coordinate along the grid line normal to
the wall, the points are distributed on these lines according to the
function h5aj1jb ~with a50.02 andb57). In Fig. 3 the cal-
culated blade load is compared to the experimental data; the
agreement is rather good and the grid density has a major effect in
the trailing edge region, as can be expected with an H-type grid.

In Fig. 4 the boundary layer velocity profiles atx/C50.85 for
the three grids are compared to the experimental distribution; the
predicted velocity distribution withny535 is appreciably differ-
ent from those obtained withny575 andny595 that are in rea-
sonable agreement with the experiments. Nevertheless, even with
the finest grid (ny595), the model is not able to correctly capture

Fig. 3 Blade profile ECA6—pressure coefficient distributions
along the blade with different grid densities. Comparison with
experimental values TuÄ7.0 percent „uncertainty for Cp
ÄÁ0.005….

Table 1 Wall-damping functions

Option A1

A1526 standard

A15
25

CkmP111
Kays-Moffat, @22#

A15
26

A11.8P111
Cebeci-Smith,@23#
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the separation bubble that is experimentally detected on the suc-
tion side surface. The physics of the separation bubble is domi-
nated by the pressure distribution on the blade profile, that is not
extremely well predicted by the viscous flow solver at 0.8
,x/Cax,1.0 ~see Fig. 3!.

The computed outlet flow angle~63.2 deg! matches the experi-
mental value and it is not influenced by the grid density. The
calculated total pressure loss coefficients are 0.0270, 0.0259,
0.0251 with ny535, 75 and 95 points, respectively, while the
experimental value is 0.0223. The grid effect is not too strong and
even the worst value~0.0270! obtained with the coarsest grid is
closer to the experimental data then the value of 0.038 obtained
with semi-empirical correlations,@2#.

In Figs. 5–7 the computed boundary layer profiles withny
595 atx/C50.65, 0.75, 0.85 are, respectively, shown and com-
pared to the experimental distributions obtained with different val-
ues of the turbulence intensityTu ~0.8,5.0,7.1 percent!. The sepa-
ration bubble, and the associated boundary layer profile,

previously discussed~Fig. 4!, are strongly affected by the
freestream turbulence level, that is not considered by the algebraic
model. In fact, as discussed in Ref.@24#, transition occurs, for the
same blade profile, on the suction side surface in the region 0.75
,x/C,0.95, depending on the turbulence level. With the lowest
inlet turbulence level of 0.8 percent a laminar separation bubble is
detected atx/C50.85.

This flow condition is not easy to represent with a CFD analysis
even with more sophisticated turbulence models. In Ref.@25# the
computational results for the ECA6 cascade in a three-
dimensional configuration have been obtained withk-« andk-v
turbulence closures in a low-Reynolds formulation, but without
any transition modeling. Only fully turbulent flows have been
computed and massive flow separations on the suction side and
stability problems have been reported with purely laminar flows.
With a two-dimensional low-Reynoldsk-v formulation the sepa-
ration bubble has been detected with the lowest turbulence inten-
sity ~0.8 percent!, @26#, but the need for an external transition
model has been highlighted for higher turbulence levels. In fact,
the correct boundary layer profiles on the ECA6 suction side sur-
face can be correctly computed, with different turbulence inten-
sity, after the inclusion of the transition model~based on experi-
mental correlations! proposed by Mayle@27# into a standardk-v
formulation,@28#.

The algebraic turbulence closure implemented into the present
code does not take into account the effects of turbulence intensity

Fig. 4 Blade profile ECA6—boundary layer velocity profiles at
x ÕCÄ0.85 with different grid densities. TuÄ0.8 percent „uncer-
tainty for VÏ5 percent ….

Fig. 5 Blade profile ECA6—boundary layer velocity profiles at
x ÕCÄ0.65 „uncertainty for VÏ5 percent …

Fig. 6 Blade profile ECA6—boundary layer velocity profiles at
x ÕCÄ0.75 „uncertainty for VÏ5 percent …

Fig. 7 Blade profile ECA6—boundary layer velocity profiles at
x ÕCÄ0.85 „uncertainty for VÏ5 percent …
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and therefore the best agreement with the experimental results can
be expected with high turbulence levels outside the transition and
separation bubble regions.

In Fig. 8 the computed wake profile atx/Cax51.40 is com-
pared to the experimental data,@20#; the local total pressure loss
coefficient is plotted against the normalized tangential direction.
The wake model for the algebraic turbulence closure~Eq. ~9!! is
rather rough and it is difficult to implement in the trailing edge
region where both wall and wake effects are present,@16#. The
shape and the symmetry of the wake are well represented by the
viscous solver, but the width is overestimated. This can explain
the overestimation of the computed loss coefficient. In fact, in
case of subsonic flow, the mixing loss, that occurs downstream the
trailing edge, accounts for a high percentage~about 50 percent! of
the total profile loss,@29#. The accurate computation of the mixing
loss depends on the correct representation of the blade wake de-
velopment. Owing to the approximate modeling of the wake in the
algebraic turbulence closure and the difficulties of a correct imple-
mentation of the model for a turbomachinery cascade, the mixing
loss is not quantitatively well represented.

From the above analysis it is shown that the main cascade per-
formances~blade load, outlet flow angle! are not significantly in-
fluenced by the grid density, but when the attention is focused on
the profile loss the grid has some effect. Nevertheless the loss
value obtained with the coarsest grid is more accurate than stan-
dard correlations. A more detailed inspection into the flow field
~boundary layer profiles and wake shape! shows the weaknesses
of the turbulence model.

A set of turbine cascades has been calculated using the profiles
of Fig. 9 and the overall performances~outlet flow angle and loss
coefficient! have been compared to existing experimental data
and/or correlations,@2#. The experimental data and design flow
conditions have been obtained from Fottner@20# and Sieverding
@30#. In Table 2 the flow boundary conditions~inlet flow angle and
outlet Mach number! are reported for the set of cascades together
with the outlet flow angle obtained with the Navier-Stokes calcu-
lation, the experiments and correlations. The profile named VKI-A
in Table 2 is similar to the ECA8 blade~see Fig. 9! and the full set
of geometrical data and experimental results can be found in@31#.

The agreement between the Navier-Stokes code and the experi-
mental data is good and within 1 deg, while the correlation values
compared to experimental data show a lower accuracy~especially
for high subsonic–transonic flows when the outlet flow angle de-
viates from the cosine rule!.

The total pressure loss for a two-dimensional cascade can be
split into three different contributions correlated to the flow phys-
ics @29#: ~a! boundary layer loss,~b! shock loss, and~c! mixing
loss. The capability of a simulation tool~correlations or Navier-
Stokes analysis! to accurately predict the profile loss is directly
linked to its accuracy in modeling the above-mentioned loss
mechanisms. With a systematic analysis of turbomachinery cas-
cades in a wide range of operating conditions, the blade profile
parameters that have a direct impact on the loss mechanisms, and
therefore on the total profile loss, can be identified and discussed,
@32#. From the above analysis three quantities can be extracted to
form the basis for a loss model:~a! the evolution of the boundary
layer on the profile suction side~momentum thickness at the trail-
ing edge!, ~b! the trailing edge thickness, and~c! the base pres-
sure. The accuracy of a loss model therefore depends on its accu-
racy in representing and modeling the above quantities. The
ability and the limits of the Navier-Stokes code to analyze the
evolution of the blade boundary layers have been previously dis-
cussed.

In Table 3 the value of the base pressure obtained with the code
is compared to the experimental value@30# for different cascades.
The agreement is rather good and the discrepancies can be mainly
attributed to the difficulties in modeling the trailing edge region
with an H-type grid. Attempts have been made to improve the
accuracy of an H-type grid in the trailing edge region@33#, but the
proposed grid modification has not been taken into account be-
cause it makes the grid boundary orthogonality almost impossible
at the trailing edge. In order to build a successful structured
H-type grid for Navier-Stokes analysis in turbomachinery cas-
cades a compromise between grid orthogonality, trailing edge
geometrical representation and grid shape in the wake region has
to be considered. In the present work the grid orthogonality and
the grid alignment with the wake have been considered more im-

Fig. 8 Computed versus experimental wake profile at x ÕCax
Ä1.40. TuÄ5.0 percent „uncertainty for YÄÁ0.001…

Fig. 9 Different turbine blade sections

Table 2 Outlet gas angle—comparison between Navier-
Stokes, correlations and experiments „uncertainty for aÄÁ0.5
deg …

Profile a1 (deg) M2 a2NS (deg) a2 exp(deg) a2corr ~deg)

ECA6 37.7 0.59 63.2 63.2 60.4
ECA8 2.0 0.96 79.6 79.8 80.5

VKI-LS59 30.0 0.83 66.5 67.0 66.6
VKI-A 0.0 0.87 72.0 72.2 71.0

MIT-VKI-I 30.0 0.60 66.1 65.0 68.3
MIT-VKI-III 30.0 0.68 66.1 65.0 69.0
MIT-VKI-IV 30.0 0.60 66.0 65.0 68.0
Mc Donald

~a!
24.0 0.68 72.8 72.0 70.5

Mc Donald
~b!

24.0 1.06 71.7 72.0 70.4

VKI-EDF 66.0 0.75 67.77 ¯ 70.4

312 Õ Vol. 125, MARCH 2003 Transactions of the ASME

Downloaded 03 Jun 2010 to 171.66.16.152. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



portant in order to improve the accuracy of the wall boundary
condition and the implementation of the turbulence model in the
wake region.

The final comparison among Navier-Stokes, experiments and
correlation is presented in Table 4 for the total pressure loss co-
efficient. The viscous computations and the experimental values
agree reasonably well. But it is clear from Table 4 that the Navier-
Stokes computation and the correlations don’t show a common
trend.

The profile loss coefficient, as in the original Ainley-Mathieson
correlation,@12#, is computed by interpolating the profile loss of
two reference blade types: impulse blade and reaction blade. The
interpolation is based on the inlet blade metal angle, the outlet
flow angle, and the cascade pitch/chord ratio. Correction terms are
then introduced,@2#, to improve the accuracy of the original cor-
relation taking into account viscous and compressibility effects.
The cascade parameters used to compute this terms are: maximum
profile thickness/chord, trailing edge thickness/throat opening, and
inlet and outlet Mach numbers. As can be noticed, very few blade
profile and cascade parameters are involved to model the profile
loss that results from the viscous and compressible flow in a tur-
bine cascade. Actually the boundary layer growth~and stability!
and the shock loss are highly affected by local geometry and flow
conditions. The difference between the value of the profile loss
computed with correlations and Navier-Stokes method is higher at
higher Mach numbers~Tables 2–4!. In these conditions the effects
of compressibility are important and they are very roughly mod-
eled using correlations. A correction term, based on the profile exit
to inlet Mach number ratio, is introduced into correlation to re-
duce the profile loss. This should model the boundary layer thin-
ning and suppression of local flow separations close to sonic exit
velocities in an accelerating flow passage. Moreover a very simple
shock loss model, based on inlet and outlet Mach numbers, is
implemented into correlations,@2#, but it cannot represent the ac-
tual shock wave loss that is highly dependent on the local profile
geometry and cascade parameters~i.e., suction side blade curva-
ture and area increase in the supersonic part of the blade channel!.

Nevertheless it should be noted that correlations are calibrated
to give a reliable value for the overall loss coefficient composed

by profile, secondary, and tip/hub clearance loss values in a three-
dimensional cascade. Actually the model for the single loss coef-
ficient ~profile, secondary or tip/hub clearance! is not necessarily
optimized to give the best value. From the above Navier-Stokes
computations only the profile loss has been investigated.

Conclusions
The proposed numerical technique to solve the Navier-Stokes

equations in turbomachinery cascades has shown a good accuracy
in capturing the main performances of the blade section. Maxi-
mum error for the outlet flow angle of 1.1 deg~average of 0.6
deg! and for total pressure loss coefficient of 13 percent. After a
deeper analysis of the flow field some structural inaccuracies of
the simple algebraic turbulence model arise when comparing the
experimental and the computed boundary layer profile for differ-
ent positions on the blade suction side, especially in the separation
bubble zone. These inaccuracies can be mainly attributed to the
absence of the turbulence intensity effect, the rough estimation of
transition and the simplified wake model. Nevertheless the value
of the total pressure profile loss coefficient computed with the
code compares well to the experimental data~average error of
about 10 percent!; the comparison with the value predicted using
correlations shows some discrepancies. From the above, analysis
can be concluded that current CFD techniques for Navier-Stokes
equations, even with simple turbulence modeling, can safely sub-
stitute the correlations in the design process for a new blade pro-
file.

Nomenclature

C 5 blade chord
Cf 5 wall friction coefficient
Cp 5 pressure coefficient (pt12p)/(pt12p2)

c 5 sound speed
e 5 internal energy
ē 5 total internal energy

F, G 5 convective flux vectors
Fv , Gv 5 diffusive flux vectors

h 5 enthalpy
Mais 5 isentropic Mach number

n 5 normal distance to the wall
ny 5 points number iny-direction

p 5 static pressure
PrL , PrT 5 laminar, turbulent Prandtl numbers

P1 5 static pressure gradient
Q 5 conservative flow variables vector
R 5 gas constant

Re 5 Reynolds Nr~based on blade chord!
s 5 surface distance along the profile
S 5 cascade pitch
t 5 time

T 5 static temperature
Tu 5 turbulence intensity

u, v 5 Cartesian components of velocity
V 5 velocity (sqrt(u21v2))

x, y, 5 Cartesian coordinates
Y 5 loss coefficient (pt12pt2)/(pt12p2)

Greek

a 5 yaw flow angle
d 5 boundary layer thickness
g 5 specific heat ratio

mL , mT 5 laminar and turbulent viscosities
r 5 density

Subscript

ax 5 axial
e 5 external to the boundary layer
L 5 laminar
t 5 total quantity

Table 3 Base pressure p b at the trailing edge—comparison
between Navier-Stokes and experiments „uncertainty for p b
ÄÁ0.5 percent …

Profile (pb /pt1)NS (pb /pt1)exp

VKI-LS59 0.60 0.58
MIT-VKI-I 0.75 0.76

MIT-VKI-III 0.61 0.68
MIT-VKI-IV 0.75 0.76

Mc Donald ~a! 0.65 0.70
Mc Donald ~b! 0.30 0.39

VKI-EDF 0.54 0.61

Table 4 Profile loss coefficient—comparison between Navier-
Stokes, correlations and experiments „uncertainty for Y
ÄÁ0.001…

Profile YNS Yexp Ycorr Re

ECA6 0.025 0.022 0.038 53105

ECA8 0.070 0.065 0.079 13106

VKI-LS59 0.048 0.054 0.080 73105

VKI-A 0.024 0.022 0.030 13106

MIT-VKI-I 0.062 ¯ 0.069 53105

MIT-VKI-III 0.053 ¯ 0.050 53105

MIT-VKI-IV 0.056 ¯ 0.043 53105

Mc Donald ~a! 0.059 ¯ 0.036 33105

Mc Donald ~b! 0.063 ¯ 0.038 43105

VKI-EDF 0.066 ¯ 0.056 73105
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T 5 turbulent
w 5 value at the wall

1,2 5 inlet, outlet blade sections
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@1# Baljé, O. E., and Binsley, R. L., 1968, ‘‘Axial Turbine Performance Evalua-

tion. Part A—Loss-Geometry Relationships,’’ ASME J. Eng. Gas Turbines
Power,90, pp. 341–348.

@2# Kacker, S. C., and Okapuu, U., 1982, ‘‘A Mean Line Prediction Method for
Axial Flow Turbine Efficiency,’’ ASME J. Eng. Gas Turbines Power,104, pp.
111–119.

@3# Chen, S., 1987, ‘‘A Loss Model for the Transonic Flow Low-Pressure Steam
Turbine Blades,’’ IMechE Paper No. C269/87.

@4# Qiang, K. F., and Chen, N. X., 1982, ‘‘New Correlations of the Two-
Dimensional Turbine Cascade Aerodynamic Performance,’’ASME J. Eng. Gas
Turbines Power,104, pp. 458–466.

@5# Benvenuto, G., and Pittaluga, F., 1983, ‘‘Sul calcolo delle perdite di schiere di
pale transoniche,’’ 38th Congresso ATI, Bari, Italy.

@6# Dawes, W. N., 1983, ‘‘Computation of Viscous Compressible Flow in Blade
Cascades Using an Implicit Iterative Replacement Algorithm,’’ TPRD/M/1377/
N83.

@7# Chima, R. V., 1987, ‘‘Explicit Multigrid Algorithm for Quasi-Three-
Dimensional Flow in Turbomachinery,’’ AIAA J. Propul. Power,3~5!, pp.
397–405.

@8# Arnone, A., Liou, M. S., and Povinelli, L. A., 1992, ‘‘Navier-Stokes Solution
of Transonic Cascade Flows Using Non-Periodic C-Type Grids,’’ AIAA J.
Propul Power,8~2!, pp. 410–417.

@9# Islam, A. M. T., and Sjolander, S. A., 1999, ‘‘Deviation in Axial Turbines at
Subsonic Conditions,’’ ASME Paper No. 99-GT-026.

@10# Croce, G., and Satta, A., 1996, ‘‘Calcolo numerico delle prestazioni termoflu-
idodinamiche di schiere di pale di turbina,’’ Turbomacchine ’96, July 11–12,
Genova.

@11# Boyle, R. J., 1991, ‘‘Navier-Stokes Analysis of Turbine Blade Heat Transfer,’’
ASME J. Turbomach.,113, pp. 392–403.

@12# Ainley, D. G., and Mathieson, G. C. R., 1951, ‘‘A Method of Performance
Estimation for Axial-Flow Turbines,’’ Aeronautical Research Council of Great
Britain, Reports and Memoranda No. 2974.

@13# Sato, T., Aoki, S., and Nagayama, T., 1986, ‘‘Extensive Verification of the
Denton New Scheme From the User’s Point of View; Part I–II,’’ ASME J.
Turbomach.,108, pp. 162–179.

@14# Davis, R. L., Hobbs, D. E., and Weingold, H. D., 1988, ‘‘Prediction of Com-
pressor Cascade Performance Using a Navier-Stokes Technique,’’ ASME J.
Turbomach.,110, pp. 520–531.

@15# Xu, L., and Denton, J. D., 1988, ‘‘The Base Pressure and Loss of a Family of
Four Turbine Blades,’’ ASME J. Turbomach.,110, pp. 9–17.

@16# Chiari, P., Cravero, C., and Satta, A., 1998, ‘‘Un codice di calcolo per
l’integrazione delle equazioni di Navier-Stokes nelle schiere di pale bidimen-
sionali delle turbomacchine,’’ IMSE Internal Report 3/98, University of
Genova, Genova.

@17# Cravero, C., and Satta, A., 1995, ‘‘Three-Dimensional Numerical Solutions of
Turbomachinery Annular Cascade Flow,’’ ASME Cogen Turbo Power, Vienna,
Austria, Aug.

@18# Cravero, C., and Satta, A., 1995, ‘‘An Algorithm for the Numerical Computa-
tion of Convective Fluxes in a Finite Volume Method for Complex Configu-
rations,’’ Fluid Machinery Forum, ASME Summer Meeting, Hilton Head, Aug.

@19# Cravero, C., 1997, ‘‘Generazione di magliature ortogonali al contorno tramite
l’integrazione di equazioni biarmoniche,’’ 15th UIT National Heat Transfer
Conference, June 19–20, Torino.

@20# Fottner, L., 1990, ‘‘Test Cases for Computation of Internal Flows in Aero
Engine Components,’’ AGARD Propulsion and Energetics Panel, AGARD AR
275.

@21# Baldwin, B. S., and Lomax, H., 1978, ‘‘Thin Layer Approximation and Alge-
braic Model for Separated Turbulent Flows,’’ AIAA Paper No. 78-257.

@22# Kays, W. M., and Moffat, R. J., 1975, ‘‘The Behavior of Transpired Boundary
Layers,’’Studies in Convection, Vol. 1: Theory, Measurement, and Application,
B. E. Launder ed., Academic Press, London.

@23# Cebeci, T., and Smith, A. O. M., 1974,Analysis of Turbulent Boundary Layers,
Academic Press, New York.

@24# Hoheisel, H., Kiock, R., Lichtfuss, H. J., and Fottner, L., 1987, ‘‘Influence of
Free-Stream Turbulence and Blade Pressure Gradient on Boundary Layer and
Loss Behavior of Turbine Cascades,’’ ASME J. Turbomach.,109, pp. 210–
219.

@25# Hildebrandt, T., and Fottner, L., 1999, ‘‘A Numerical Study of the Influence of
Grid Refinement and Turbulence Modeling on the Flow Field Inside a Highly
Loaded Turbine Cascade,’’ ASME J. Turbomach.,121, pp. 709–716.

@26# Cravero, C., and Perelli, L., 2001, ‘‘Aerodynamic Performance Prediction of
Gas Turbine Cascades Using ak-v Turbulence Closure,’’ ECCOMAS Com-
putational Fluid Dynamics Conference 2001, Sept. 4–7, Swansea.

@27# Mayle, E., 1991, ‘‘The Role of Laminar-Turbulent Transition in Gas Turbine
Engines,’’ ASME J. Turbomach.,113, pp. 509–537.

@28# De Palma, P., 2001, ‘‘Accurate Numerical Simulation of Compressible Turbu-
lent Flows in Turbomachinery,’’ AIAA Paper No. 2001-2926.

@29# Mee, D. J., Baines, N. C., Oldfield, M. L. G., and Dickens, T. E., 1992, ‘‘An
Examination of the Contributions to Loss on a Transonic Turbine Blade in
Cascade,’’ ASME J. Turbomach.,114, pp. 155–162.

@30# Sieverding, C., 1976, ‘‘Transonic Flows in Axial Turbomachinery,’’ VKI-LS
84, Rhode Saint Genese, Belgium.

@31# Arts, T., and Lambert de Rouvroit, M., 1992, ‘‘Aero-Thermal Performance for
a Two-Dimensional Highly Loaded Transonic Turbine Nozzle Guide Vane: A
Test Case for Inviscid and Viscous Flow Computations,’’ ASME J. Turbom-
ach.,114, pp. 147–154.

@32# Denton, J. D., 1993, ‘‘Loss Mechanisms in Turbomachines,’’ ASME Paper No.
93-GT-435.

@33# Knight, C. J., and Choi, D., 1989, ‘‘Development of a Viscous Cascade Code
Based on Scalar Implicit Factorization,’’ AIAA J.,27~5!, pp. 581–594.

@34# Stock, H. W., and Haase, W., 1989, ‘‘Determination of Length Scales in Alge-
braic Turbulence Models for Navier-Stokes Methods,’’ AIAA J.,27~1!, pp.
5–14.

@35# Boyle, R. J., and Ameri, A. A., 1997, ‘‘Grid Orthogonality Effects on Predicted
Turbine Midspan Heat Transfer and Performance,’’ ASME J. Turbomach.,119,
pp. 31–38.

314 Õ Vol. 125, MARCH 2003 Transactions of the ASME

Downloaded 03 Jun 2010 to 171.66.16.152. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



J. Hernández
Professor,

Departamento de Mecánica
ETSII, UNED,

E-28040 Madrid, Spain
e-mail: jhernandez@ind.uned.es

J. López
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Analysis of the Flow in a
High-Pressure Die Casting
Injection Chamber
The flow in the injection chamber of pressure die casting machines is analyzed using a
model based on the shallow-water approximation which takes into account the effects of
wave reflection against the end wall of the chamber. The governing equations are solved
numerically using the method of characteristics and a finite difference grid based on the
inverse marching method. The results of the model for wave profiles, volume of air re-
maining in the injection chamber at the instant at which the molten metal reaches the gate
to the die cavity, and optimum values of the parameters characterizing the law of plunger
motion, are compared with the numerical results obtained from a finite element code,
which solves the two-dimensional momentum and mass conservation equations, taking
into account nonhydrostatic and viscous effects. We found that, although the shallow-
water model does not provide a very accurate estimation of the mass of entrapped air
in the injection chamber for certain ranges of working conditions, it does describe
reasonably well the influence of the acceleration parameters and the initial filling fraction
on the entrapped air mass, and can be of help in selecting operating conditions that
reduce air entrapment while keeping the injection chamber filling time as low as
possible.@DOI: 10.1115/1.1538627#

1 Introduction
In the pressure die casting processes considered in this work the

molten metal is injected into a die cavity from a horizontal injec-
tion chamber, in which the metal is pushed by a plunger~Fig. 1!.
The chamber is partially filled with the volume of molten metal
that corresponds to the size of the die cavity, and the plunger then
moves the length of the chamber, causing the formation of a sur-
face wave. This process, which is the most commonly used pro-
cess for manufacturing near-net shape cast aluminum components,
provides closer dimensional tolerances and better surface finish
than most alternative casting processes and allows very high pro-
duction rates. On the other hand, one of the most important prob-
lems encountered in die casting manufactured parts is porosity,
which adversely affects their mechanical properties, and makes it
difficult to apply, or even prevents, heat treatment or welding. The
control of casting porosity requires extensive study of different
aspects of the process,@1#, among them appropriate injection con-
ditions that can contribute to minimizing air entrapment. To re-
duce the porosity of the manufactured parts caused by the initial
air in the die cavity and injection chamber being trapped in the
molten metal, the injection process usually consists of slow and
fast shot stages. The study described in this paper focuses on the
slow injection stage, during which the plunger usually first forces
the molten metal to rise and fill the upper section of the injection
chamber, and then moves at a constant critical speed until the
injection chamber is completely filled,@2#. This operational pro-
cedure in the slow stage attempts to avoid air entrapment effects
due to the roll over of the wave front caused by the reflection of
the wave against the injection chamber ceiling~which might occur
if plunger speed is too high! and to prevent premature wave re-
flection against the end wall of the chamber~which may also
occur if the plunger remains below the critical speed and might
produce air entrapment in front of the plunger or along the cham-

ber ceiling!. To reach the critical speed, the plunger must be ini-
tially accelerated, and the evolution of the wave profile will obvi-
ously depend on the plunger acceleration law,@3,4#. To reduce the
amount of entrapped air, the wave must be prevented from break-
ing inside the chamber and possible air entrapment effects due to
the wave reflecting off the end wall and ceiling of the chamber
should be minimized. It is very difficult to estimate accurately the
contribution of the amount of air entrapped in the injection cham-
ber at the time the molten metal reaches the gate to the die cavity,
to the porosity level of manufactured pieces. This porosity level
will depend on~among other factors! not only the amount of air
that is entrained into the liquid within the injection chamber,
where it forms small air bubbles~as a consequence, for example,
of wave breaking, if the operating conditions are far from the
optimal!, but also on the air entrained during the injection of the
metal into the die cavity. However, it is highly probable that the
larger the amount of air in the chamber at the instant the molten
metal reaches the gate to the die cavity and begins to flow through
the runner, the larger the amount of air that will be entrained when
the molten metal enters the die cavity. Lindberg et al.@5# dis-
cussed the importance of reducing this amount of entrapped air,
and showed experimentally that large amounts of entrapped air
may even cause interruptions in the flow of metal in the runner
due to solidification effects.

Until recently, little attention had been paid to investigating the
flow of molten metal in the injection chamber, and the published
experimental data in this area,@2,6#, are still limited. Among the
theoretical works that have helped to provide a better physical
understanding of the overall behavior of the molten metal in the
chamber are those of Thome and Brevick@7,8#, Tszeng and Chu
@3#, and López et al.@4#, although none of them has considered
effects of wave reflection against the end wall of the chamber. The
numerical simulations of the slow injection stage that have been
carried out are scarce, although it is interesting to mention the
studies of Backer and Sant@9#, Kuo and Hwang@10#, Khayat@11#,
and López et al.@12#. The difficulties and limitations involved in
the numerical simulation of the flow in the injection chamber arise
from the complex behavior that the molten metal may exhibit in
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some operating conditions. Phenomena, such as those involved in
wave breaking processes, the interaction of the molten metal with
the chamber ceiling and wave reflection against the chamber
walls, may require grid sizes that allow solution of the small-scale
viscous and capillary effects, and this would require very high
computational resources, even in the case of two-dimensional
flows. However, it should be easier to describe the evolution of
the free surface in operating conditions close to the optimal. For
such conditions, simpler models, such as that based on the
shallow-water approximation described by Lo´pez et al.@4#, could
be very useful.

The main objective of this work was to carry out an analysis of
the flow in the injection chamber using a model based on the
shallow-water approximation which takes into account effects of
wave reflection against the end wall of the chamber. In previous
works,@4,13,14#, a model based on the shallow-water approxima-
tion that neglected wave reflection effects was applied to cases for
a wide range of the relevant parameters. In this work, this model
will be extended to include wave reflection effects. Some prelimi-
nary results were presented in@12#. The proposed model will be
applied to situations where the effects of the molten metal wave
reflecting off the injection chamber end wall may be relevant.
Results for the wave profile, the amount of air trapped in the
molten metal and optimum values of the parameters characteriz-
ing the piston’s movement will be presented. These results will be
compared with those obtained numerically using a CFD code,
which solves the two-dimensional momentum and mass conserva-
tion equations and takes into account nonhydrostatic and viscous
effects. We will assume that the flow phenomena occurring in the
injection chamber are sufficiently fast~the duration of the slow
stage is typically of the order of 1 s! to make heat transfer and
phase change effects negligible. Only operating conditions rela-
tively close to the optimal, in which wave breaking would only
occur in very early stages, will be considered. For these condi-
tions, surface tension effects are expected to have very little influ-
ence on the free-surface dynamics, and have therefore been ne-
glected. A detailed numerical simulation of wave breaking
processes in the injection chamber was carried out by Go´mez
et al.@15#, in whose work only plunging breakers~and no spilling
breakers! were found to appear for typical operating conditions in
the injection chamber.

2 Model Based on the Shallow-Water Approximation
In this section a simplified model of the flow in the injection

chamber based on the shallow-water approximation will be briefly
described. Further details of an analytical study based on this
model of cases in which wave reflection effects were neglected
can be found in@4,13#. In this work, the governing equations are
solved numerically to take into account wave reflection effects.

2.1 Governing Equations. We shall assume that viscous ef-
fects are negligible and that the typical value of the free-surface
height,h(x,t), is much smaller than the typical horizontal length
scale of the wave, so that shallow-water approximation can be
used. With this approximation, which will be justified below, the
vertical component of acceleration can be neglected when com-
pared with gravitational acceleration,g. Introducing the shallow-
water approximation into the two-dimensional Euler equations, it

can be deduced that the pressure distribution in the molten metal
can be considered as hydrostatic and the horizontal velocity com-
ponent,u, becomes independent of the vertical coordinatey at any
time, so thatu5u(x,t) ~see Fig. 2!. The governing equations can
then be written as,@16#,

F ]

]t
1~u1c!

]

]xG~u12c!50, (1)

F ]

]t
1~u2c!

]

]xG~u22c!50, (2)

where c(x,t)5(gh)1/2 is the speed of a small-amplitude wave,
relative to the fluid, for a depthh. Using the method of character-
istics, these equations reduce to the statement that

u62c5constant (3)

along characteristic curves defined by

dx

dt
5u6c. (4)

When wave reflection effects are not considered, the velocity and
all other magnitudes can be obtained analytically~see López et al.
@4#! as an implicit function ofx and t:

x5X~ t1!1F3

2
X8~ t1!1c0G~ t2t1!, (5)

u5X8~ t1!, (6)

where X(t) is the location of the plunger face andX8(t) the
plunger speed. Boundary conditions will be applied at the plunger
surface, where the velocity of molten metal is taken to be equal to
the plunger speedX8(t), and at the end wall of the chamber,
whereu50. Two different plunger speed laws are considered in
this work: a time-exponential law,

X8~ t !5ab~eat21!, t<tH , (7)

wherea andb are positive constants, and where

tH5
1

a
lnF2~AgH2Agh0!

ab
11G (8)

is the time which the molten metal takes to reach the chamber
ceiling at the plunger face,@4#, and a law given by

X8~ t !52~gh0!1/2F S 12
~gh0!1/2t

l D 21/3

21G , t<tH , (9)

wherel is a positive constant, and where

tH5
l

~gh0!1/2 @12~h0 /H !3/2#. (10)

Notice that, for sufficiently large values oft, Eq. ~7! gives a
plunger speed that is proportional to the distance traveled by the
plunger. A motion law of this kind can be considered as represen-
tative of die casting machines where the plunger speed is pro-
grammed as a function of plunger position,@14#. On the other
hand, whenl is equal to the injection chamber length,L, the

Fig. 1 Schematic representation of the injection chamber of a
die casting machine

Fig. 2 Schematic representation of the problem and coordi-
nate system
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shallow-water model predicts that the plunger speed law of Eq.
~9! will produce a vertical wave profile at the end wall of the
chamber att5L/c0 , so that all the initial air volume will be
forced out without being entrapped,@4,14#. In both types of laws,
for t.tH ,

X8~ t !52@~gH!1/22~gh0!1/2#. (11)

Figure 3 shows the characteristic curves and the different flow
regions in thex– t plane. In the simple-wave region OBCE, since
all the negative characteristics come from a region where the mol-
ten metal is at rest, it can be deduced from Eq.~3! that bothu and
c are constant along each positive characteristic. When the simple
compression wave~comprising the positive characteristics emerg-
ing from the plunger between points O and E! impinges on the
end wall of the chamber~at t5L/c0), a simple compression wave
is reflected from the wall, and a nonsimple wave interaction re-
gion ~BFC! is formed. In this region, neither the slopes of the
positive or negative characteristics are constant, and Eqs.~3! and
~4! are solved numerically in order to obtain the wave profile as a
function of time. The solution of Eqs.~3! and ~4! may develop a
singularity after a given time, for which the derivatives become
unbounded and the solution ceases to exist. This singularity rep-
resents the beginning of wave breaking. A systematic study of the
place and time of singularity formation in waves of molten metal
within the injection chamber when wave reflection effects are not
present can be found in the analytical study of Lo´pez et al.@4#.

2.2 Numerical Procedure. Equations~3! and~4! are solved
using a deformable finite difference grid in thex– t plane and an
algorithm based on the inverse marching method, in which the
locations of solution points are specified a priori. The character-
istic curves through each solution point are extended rearwards to
intersect the line of constant time on which the points from pre-
vious calculations are located. The characteristic curves between
the solution point and the intersection points~initial-data points!
are approximated by straight lines. The finite difference equations
resulting from the discretization of Eqs.~3! and~4! are solved by
using the modified Euler predictor-corrector method. In the pre-

dictor step, the coefficients in the finite difference equations are
calculated at the initial-data points, where the flow properties are
determined from a natural cubic spline interpolation based on pre-
vious solution points. In the corrector step, the coefficients are
calculated from the average values of the dependent variables
along each characteristic curve. The number of spatial grid nodes
is kept constant with time. At each time step, a uniform grid step
size Dx is calculated, and a ratioDx/Dt is chosen to satisfy the
CFL stability condition.

The Richardson extrapolation method was applied to check the
accuracy of the numerical model. As an example, Fig. 4 shows the
approximate relative grid refinement error defined by

E5u~cext2cDx!/cextu. (12)

(cDx and cext are, respectively, the approximate and the extrapo-
lated numerical solutions,@17#, for the wave speed!, as a function
of the dimensionless grid spacing att50, Dx/L, for the time-
exponential plunger speed law withj52c0 /(3ab)53 ~wherec0
is the wave speed corresponding toh0) and L/b59.46, and an
initial filling fraction f 50.25. Notice that the parameterj is the
inverse of a Froude number. The curves in Fig. 4 correspond to an
instanttc0 /L51.08 ~i.e., after wave reflection has begun! and to
three different locations: the plunger surface, the end-wall of the
injection chamber, and the intermediate section between both. The
order of convergence rate of the method calculated at these loca-
tions was found to be 1.97, 2.24, and 2.01, respectively. The finest
grid used in the convergence test corresponded toDx/L51023.
Notice in Fig. 4 that the relative error is higher at the end wall of
the chamber, where the reflection occurs. All the results in Fig. 4
were obtained using a value of 4.76 forDx/(c0Dt) at the begin-
ning of plunger motion. Using 500 nodes along thex-coordinate
ensured that the solution was independent of the grid in most
cases presented in this paper. A more detailed discussion about the
numerical accuracy and validation of a similar numerical scheme,
which was applied to the evacuation of air through vents in pres-
sure die casting processes using a fixed grid, can be found in@18#.

3 CFD Model
The Navier-Stokes equations were solved numerically using the

finite element Wrafts code,@19#. A two-dimensional model, which
requires much less computational resources than a three-
dimensional model and where the governing equations can be
written as

]u

]x
1

]v
]y

50, (13)

]u

]t
1u

]u

]x
1v

]u

]y
52

1

r

]p

]x
1nS ]2u

]x2 1
]2u

]y2D , (14)
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Fig. 3 Characteristic curves and flow regions in the x -t –plane

Fig. 4 Relative grid refinement error of Eq. „12… as a function
of dimensionless grid size Dx ÕL , in different chamber sections
and at tc 0 ÕLÄ1.08 „fÄ0.25, jÄ3 and L ÕbÄ9.46…
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was used. It is expected that the wave profiles in the symmetry
plane of an injection chamber of circular cross-section will be
similar to those in an equivalent two-dimensional configuration. A
discussion on the shape of the free-surface profile outside the
symmetry plane in real injection chambers can be found in@3#.
The momentum equations were solved using an explicit time in-
tegration for the velocities, and the pressure was calculated from a
Poisson equation at each time step, using a projection method,
@20#. A volume of fluid~VOF! method,@21#, was used to describe
the evolution of the free surface, and the mesh was moved and
deformed using a technique similar to the arbitrary Lagrangian-
Eulerian method,@22#. As already mentioned in the Introduction,
surface tension effects were neglected. The problem was treated
using a one-element-thick computational mesh with eight-noded
hexahedral elements, with symmetry conditions applied to the lat-
eral surfaces~Fig. 5!. A no-slip condition was imposed at the
chamber walls and the pressure was fixed at the gate to the die
cavity. The dynamic viscosity and density of pure aluminum at its
freezing point (1.331023 Pa s and 2385 kg m23, respectively!,
and a chamber height of 5.08 cm were used in all computations.
At the plunger surface, a horizontal velocity given by Eqs.~7! or
~9! for t<tH , and by Eq.~11! for t.tH was imposed.

Different grids were used to check the grid-dependency of the
solution, @13,14#. As an example, Fig. 6 shows, for an injection
chamber withL/H59 andH55.08 cm, three wave surface pro-
files computed with Wrafts code for a case involving the plunger
speed law of Eq.~9!, with L/ l 50.8, and f 50.254. The results
were obtained using three different grids with 250364, 350
390, and 5003130 elements. The difficulty in obtaining grid-
independent results increased for times after the beginning of
wave breaking. At earlier times, for which most of the results
presented in this paper were obtained, grid independency was gen-
erally achieved for a number of grid elements within a range of
around 350390 and 5003130, which were used to obtain most of

the results reported in this paper. At later times, the grid sizes
required to ensure grid independence were considerably greater.
Nevertheless, attention in this work was focused on conditions
close to the optimal, for which air entrapment would be mini-
mized and wave breaking effects were not expected to appear.
Typical time steps in the cases simulated in this work varied from
1 ms at the beginning of plunger movement to less than 0.01 ms
during wave breaking.

Hernández et al.@13# compared some of the results of the CFD
model with the experimental results of Duran et al.@2#, finding a
good qualitative agreement. Although the quantitative agreement
was also acceptable in cases where the experimental uncertainty
seemed to be least, the small number of experimental data avail-
able and the uncertainty of most of them made it difficult to obtain
a more conclusive experimental validation.

In order to assess the performance of the CFD model, extensive
calculations were carried out for different test problems. As an
example, the results of the CFD model for the water front location
as a function of time during the collapse of a water column, ob-
tained for two different grid spacings, are compared in Fig. 7 with
different numerical and experimental results. The present results
agree well with the data of Martin and Moyce@23#, the differences
being of a similar magnitude to those reported elsewhere,@21,24#.
Figure 8 shows results for the free-surface profiles at different
times during the collapse of a water column of a width/height
ratio (W/H) of 10. The Wrafts results are in good agreement with
those obtained numerically by Hsu et al.@24#, and also with the
analytical results predicted by the model based on the shallow-
water approximation, which, in this case, because of the large
W/H ratio, is justified. In these simulations, as well as in those
presented below, the CFD model faithfully conserved mass, with
mass errors lower than 0.5% in all cases. The excellent agreement
between the CFD results and some of those predicted by the
shallow-water model presented in the next section for conditions
for which the shallow-water approximation holds very accurately,
constitutes an additional test of the code for such conditions.

4 Discussion of Results

4.1 Validity of the Shallow-Water Approximation. Before
presenting and discussing the results obtained in this work, we
will briefly examine the validity of the shallow-water approxima-

Fig. 5 Schematic representation of the computation grid in the
injection chamber

Fig. 6 Dependence of computed wave surface profiles on grid
size. Plunger speed law of Eq. „9…, with L Õ lÄ0.8, and fÄ0.254.

Fig. 7 Dimensionless water front location as a function of di-
mensionless time during the collapse of a water column. Com-
parison between Wrafts results and other numerical and ex-
perimental results.
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tion for typical operating conditions and geometries of the injec-
tion chamber. If plunger acceleration ceases attH , the character-
istic horizontal length scale of the wave can be estimated as
tHc02X(tH). Then, the shallow-water approximation will be jus-
tified if «5h0 /(tHc02X(tH))!1, a condition that, for the
plunger motion law of Eq.~9!, for example, is satisfied provided
that«5H/3l @12(h0 /H)0.5#!1. As an example, for the cases cor-
responding to the results of Figs. 9~a! and 9~b!, which correspond
to the plunger speed law of Eq.~9!, and wheref 50.254 and 0.5,
respectively,l /H59 and the injection chamber has a lengthL
51.56l ~for which there are no wave reflection effects against the
end wall of the chamber!, «50.075 and 0.126, respectively, and
so the shallow-water approximation is reasonable. This is con-
firmed by the overall good agreement between numerical and ana-
lytical results, despite some slight discrepancies~particularly for
large values off !, which are more noticeable around the foremost
tip of the wave profile and~especially! near wave breaking. On
the other hand, the discrepancies are more important in the cases
of Figs. 9~c! and 9~d! ~notice the smaller enlargement factor indi-
cated in the caption!, which correspond to the plunger speed law
of Eq. ~9!, and wheref 50.254 andf 50.5, respectively,l /H53
and the injection chamber has a lengthL51.56l , for which «
50.225 and 0.379, respectively, and so the shallow-water ap-
proximation is less justified. Whatever the case, although the pre-
dictions of the shallow-water model are still fairly accurate, the
chamber aspect ratio of this case is not typical of real die casting
machines, and, for all the cases for which results are presented in
this section, the shallow-water approximation may be considered
appropriate~except obviously for conditions near wave breaking!.

4.2 Wave Surface Profiles

Plunger Motion With a Time-Exponential Speed Law.Figures
10~a! and 10~b! show a comparison between results for the wave-
surface profiles obtained with the model based on the shallow-
water approximation and those predicted with the Wrafts code.
They correspond to the time-exponential plunger speed law of Eq.
~7!, a chamber aspect ratioL/H59 ~typical of real machines,
@2,3#!, for which the shallow-water approximation is expected to
be acceptable, and initial filling fractions of 0.25 and 0.4, respec-
tively. All the combinations of the dimensionless parametersj and
L/b in the depicted profiles satisfy the condition that, in accor-
dance with the shallow-water model, the wave reflected from the
end wall of the chamber begins to break~i.e., the wave profile first
has a vertical tangent! just at the instant at which the molten metal
reaches the gate to the die cavity~this instant corresponds to the

value of t/t f of the last profile obtained, wheret f is the time that
the molten metal would take to fill the injection chamber if it were
not possible for the metal to flow out of the chamber!. It was
expected that, for a given value ofj, a local minimum volume
~area! of entrapped air in the injection chamber would be obtained

Fig. 8 Free-surface profiles at different instants during the
collapse of a water column with a width Õheight ratio of 10 „the
vertical scale has been enlarged by a factor of 15 …

Fig. 9 Comparison between analytical and computed wave-
surface profiles for the plunger speed law of Eq. „9…. „a… l ÕH
Ä9, fÄ0.254, „b… l ÕHÄ9, fÄ0.5, „c… l ÕHÄ3, fÄ0.254, „d… l ÕHÄ3,
fÄ0.5. The vertical scale has been enlarged by a factor of 6.5 in
„a… and „b…, and 2.2 in „c… and „d…. The time has been made
dimensionless with the time required to fill a chamber with
L Õ lÄ1.
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for this condition. From the results of Fig. 10, it can be observed
that in all cases sufficiently far from the end wall of the chamber,
there is very good agreement between both types of results, al-
though the CFD model predicts slightly later wave breaking and
smoother wave profiles. In the vicinity of the end wall, wave
reflection accentuates the differences between the results of the
two models, particularly as regards the instant at which the molten
metal reaches the gate to the die cavity for large values ofj,
which is delayed in the CFD results. For conditions relatively far
from the optimal, regions of high curvature in the free surface can
be observed in the figures, and so a more detailed analysis of the
flow would have to take into account surface tension effects.
However, it is expected that the optimum operating conditions
that would be obtained from this analysis, for which no small-
scale motions are expected to appear, will not be significantly
different from those obtained in this work.

Plunger Motion With the Speed Law of Eq. (9).Figures 11~a!
and 11~b! show a comparison between the wave surface profiles
obtained with the shallow-water and CFD models for the plunger
speed law of Eq.~9!. The results correspond to initial filling frac-
tions f 50.254 and 0.4, a chamber aspect ratioL/H59, and dif-
ferent values ofL/ l , including L/ l 51, for which the volume of
entrapped air would be minimum~zero!, in accordance with the
shallow-water model. In each case, the last profile depicted corre-
sponds to the instant at which the CFD model predicts that the
molten metal reaches the gate to the die cavity, except for the case
where f 50.4 andL/ l 50.9, for which the shallow-water model
predicts that the molten metal reaches the gate to the die cavity at
an earlier instant, and so the last profile represented corresponds
to this instant. Also notice that, for the case whereL/ l 51.05, the
last profile obtained from the shallow-water model represented in
Fig. 11~a! is vertical, and only a profile obtained with the CFD
model is represented for later instants.

There is good agreement between both types of results in Fig.
11, and, in the vicinity of the end wall of the chamber, even better
than in the cases of the time-exponential motion law considered in

the previous section. At the instantt/t f50.95, for an initial filling
fraction f 50.254, the mean slopes of the free surface overx
<c0t predicted by the CFD model are 0.92% and 7.87% lower
than those predicted by the shallow-water model forL/ l 50.9 and
L/ l 51.05, respectively. Forf 50.4, these differences are 3.91%
and 7.36% forL/ l 50.9 andL/ l 51, respectively. For instants be-
fore those represented in Fig. 11, the agreement is excellent, par-
ticularly for low initial filling fractions, as can be observed from
Figs. 9~a! and 9~b!.

4.3 Volume „Area… of Entrapped Air in the Injection
Chamber. In this section we present results for the dimension-
less area occupied by the air in the injection chamber when the
molten metal reaches the gate to the die cavity,A/(HL). As men-
tioned in the Introduction, a considerable fraction of the porosity
of the manufactured part is expected to be caused by this en-
trapped air. The variation ofA/(HL) with the parameters defining
the plunger motion law can be explained, as discussed below, by
considering the different phenomena that may give rise to air en-
trapment: wave breaking, wave interaction with the injection
chamber ceiling, and wave reflection against the end wall of the
injection chamber. The figures presented in what follows, which
depict the variation ofA/(HL) with the mentioned parameters,
allow a sensitivity analysis to be made for the parameters in the
neighborhood of the optimum operating conditions.

Plunger Motion With a Time-Exponential Speed Law.Figures
12 and 13, which correspond to initial filling fractions of 0.25 and
0.4, respectively, show results forA/(HL) as a function ofL/b,
for different values ofj, which were obtained with both the
shallow-water and CFD models. In the upper part of these figures,
the dimensionless filling time of the injection chamber,t fc0 /L,
has also been represented. We will first discuss the results of the
shallow-water model.

It can be observed from Figs. 12 and 13 that, except whenf
50.25 andj52, for a givenj there is a local maximum of en-
trapped air for a value ofL/b that increases withj. This maxi-

Fig. 10 Comparison between results for the wave profiles obtained with the shallow-water model and from the CFD model, for
the time-exponential plunger speed law with different values of j, and the conditions described in the text. „a… fÄ0.25, „b… f
Ä0.4.
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mum decreases asj increases. In each curve, for a given value of
j, the black circle denotes the value (L/b)opt that makes the wave
reflected from the end wall of the chamber begin to break just at
the instant at which the molten metal reaches the gate to the die
cavity, the same condition which is satisfied by the wave profiles
represented in Figs. 10~a! and 10~b!. Notice that this point lies to
the right of the maximum. For a given value ofj, when L/b
increases above (L/b)opt , the wave would break earlier and the
molten metal would reach the gate to the die cavity earlier, so that
an increase in entrapped air is to be expected. Therefore, a local
minimum of entrapped air would exist around (L/b)opt . Further-
more, the filling time is also minimum at (L/b)opt within the
rangeL/b<(L/b)opt , so that, for a given value ofj, (L/b)opt will
be the correct choice when a low filling time is an essential re-
quirement. On the other hand, it is worth noting that, for a given
j, a smaller amount of entrapped air could be obtained by select-
ing a sufficiently low value ofL/b to the left of the maximum,
although at the cost of considerably higher filling times~see the
upper part of Figs. 12 and 13!.

In Figs. 12 and 13 we have also indicated~by a vertical dashed
short line! the value equivalent to (L/b)opt predicted analytically
by the shallow-water model when wave-reflection effects are ne-
glected,@4,13#. With this simplification, the ‘‘optimum’’ value of
L/b for a given value ofj was assumed to be that which satisfied
the condition that the wave profile becomes vertical exactly at the
end wall of the chamber. It can be observed in Figs. 12 and 13 that
the values ofL/b thus determined for differentj values are very
close to those obtained in this work~denoted by black circles!.
However, the interest of the present work in this regard is justified
by the need to analyze in detail variations in the volume~area! of
entrapped air using acceleration parameters around the ‘‘optimal,’’
and this can only be done by retaining wave reflection effects.

Taking into account the simplifications involved in the shallow-
water model, we can consider that the results of this model are in
reasonable agreement with those of the CFD model represented in
Figs. 12 and 13. However, the CFD model in general predicts
substantially smaller amounts of entrapped air~particularly for
high values ofj!. It can also be observed that, in the CFD results,

Fig. 11 Wave profiles for the plunger speed law of Eq. „9… and different values of L Õ l . „a… fÄ0.254, and „b… fÄ0.4.
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the local maximum ofA/(HL) in general moves slightly towards
lower values ofL/b. On the other hand, for a givenj, these
results show a local minimum ofA/(HL) for a value ofL/b
relatively close to the value (L/b)opt predicted by the shallow-
water model. This value ofL/b is higher than (L/b)opt for suffi-
ciently small values off andj, so that the amount of entrapped air
calculated from the CFD model will be minimum for plunger
accelerations greater than those predicted by the shallow-water
model. However, note that whenf 50.4 andj52 or 3 ~as repre-
sented in Fig. 13!, the local minimum ofA/(HL) in the CFD
results is reached for a value ofL/b slightly lower than (L/b)opt .
This is due to the formation of wall jets along the chamber ceiling
that bring forward the breaking of the wave and the closure of the
gate to the die cavity~see case forj53 in Fig. 10~b!!.

A relevant finding of this work is that there are some combina-
tions of parameters which, in accordance with the CFD results,
allow the volume of entrapped air to be reduced to levels well
below those predicted by the shallow-water model. The discrep-
ancies between both types of results for the minimum values of
the entrapped air volume, as shown in Figs. 12 and 13, are due, on
one hand, to the fact that the shallow-water model predicts wave
breaking ~and therefore is not applicable! for values of L/b
.(L/b)opt , and, on the other, to the already mentioned delay,
predicted by the CFD code, in the molten metal reaching the gate
to the die cavity for large values ofj, which can be observed in
the wave profiles of Fig. 10.

In spite of the above discrepancies, the relatively good agree-
ment between the predictions of both models regarding the com-
binations of parameters which minimize the volume of entrapped
air while keeping the filling time sufficiently low, suggests that the
shallow-water model may be a useful tool in the selection of op-
timum operating conditions.

Plunger Motion With the Law of Eq. (9).Figure 14 shows
results of the shallow-water and CFD models for the dimension-
less areaA/(HL) as a function ofL/ l , for six values of the initial
filling fraction, f 50.15, 0.2, 0.254, 0.3, 0.35, and 0.4, when the
plunger moves with the law of Eq.~9!. As in the previous section,
we will firstly discuss the results of the model based on the
shallow-water approximation.

The shallow-water results of Fig. 14 clearly show that the mini-
mum volume~zero! of entrapped air is obtained forL/ l 51, which
is to be expected, and that this volume increases almost linearly
with decreasing values ofL/ l , with a slope that decreases withf.
This increase is due to the reflection of the wave against the end
wall of the chamber, which results in an elevation of the free
surface at this wall and brings forward the closure of the gate to
the die cavity by the molten metal~see Fig. 11!. For L/ l .1, the
wave profile becomes vertical at a certain distance before the end
wall, so that the volume of entrapped air can be expected to in-
crease withL/ l due to wave breaking effects~although, obviously,
the shallow-water model is no longer applicable!. Also, notice that
an L/ l of 1 would not only produce, according to the shallow-
water model, the minimum entrapped air volume, but also the
minimum filling time in the rangeL/ l<1 ~note that the filling
time decreases monotonically withL/ l ).

Figure 14 also shows the results of the CFD model forA/(HL),
which follow some of the general trends exhibited by the shallow-
water results, although the CFD model in general predicts higher
volumes of entrapped air. Of particular interest is the relatively
close agreement in the prediction of the optimum value ofL/ l ,
especially for intermediate values off. The quantitative agreement
between both types of result is better forL/ l values around this
optimum whenf is large, and forL/ l ,0.9 in the cases withf

Fig. 12 Dimensionless area occupied by the air when the mol-
ten metal reaches the gate to the die cavity and dimensionless
filling time as a function of L Õb, for the plunger speed law of
Eq. „7…, L ÕHÄ9, fÄ0.25 and different values of j. The vertical
dashed lines indicate the optimum conditions predicted by the
shallow-water model when wave reflection effects are not taken
into account, †4‡.

Fig. 13 Dimensionless area occupied by the air when the mol-
ten metal reaches the gate to the die cavity and dimensionless
filling time as a function of L Õb, for the plunger speed law of
Eq. „7…, L ÕHÄ9, fÄ0.4 and different values of j. The vertical
dashed lines indicate the optimum conditions predicted by the
shallow-water model when wave reflection effects are not taken
into account, †4‡.
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50.15 and 0.2. For largef values there is a range ofL/ l for which
the CFD model predicts very low or zero values ofA/(HL),
which are lower than those predicted by the shallow-water model.
This range is always belowL/ l 51, becomes narrower with de-
creasing values off, and can be explained by reference to the
corresponding wave profiles of Fig. 11. This means that, for suf-
ficiently large f values, the minimum amount of entrapped air
calculated from the CFD model is reached for plunger accelera-
tions lower than those predicted by the shallow-water model, as
happens in the case of the time-exponential law for sufficiently
large values off and j. These lower plunger accelerations avoid
the formation of wall jets along the chamber ceiling that would
otherwise bring forward the closure of the gate to the die cavity. It
can also be observed from Fig. 14 that, for small values off, the
minimum value ofA/(HL) predicted by the CFD code is not
equal to zero, and that the local minimum ofA/(HL) to the left of
the optimum decreases with decreasingf. Finally, it is worth not-
ing that the increase in the values ofA/(HL) predicted by the
CFD model for values ofL/ l to the right of the optimum can be
attributed to wave breaking effects~see, e.g., the case in Fig. 11
for L/ l 51.05), whereas the nonmonotonic variation ofA/(HL)
with L/ l for L/ l values to the left of the optimum is due to wave

reflection effects against the end wall of the chamber. This non-
monotonic behavior is not predicted by the shallow-water model
except for small values off.

Some of the simplifications used in both shallow-water and
CFD models require further investigation. For example, the as-
sumption that the molten metal is initially at rest, which is not
very realistic~given the short time elapsed from the pouring of the
chamber with molten metal and the beginning of the injection
process!, and the two-dimensional description of the flow. Another
drawback of the CFD model is that it may require tremendous
computational resources to describe in detail the very complex
flow patterns that can occur in the injection chamber~particularly
when operating conditions are far from the optimum and a three-
dimensional model is used!. In connection with this, it should be
taken into account that the limitations in the numerical accuracy
of the results introduce uncertainties into the small values of the
volume of entrapped air predicted around the optimum conditions.
The possible formation of small wall jets at the ceiling, particu-
larly at the end of the chamber filling process, but also at earlier
instants, and at the end wall of the chamber as a result of wave
reflection, introduces difficulties in the modeling that contribute to

Fig. 14 Dimensionless area A Õ„HL … as a function of L Õ l for the plunger speed law of Eq. „9… and different
values of the initial filling fraction

Journal of Fluids Engineering MARCH 2003, Vol. 125 Õ 323

Downloaded 03 Jun 2010 to 171.66.16.152. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



reduce the accuracy of the results. However, despite all the above
difficulties and limitations, the results obtained in this work may
help understand and evaluate the overall characteristics of the
flow in the injection chamber in many practical situations, and
provide general guidelines for the selection of operating condi-
tions during the slow stage of the injection process.

5 Conclusions
The flow of molten metal inside the injection chamber of a

high-pressure die casting machine was analyzed using a two-
dimensional finite element model and a simpler model based on
the shallow-water approximation. Results for wave profiles, the
volume ~area! of air remaining in the injection chamber at the
instant at which the molten metal reaches the gate to the die cav-
ity, and optimum values of the parameters characterizing the law
of plunger motion are presented. The following conclusions can
be drawn:

1 Despite the simplicity of the shallow-water model, the wave
profiles predicted by both types of model are in relatively good
agreement. As expected, discrepancies are greatest near the end
wall of the chamber, where some substantial deviations are found.

2 These discrepancies may give rise, for certain operating con-
ditions, to differences in the predicted instant at which the molten
metal reaches the gate to the die cavity, and, as a result, to impor-
tant quantitative differences in the predicted volume of residual air
in the injection chamber at that instant.

3 Despite its limitations regarding the quantitative prediction
of the mass of entrapped air, the shallow-water model describes
reasonably well the influence of acceleration parameters and the
initial filling fraction on the entrapped air volume. Predictions of
the operating conditions that minimize the volume of entrapped
air are in reasonable agreement with those obtained with the CFD
model.

4 Therefore, taking all the above into account, we can conclude
that, despite its limitations, the shallow-water model can be re-
garded as a simple and useful tool for the selection of optimum
operating conditions in high-pressure die casting machines, which
at present are usually determined by experimental trial and error
methods.

In a future work, the two-dimensional assumption will be re-
laxed, and the influence of surface tension effects will be investi-
gated.
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Nomenclature

A 5 area occupied by air when molten metal reaches the
gate to the die cavity

c 5 speed relative to the fluid of a small-amplitude wave
for a depthh

c0 5 speed relative to the fluid of a small-amplitude wave
for a depthh0

E 5 relative grid refinement error defined by Eq.~12!
f 5 initial filling fraction of the injection chamber,h0 /H
g 5 gravitational acceleration
h 5 height of the free surface

h0 5 initial depth of molten metal
H 5 height of the injection chamber
L 5 length of the injection chamber
l 5 length in the plunger speed law of Eq.~9!
p 5 pressure
t 5 time

t f 5 filling time of the injection chamber

tH 5 time at which the molten metal reaches the chamber
ceiling

u 5 horizontal velocity component of molten metal
v 5 vertical velocity component of molten metal

x, y 5 coordinates~Fig. 2!
X 5 location of the plunger face

a, b 5 parameters in the exponential plunger speed law of
Eq. ~7!

n 5 kinematic viscosity
r 5 density
j 5 dimensionless parameter, 2c0/3ab
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Experimental Investigation of Two
Cylindrical Water Columns
Subjected to Planar Shock
Wave Loading
Two water columns with identical initial diameters of 4.8 mm were placed 30 mm apart
inside a shock tube test section and were loaded by a shock wave of Mach number 1.47 in
atmospheric air. The Weber and Reynolds numbers corresponding to these flow conditions
are 6900 and 112,000, respectively. Double-exposure holographic interferometry was
used to visualize the shock/water columns interaction. The process of the water columns
deformation, displacement, and acceleration was well visualized and hence the drag
coefficient of shock loaded water columns was evaluated. The front water column behaved
virtually the same as a single water column under the same flow conditions. However, the
displacement and acceleration of the rear water column was less significant than that of
the front one. Hence, its drag coefficient is less. These results show that the front water
column has affected the flow field around the rear water column.
@DOI: 10.1115/1.1538628#

Introduction
Stripping-type breakup occurs when a shock wave interacts

with a liquid column, which occurs usually for Weber numbers
ranging from 100 to 20,000~Wierzba and Takayama@1#!. A sur-
vey of droplet breakup was done by Wierzba and Takayama@1#,
while Wierzba and Takayama@2# studied stripping-type breakup
of droplet exposed to shock wave loading. This range of Weber
numbers corresponds to high-speed flows which appear in modern
propulsion systems. Spherical droplet breakup is a topic that has
been studied by many researchers employing various methods to
visualize the breakup. Some employed a shadowgraph, for ex-
ample, Ranger and Nicholls@3# and Simpkins and Bales@4#, while
a recent work of Joseph et al.@5# used a high-speed camera to
visualize the breakup sequence.

The observed shape of the droplet breakup depends on the
method used for flow visualization. Yoshida and Takayama@6#
demonstrated the usefulness of holographic interferometry. In the
past, the Schlieren method or a shadowgraph have been imple-
mented to visualize the droplet breakup process, in which the
shape of disintegrating spherical droplets resembles a fire ball. On
these photographs the internal structure of the disintegrating
spherical droplets, such as shattering mist clouds and wakes, were
hardly observable. The patterns of disintegrating droplets visual-
ized on double-exposure holographic interferograms were found
to be different from those appearing on their unreconstructed ho-
lograms which are equivalent to shadowgraphs. The images so far
recorded are substantially equivalent to those observed in direct
shadowgraphs.

However, the mechanism of three-dimensional droplet disinte-
gration when subjected to shock wave loading is still unclear. In
order to understand the fundamental mechanism of droplet disin-
tegration, it will be helpful to visualize quantitatively shock wave
interaction with a liquid column which will hopefully help to
simulate complex wave interactions over and inside droplets. The
advantages of studying the breakup of a water column is that
during the breakup process it is possible to visualize the wave

motion inside it. In addition, the shape of the water column is
clearly seen during the entire breakup process as shown in Igra
and Takayama@7#.

An engineering example in which droplet breakup plays an im-
portant role is in propulsion systems. In such cases several drop-
lets exist in the flow field and they interact with each other, there-
fore it is important to study such interactions. The interaction
results in more complex flow fields since the breakup of each
droplet is influenced by droplets surrounding it.

Raju and Sirignano@8# have conducted a numerical investiga-
tion of the interaction of two vaporizing droplets. Their investiga-
tion was carried out for Reynolds number of about 200. The flow
around the droplets was laminar and the droplets shape was re-
tained spherical throughout the calculation. Their results for the
case of two droplets with an identical initial size showed that their
stand off distance decreased with elapsing time.

Yoshida et al.@9# investigated experimentally the interaction of
two spherical droplets of 1.4 mm in diameter positioned in tan-
dem. Their initial separation distance was 8.8 mm. A shock wave
of Mach number 1.4 hit the droplets head on. They concluded that
the displacement of the front droplet was more remarkable than
that of the rear droplet.

In the present work the deformation and displacement of tan-
dem cylindrical water columns have been studied. Based on these
results, their accelerations and drag coefficients were evaluated. In
addition the shape of the micro mist and its structure can be visu-
alized clearly. Finally the water columns deformations and dis-
placements are compared between the two cases; a case of tandem
water columns and a case of a single water column when both
experience the same initial conditions.

It should be noted here that the considered two-phase flow is
very complex. As shown subsequently the acceleration of the front
water column due to its head-on collision with the incident shock
wave is significant. The acceleration and deformation of the rear
water column is affected not only by the strength of the incident
shock wave and the water column geometry but mostly by the
induced flow generated behind the front water column. This
highly nonsteady flow is affected by the shape of both water col-
umns, their relative separation distances~the ratio between the
water column diameter to the separation distance! and the charac-
ter of the local flow. Coveringall these effects is beyond the scope
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of the present paper. Being a first attempt at investigating such a
complex two-phase flow we centered our attention on a compari-
son between two different cases. One case is a tandem geometry
while the other is a single water column when both are exposed to
the same incident shock and have the same geometry. Future in-
vestigations should explore details regarding the tandem geometry
and changes in the strength of the incident shock wave.

Experimental Setup
The low-pressure channel of the shock tube had a cross section

of 60 mm3150 mm and was approximately 5 m long. It is made
of 25-mm-thick steel plates, the surface of which was finished
with surface roughness of 10mm. The discrepancy of surface
flange section was about 50mm. The high pressure chamber is
230-mm-dia., 1.5-m-long thick wall steel tube. A smooth transi-
tion section was inserted downstream of the diaphragm section.
Diaphragms were Mylar films of 0.1 mm in thickness. The test gas
was atmospheric air and the driver gas was nitrogen. The 150-mm
wide side wall was placed in the horizontal position so as to
accommodate the water columns, at the observation window of
the test section, in the vertical position.

The optical arrangement is shown in Fig. 1. It consists of a
paraboloidal schlieren mirror of 300-mm dia. and 3-m in focal
length, a planar mirror, a beam splitter that transmits 60% of laser
beam intensity to the object beam OB and 40% for the reference
beam RB, and auxiliary planar mirrors and lenses. An object lens
was used to obtain a sharply focused image of the object on a
holofilm. A Q-switched ruby laser~Apollo Lasers Inc. 22HD, 2
J/pulse and 25 ns pulse duration! was used as the light source.
This optical arrangement was in principle identical with that of the
shadowgraph. However, the light path of RB was combined so as
to make its path length identical with that of OB. OB and RB were
superimposed on the holofilm. The source laser was oscillated for
the first exposure just before the arrival of shock wave at the test
section and the second exposure was synchronized with the arrival
of shock wave at the test section. Hence infinite fringe interfero-
grams were obtained. In order to take sequential interferograms

the experiments were repeated by varying the delay time while
retaining identical initial conditions. The scattering in the shock
wave Mach number was about 0.5%.

A cookie cutter of 4 mm in height was inserted into the test
section, so as to make the cross section of the test section of
4 mm3150 mm. It was confirmed in preparatory tests~see Igra
and Takayama@7# for details! that the shock wave propagating
inside the 4-mm-high passage was only very slightly perturbed
when it encountered the cookie cutter. A water column, whose
diameter is nearly the same as its height, was created inside the
cookie cutter. A syringe was used to create the water columns by
slowly injecting water at the center of the upper glass plate of the
test section. As soon as the hemispherical water droplet touched
the bottom glass plate, it became a cylindrical shape of 4.8 mm
dia. The water column is shown, in a side view photo, in Fig. 2.
The shape of the water column is not exactly cylindrical due to the
water surface tension. This results in a slightly larger wet area at
the bottom as compared with the top. The variations in the water
column diameter during an experiment was less than 4%. The
water column had a volume of approximately 80 mm3. The water

Fig. 1 Experimental setup and optical arrangement. 1–test section, 2–driven
section, 3–driver, 4–diaphragm, 5–water columns, 6–pressure transducers,
7–universal counter, 8–delay, 9–ruby laser, 10–He-Ne laser, 11–power supply,
12–beam splitter, 13–paraboloidal schlieren mirror, 14–plane mirrors, 15–lens,
16–film holder, 17–filter, 18–half mirror

Fig. 2 The shape of water column view from the side
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columns were placed 30 mm apart in tandem and then exposed to
a planar shock wave. The variation of the initial distance between
the water columns was about 4%.

Although the produced water column is not a perfect cylinder,
due to surface tension, except for its upper and lower regions
~connected to the glass windows! its central region is very close to
a cylinder. The corresponding Weber and Reynolds numbers to
these values are 6900 and 112,000, respectively. The shock wave
Mach number was 1.47 in air. Upon the shock wave loading the
density inside the water column changes. These changes can be
evaluated from the fringes distribution inside the column, simi-
larly to the evaluation of isopycnics in an infinite fringe interfero-
grams in air.

Experimental Results
Interferograms taken at various stages of the breakup process

are shown in Fig. 3. These interferograms where taken form a top
view. The ‘‘dark ring’’ seen in these interferograms is a result of
water surface curvature due to surface tension. Starting with Fig.
3~a! it can be seen that initially the front water column begins to
deform while the rear water column retains its initial shape. This
can be detected by comparing the thickness of the ‘‘dark ring’’
surrounding the front water column. In Fig. 3~a! one side of the
‘‘dark ring’’ is thicker than the other, this indicates that the water
column is slightly deformed. Compared to the rear water column
whose ‘‘dark ring’’ has a uniform thickness. In Fig. 3~b! the de-
formation of the front water column can be clearly seen. At this
time the rear water column is just beginning to deform. With
elapsing time the two water columns continue to deform, as seen
in Fig. 3~c!. Boundary layer stripping has begun over the front
water column. Later, micro mist was generated over the water
columns as clearly seen in Fig. 3~d!. The wake behind the rear
water column is smaller than that behind the front one. This trend
continues until the last interferogram. In addition, the rate of de-
formation of the rear water column is slower than that of the front
water column. This can be seen by comparing the shape of the
rear water column in Figs. 3~e! and 3~g! to that of the front water
column shown in Fig. 3~d! and 3~e!, respectively. This is due to
the fact that the rear water column is placed completely inside the
wake produced by the front water column. This causes the relative
flow velocity over the rear water column to be smaller. Yoshida
et al.@9# reported similar results for the early stage of the breakup
process similar to that shown here. The front water column expe-
riences a higher drag force than the rear one. Accordingly, the
distance between the two water columns decreases with elapsing
time. However, during the present experiment the water columns
and their micro mists do not merge with each other as shown in
Fig. 3~h!. The wake behind the rear water column tends to reach
nearly a constant width at about 350ms after the incident shock
wave impinged on it~Fig. 3~d!!. Although this wake seems to
elongate, its width remains unchanged with time. This trend is
significantly different from that of the front water column.

Water Column Deformation
The interferograms were taken from the top view. The first

exposure was taken prior to the shock wave loading where the
initial size of the water column was measured. The second expo-
sure was taken based on a present delay time, after the incident
shock impingement upon the front water column. All measure-
ments reported here refer to the central region of the water col-
umn, where it has a cylindrical shape. The results shown here are
complied from the results taken at different time intervals and
compared with the initial water column shape. The water columns
deformation can be compared to that of a single water column. We
define here a nondimensional timet* , which is t* 5tu2 /d0 .

In Fig. 4 the time variation of the water column deformation, in
the lateral direction~normal to the flow field!, is shown. Up to
aboutt* 522 the deformation of front and rear water columns is

similar to that of a single water column. Fromt* 522 the defor-
mation of the front water column follows the evolution of a single
water column although its breakup time is slightly longer; the rear
water column continues to deform. It reaches a maximum defor-
mation of almost twice its initial diameter at aboutt* 530. After
t* 530 its size begins to decrease. Water columns deformation
behavior has similar trends to that of spherical droplets, first the
water column is flattened until it reaches its maximum elongation
normal to the flow direction. After this stage is reached the micro
mist are striped from the water column at an increasing rate until
a complete breakup is reached.

Similar results appear in the deformation in the flow direction
as shown in Fig. 5. The evolution of the deformation of the front
water column is found to be similar to that of a single water
column. This means that the front water column in an array will
deform and breakup as if it was a single water column, but the
water columns downstream of the first one are affected by the
water columns located upstream. The rate of change of the rear
water column is smaller over the range 22,t* ,40.

Variations in the relative area changes are shown in Fig. 6. The
area was measured directly from the interferograms and normal-
ized with the initial area of the water columns. Results obtained
show a similar trend to that shown in Figs. 4 and 5. The area
change of the front water column is similar to that observed for a
single water column under the same initial conditions. The area
changes in the rear water column decrease slowly. The changes in
the deformations of the rear water column aftert* 522 were
strongly affected by the deformation of the front water column. At
this time deformations in the front water column are maximal. The
rear water column is contained inside the wake of the front water
column and as a result deformations in the rear water column are
slower. However, att* 540 it continues to deform rapidly until its
final breakup.

Water Column Displacement
The displacement of the water columns in the tandem configu-

ration was measured at the frontal end of each water column.
From interferograms taken at various times the deviation of the
water columns, at each time instant relative to their initial position
was measured. The position of water columns in nondimensional
terms is shown in Fig. 7. The displacement of the front water
column is similar to that of a single water column, whereas the
displacement of the rear water column appears to be below that of
the front one. It is clearly seen that the water columns are accel-
erated. These results are similar to those of Yoshida et al.@9#
obtained for spherical water droplets. The drag force acting on the
front water column is larger than that acting on the rear water
column. As a result, the front water column experiences higher
acceleration than the rear water column. Due to this difference in
acceleration the rear water column is gradually overtaken by the
front water column. This can be seen in Fig. 8. Att* 546 the
separation distance between the two water columns is reduced to
72% of the initial separation distance. In Yoshida et al.@9# the
micro mists of the two droplets merged. Raju and Sirignano@8#
ended the numerical simulation when the separation distance be-
tween the two droplets became about one third of the initial sepa-
ration. The reason why the two water columns do not merge
quickly is due to the fact that the water columns were sandwiched
between two glass windows. Therefore, an additional friction
force, which adhere them to the glass surface existed. This force
does not exist in the case of spherical droplets suspended in air. In
addition, the diameter of the water columns in the present case
was larger than that used in the case of spherical droplets.

Water Column Acceleration and Drag Coefficient Ap-
proximations

The displacement of spherical water droplets suspended in air
was plotted by Ranger and Nicholls@3#, Simpkins and Bales@4#,
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Fig. 3 Infinite fringe double exposure holographic interferogram at the time instant: „a… 70 ms, t *Ä3.137: „b… 140 ms, t *Ä6.335;
„c… 210 ms, t *Ä12.578; „d… 350 ms, t *Ä15.919; „e… 560 ms, t *Ä25.544; „f … 700 ms, t *Ä30.885; „g… 910 ms, t *Ä41.285; „h… 1050 ms,
t *Ä47.23

328 Õ Vol. 125, MARCH 2003 Transactions of the ASME

Downloaded 03 Jun 2010 to 171.66.16.152. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



and Joseph et al.@5#. In those experiments the droplet displace-
ment had a parabolic shape therefore, they assumed that the drop-
let acceleration is constant. Here, using the water columns dis-
placements shown in Fig. 7, it is possible to approximate the
water columns acceleration. The water columns displacements re-
semble a parabola therefore it is assumed that the water columns
are subjected to constant acceleration. At initial stages of the
breakup, the water columns acceleration is uniform. The displace-
ment of the front water column is similar to that of a single water
column.

Trajectories shown in Fig. 7 can be fitted by the following
equation:

x* 5
1

2
at*

2. (1)

Based on this curve fit the acceleration of the front water col-
umn is about 34,000 m/s2 and that of the rear water column is
about 19,700 m/s2. These accelerations are much smaller than that
observed in the case of spherical droplets suspended in air. Obvi-
ously this is caused by lower displacement of the water columns
as compared with those of spherical droplet.

Assumptions made by Ranger and Nicholls@3#, while evaluat-
ing the drag coefficient of spherical droplets, are used in analyzing
the cylindrical water columns. The assumptions are

1. the water column shape does not change and its mass is
conserved and

2. the acceleration of the water column is constant.

Although these assumptions might seem poor in view of the
actual water columns shape shown in Fig. 3, employing them can
provide us with a first order estimate of the water columns drag
coefficients. According to Wierzba and Takayama@1# and the ref-
erences therein this method for approximating the drag coefficient
has been widely employed by many researchers.

When these assumptions are combined with the equation of
motion,

1

2
CDr2U2S5ma, (2)

Fig. 4 Water columns deformation in the lateral direction

Fig. 5 Water columns deformation in the direction of the flow

Fig. 6 Area change of the water columns

Fig. 7 Water columns trajectory

Fig. 8 Distance changes between the water columns
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where the acceleration is

a5
2

p

CD

D0

r2

r1
U2. (3)

Therefore, the motion of the water column under a constant ac-
celeration would be

x5
1

2
at2. (4)

Whenx, t are written in dimensionless from the following equa-
tion results:

x* 5
1

p
CDT2. (5)

Figure 9 shows curves described by Eq.~5!. The same drag
coefficient is used for a single water column and for the front
water column, for bothCD'3, whereas that of the rear water
column CD'1.93. The value of the drag coefficient for a single
water column is larger than those reported by Wierzba and
Takayama@1# for spherical droplets. However, it is known that the
drag coefficient of solid cylinders are much larger than that of
solid spheres. In addition, in these experiments the water column
is sandwiched between the glass windows which obviously con-
tributes to increasing the friction force. Therefore, the value of
drag coefficient found here is reasonable.

The analysis presented so far is for a steady drag coefficient;
however, the present study deals with unsteady flows. Therefore
the unsteady drag coefficient value should be evaluated as well. At
the early stages of the shock wave interaction with the water col-
umn its behavior is similar to that of a solid cylinder. In Figs. 4–6
it was shown that initially there is no deformation of the water
column. This behavior has been verified experimentally and nu-
merically by Igra and Takayama@10#. In their work the unsteady
drag coefficient of a water column was computed numerically and
compared with the drag coefficient of a similar solid cylinder and
with available experimental data. Based on these results it was
found that the unsteady drag coefficient of a solid cylinder is
similar to that of a water column. By employing the same numeri-
cal scheme used by Igra and Takayama@10# the unsteady drag
coefficient of the front water column is evaluated based on the
obtained numerical data. Figure 10 shows the temporal variations
of the unsteady drag coefficient. Immediately after the incident
shock wave impingement on the front water column the unsteady
drag coefficient increases rapidly, it reaches a maximum of 5 at
about t* 50.15. A similar pattern was found to occur in the un-
steady drag coefficient of solid cylinders as well.

Conclusions
The interaction of two water columns placed in tandem con-

figuration with a shock wave was studied. Holographic interfer-
ometry was employed to visualize the shock/water columns inter-
action at various stages of their breakup process. The water
columns deformations and displacements were measured. It was
found that the front water column behaves similarly to a single
water column, in its deformation, displacement, and acceleration.
The presence of the front water column affected the deformation
and displacement of the rear water column, and hence its defor-
mation, displacement and drag coefficient were lower than those
of the front water column. The deformation of both water columns
was similar until t* 522, at this time the front water column
reached its maximum deformation in the lateral direction.
Whereas the rear water column continued to deform, reaching a
slightly larger maximum deformation at aboutt* 530.
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Nomenclature

a 5 water column size in the lateral direction
a 5 acceleration
A 5 base area of the water column
b 5 water column size in the flow direction

CD 5 drag coefficient
d 5 droplet diameter
m 5 mass

OB 5 object beam
RB 5 reference beam
Re 5 Reynolds number (Re5Ud0 /n)

S 5 water column’s projected area facing the flow field
t 5 time

t* 5 nondimensional time (t* 5tu2 /d0)
T 5 nondimensional time (T5(tu2/d0)Ar2 /r2)
U 5 air–liquid relative velocity

We 5 Weber number (We5rU2d0 /s)
x 5 distance

x* 5 nondimensional distance (x* 5x/d0)

Fig. 9 Water columns drag coefficients

Fig. 10 Temporal variation of unsteady drag coefficient
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r 5 density
n 5 kinematic viscosity
s 5 surface tension

Subscripts

0 5 reference state
l 5 liquid
g 5 gas
2 5 state behind shock wave
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Influence of Diffuser Angle
on a Bluff Body in Ground Effect
The forces and pressures on a generic bluff body in ground effect were investigated. The
bluff-body model was equipped with interchangeable underbody diffuser ramps and side
plates. Five different diffuser angles were tested: 5, 10, 15, 17, and 20 deg to the hori-
zontal. The experiments were undertaken in a low-speed wind tunnel equipped with a
moving ground. Load cells, pressure taps, and surface flow visualization were the tech-
niques used to evaluate the flow field. The flow field is characterized by vortex flow and
three-dimensional flow separation. A region of hysteresis was found for the 15, 17, and 20
deg diffusers. As the ride height is varied, five different flow types can be identified with
three subtypes within the region of hysteresis. The force reduction phenomenon was found
to be caused by both vortex breakdown and flow separation.@DOI: 10.1115/1.1537252#

Introduction
A symmetrical body in ground effect will generate aerodynamic

force pointed to the ground~downforce!. The flow between the
body and the ground is accelerated leading to reduced pressure.
Introducing camber to the body in the form of an upswept ramp at
the rear creates a diffuser between the ground and the body. Since
the diffuser exits to the base pressure of the model, the flow under
the model accelerates to a greater degree than without the diffuser.
This increase in downforce is accompanied by complex flow
physics within the diffuser. The upsweep initiates three-
dimensional flow separation which leads to vortex formation and
possible flow reversal. This area of research is especially impor-
tant in the automobile industry with respect to performance and
safety. A complete understanding of the complex fluid flow phys-
ics is essential for the development of flow control measures.

Currently there is only limited research published in the field of
diffuser flow in ground effect,@1–6#. The general principle of how
a diffuser functions in ground effect is described by Sovran@3#. It
is likened to a venturi, with the flow rate under the model gov-
erned mainly by the efficiency of the diffuser. As the diffuser
efficiency is increased, the flow rate increases and the static pres-
sure under the model drops leading to a rise in the level of down-
force. The study completed by Cooper et al.@4# found that as the
ride height is reduced down to a critical ride height, the downforce
increases. Below the critical ride height, the downforce reduces
rapidly. It was surmised that at this ride height, the ground and
model boundary layers form a substantial proportion of the flow
into the diffuser. Senior and Zhang@6# found that for a bluff body
with a 17-deg diffuser, the rapid reduction in downforce was not
due to the increased influence of the boundary layers as changes
in the Reynolds number did not influence the critical ride height.
They also found that one of the two counterrotating vortices that
form in the diffuser disappears below the critical ride height re-
sulting in an asymmetric flow pattern with flow reversal on one
side. Four different types of force behavior were identified
through a range of ride heights.

The goals of the present research is to further the understanding
of the complex three-dimensional flow field to aid the develop-
ment of improved diffuser design and methods of flow control. To
aid in the understanding of the complex flow phenomena, several
different diffuser ramp angles were studied to investigate the ef-
fects of area ratio, pressure gradient and ground proximity. The
diffuser ramp angles investigated were 5, 10, 15, 17, and 20 deg to

the horizontal. The various angles are tested to establish a data-
base of results for comparison with computational fluid dynamics
and from which flow control methods could be developed. The
range of angles includes lower angles~5 and 10 deg! where no
flow separation occurs in two dimensional planar diffusers. These
will hopefully show the influence of the separation bubble on the
force-ride height characteristics of the diffusers with larger diver-
gence angles.

Experimental Setup
The experiments were undertaken at the University of

Southampton in the low-speed closed-circuit wind tunnel with test
section dimensions of 2.1 m31.5 m. The wind tunnel is equipped
with a moving ground measuring 3.5 m in length and 1.5 m in
width. The experiments were run at a wind and ground speed of
30 m/s at a freestream turbulence level of 0.2%. There is a bound-
ary layer removal system ahead of the moving ground. It consists
of a slot through which the boundary layer passes and a perforated
plate just ahead of the belt~moving ground! through which the
remainder of the boundary layer is sucked. The velocity reaches
freestream values 2 mm above the belt. Further details can be
found in Senior@7#.

A schematic of the wind tunnel setup is shown in Fig. 1. It is
mounted on a motorized main strut and tail wire~a free pivoting,
thin carbon strut! configuration. The motorized struts are each
powered by a stepper motor allowing the model to be moved up to
a maximum ride height of 180 mm. The lowest ride height is
constrained by a minimum safety clearance above the moving
ground.

The bluff body of the model is constructed of carbon fiber.
Using different diffuser ramps, the angle of the diffuser can be
varied. The ramps are constructed of 3-mm steel sheets. The
angles tested are 5, 10, 15, 17, and 20 deg. This range of angles
was chosen to create a better understanding of different flow phys-
ics which occur at the different ride heights. By varying the dif-
fuser angle, the significance of the blockage between the ground
and the model underbody can be investigated as the various flow
types will occur at a different ride height for each diffuser angle.
Transition on the model is fixed using a 0.4-mm diameter wire
placed at 100 mm from the nose of the model.

The tests conducted include force measurements, surface pres-
sure measurements, and oil-streak flow visualisation. The forces
are measured using a two component load cell~vertical and hori-
zontal forces! on the base of the main strut and a single compo-
nent load cell~vertical force! on the top of the tail wire. A total of
186 pressure taps are arranged on the underside and base of the
model to give both centerline pressures and spanwise measure-
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ments. The pressures were measured using a zero operate calibrate
~ZOC! system. A mixture of titanium dioxide and light oil was
used to visualize the surface streak lines.

Applying the procedure described by Moffat@8# the single-
sample uncertainties in the experiment were calculated. The ride
height was kept to within60.1 mm and the yaw angle was set to
60.05 deg. The forces were averaged over 15 seconds at each
ride height, with a one-second delay between ride height changes.
The pressures on the ZOC were sampled for ten seconds on each
of the two banks, also with a one second delay between ride
height change. For the 20-deg diffuser at 90-mm ride height, the
uncertainties in theCL and CD measurements are60.0016 and
60.0008, respectively. The uncertainty in the pressure measure-
ments in the previous configuration for aCP of 22.0 is60.0188.
This uncertainty incorporates the quoted accuracy of the
equipment.

Results and Discussion

Definition of Flow Regimes. The downforce and drag curves
in Fig. 2 demonstrate that there are two different types of flow
regimes dependent on the diffuser angle. The curves for the 15,
17, and 20 deg~high angle! diffusers have similar characteristics
as do the 5 and 10 deg~low angle! diffusers. The 10-deg diffuser
appears to be more of a transition angle between the two types as
it contains characteristics of both. As the height above the moving
ground is varied, the slopes of the curves change indicating
changes in the flow physics. The high angle diffusers demonstrate

the same characteristics as found by Senior and Zhang@6#. Utiliz-
ing the moving strut, one additional flow type along with exten-
sions to three of the existing flow types in the region of hysteresis
were identified. All flow types are described in Table 1. The dif-
ferent flow regions are shown on the downforce curve for the
15-deg diffuser in Fig. 3. Starting the wind tunnel with the model
at a fixed height within the region of hysteresis, the flow always
reverted to the curve of lower downforce. The high downforce
portion of the hysteresis loop was found to be unstable, as any
disturbances would trigger it to fall onto the low downforce curve.
During the 15-second sampling period of the forces, a real time
display of the measured forces indicated that the flow was un-
steady in this region. The real time display of the measured forces
suggested that most of region b and all of regions c, d, d8, and e
were unsteady as well.

Comparing the downforce curves of the low angle diffusers to
those of the high angle diffusers, distinctions between the two sets
are identifiable. Although the curves are similar, the closer prox-
imity to the ground introduces differences. There is no hysteresis
loop and the sudden reduction in downforce is not as pronounced.
Type a and b flow still exist, however, there is a pronounced
increase in downforce through the lower portion of region b. This
is clearest for the 5-deg diffuser. Type c and d flow exist only to a
very limited extent for the 10-deg diffuser. Due to the lower ride
heights, it is assumed that both the underbody and ground bound-
ary layers form a considerable proportion of the flow entering the
diffuser at these ride heights, causing the direct transition into type

Fig. 1 Schematic of model; „a… a prospective view of the model, „b… a side view
of the model
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e flow. The underbody boundary layer is predicted to be
(O)0.096d from flat plate theory, although this value will cer-
tainly change with the favorable pressure gradient and increased
flow velocity under the model. Measurements by Senior@7# using
laser doppler anemometry supports our assertion.

Maximum Downforce. Reducing the normalized ride height
with the diffuser angle, it becomes apparent that the maximum
downforce occurs at similar values ofhr /(d3u) ~Fig. 4!, whereu
is the divergence angle of the diffuser in radians. The maximum
occurs at approximately 0.7hr /(d3u). Using this, the diffuser
angle~or length! could be optimised with regard to expected ride
heights.

Flow visualization on the ramp surfaces taken at maximum
downforce as shown in Fig. 5, demonstrate some of the differ-
ences between the low and high angle diffusers. There is no sepa-
ration bubble on the 5-deg ramp, although towards the end of the
diffuser, the flow appears to be slow and unsteady. The flow on
the 10-deg diffuser ramp demonstrates a closed separation bubble.
The bubble forms somewhat downstream of the inlet and closes
just ahead of the diffuser exit. Upstream of this point, the vortices
appear to become wider, with a reduced swirl indicating the onset
of vortex breakdown. The open separation bubble forming on the
20-deg diffuser ramp is very similar to those found on the 15 and
17 deg diffuser ramps. From the surface flow patterns downstream
of the primary separation line, there appears to be only a small
region where the flow is reversed. The separated flow is entrained
into the vortices reducing the axial momentum. The reduced swirl
of the vortices downstream of the primary separation line are an
indication of vortex breakdown. In comparison to the the 10-deg
diffuser, the primary flow separation line is closer to the inlet at
the center of the ramp. For the 15 and 17 deg diffuser ramps, the
primary flow separation line moves closer to the inlet below the
maximum downforce ride height up to the point where the flow
becomes asymmetrical.

Fig. 3 Flow types for high angle diffusers: 15 deg diffuser, CL ,
30 mÕs

Fig. 4 Downforce coefficients: renormalized ride heights,
30 mÕs

Table 1 Flow types in high angle diffusers

Fig. 2 Force curves: 30 m Õs; „a… downforce coefficient, „b…
drag coefficient
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Variation of Ride Height. At larger ride heights~type a
flow!, the adverse pressure gradient along the diffuser centerline is
relatively weak~Fig. 6!. The ratio of exit area to inlet area is low.
No quasi-two-dimensional flow separation occurs in the center of
the diffuser ramps. As the ride height is reduced through this
region of type a flow, the area ratio~ratio of exit to inlet area of
the diffuser! increases along with the effect of moving closer to
the ground. The flow speed under the model rises~reduced static
pressure, see Fig. 6(a)) resulting in increased downforce. The
flow is dominated by two counter rotating vortices which prevent
or limit the formation of a separation bubble. The pressure at the
inlet of the diffuser reduces with ride height. Low pressure regions
form in the corners of the diffuser where the vortices originate
~Fig. 7!. Figure 8 shows that the average base pressure of the
model remains fairly constant throughout this region, although for

the 5-deg diffuser, the base pressure begins to drop at a higher ride
height (hr /(d3u)52.2) indicating a change in the flow physics.

Reducing the ride height further in region b for the large angle
diffusers, the flow field starts to change. The average base pres-
sure of the model drops quickly~Fig. 8(a)) indicating a loss of
pressure recovery within the diffuser. Drawing a parallel to two-
dimensional planar diffusers, a reduction in pressure recovery is

Fig. 5 Surface flow visualization on the ramp at maximum
downforce, 30 m Õs. Flow from left to right. Picture area corre-
sponds to the ramp area. „a… 5-deg diffuser: h r Õ„dÃu…Ä0.657,
„b… 10-deg diffuser h r Õ„dÃu…Ä0.694, „c… 15-deg diffuser—
moving down: h r Õ„dÃu…Ä0.584.

Fig. 6 Centerline pressure coefficients: 30 m Õs. „a… 20 deg dif-
fuser, „b… 5 deg diffuser.

Fig. 7 Surface pressure coefficients: 20 degree diffuser,
h r Õ„dÃu…Ä2.008, 30 mÕs
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generally associated with the onset of flow separation. In the case
of the high angled diffusers, this is the case. The flow starts to
separate at the inlet in the center of the diffuser. This separation
bubble ceases to exist downstream as the vortices grow in diam-
eter. However, in the case of the 5-deg diffuser, no such flow
separation is apparent. The cause of this reduction in pressure
recovery may be due to the onset of vortex breakdown. As a
vortex begins to breakdown, the axial velocity of the core reduces.
This effectively reduces the area ratio of the diffuser as the lower
speed in the cores of the vortices essentially decreases the exit
area of the diffuser. The velocity of the air between the vortices
down the centerline appears to increase as the centerline pressure
coefficients along the length of the diffuser ramp reduce~Fig.
6(b) when moving from anhr /(d3u) value of 1.095 to 0.730.
The second set of vortices present at 1.241hr /(d3u) at approxi-
mately z/d560.4 towards the end of the diffuser diminish in
strength to 0.730hr /(d3u) ~Fig. 9!. The vortices at the edge of
the ramp increase in strength.

In the case of the 5-deg diffuser, the minimum base pressure
occurs at the onset of type b flow. The peak in the drag curve at
this point is due to the large base area of the model in this con-
figuration. The lower diffuser angle and ride heights limit the
strength and size of the vortices in the diffuser resulting in lower
induced drag relative to the higher angled diffusers, as a result, the
pressure drag becomes increasingly significant. An increase of
base pressure beyond this point indicates that the boundary layers

entering the diffuser are beginning to influence the flow to a larger
degree. Whereas with the 17-deg diffuser the base pressure re-
duces to a minimum at the point where the hysteresis loop closes
at the lower ride height, the base pressure for the 5-deg diffuser
increases beyond the maximum downforce. As the boundary lay-
ers make up an increasing proportion of the diffuser inlet, the flow
rate under the model decreases reducing the importance of the
diffuser, moving towards the limiting case of zero ride height
where no air passes under the model or through the diffuser.

The vortex observed in the current study is similar in characters
to the leading edge vortex studied by Polhamus@9# using a
leading-edge suction analogy and by Wentz and Kohlman@10# in
a wind tunnel model test. In Fig. 10 evidence of vortex breakdown
can be seen. As described in an earlier work of Lambourne and
Bryer @11#, the surface streaklines change downstream of the vor-
tex bursting point. The swirl becomes less evident and the vortex
becomes wider. This may also be a contributing factor to the en-
suing asymmetry of the flow at lower ride heights. The apparent
unsteadiness of the flow field may result in the bursting point of

Fig. 8 Mean base pressures, 30 m Õs; „a… 20 deg diffuser, „b… 5
deg diffuser

Fig. 9 Pressure contours: 5 deg diffuser, 30 m Õs; „a… h r Õ„d
Ãu…Ä1.241, „b… h r Õ„dÃu…Ä0.730

Fig. 10 Surface flow visualization on the ramp: 20 deg dif-
fuser, h r Õ„dÃu…Ä0.694, 30 mÕs. Flow from left to right. Picture
area corresponds to the ramp area.
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one vortex to move further upstream momentarily, causing a dis-
turbance to the pressure field resulting in the asymmetric flow of
region d.

The importance of the separation bubble in the center of the
diffuser inlet can be seen in Fig. 10. Just before the hysteresis loop
closes, at the lower end of region b8, the separation bubble has
almost reached the inlet of the diffuser. At the point where the
hysteresis loop is closed at the lower end moving through region
c8, the flow becomes asymetrical as shown in Fig. 11. Once the
separation point reaches the inlet it cannot travel further upstream
due to the favorable pressure gradient ahead of the inlet. Due to
the extremely low pressures to either side of the inlet~Fig. 12!,
any disturbances will cause the large asymmetry in the flow to
occur. The separation bubble gets swept to one side and a large
recirculation region forms.

The direction of the asymmetry occurred randomly, but once
established did not switch sides. This gives further indication that
the type b flow is unstable. As found in experiments with high
speed flows over axisymmetric bodies, any slight imperfection on
the surface can cause asymmetries in the vortex flow field. As
slight movement of the model may trigger the asymmetry in the
flow field to take one direction over the other.

Progressing downwards through region d, the focus point close
to the inlet of the diffuser on the side of the recirculating region
~Fig. 11! moves downstream and towards the center of the dif-
fuser. The region of recirculating flow is easily identifiable in the
pressure contour plot of the 20-deg diffuser within type d flow in
Fig. 13 as the large region of constant pressure. The pressure
coefficients indicate that the remaining longitudinal vortex is not
as strong as those at higher ride heights.

Flow type e is characterized by a steepening of the downforce
curve. For the large angle diffusers this appears to occur when the
ride height reaches the order of magnitude of the expected bound-

ary layer thickness. From the pressure coefficient contour plot in
Fig. 14 at a ride height of 0.091hr /(d3u) it is clear that the flow
is separated over the majority of the diffuser ramp. The slight
asymmetry in the contours is caused by a weak vortex forming on
one side of the inlet. The centerline pressures from Fig. 6(a)
show that the pressure spike is reduced dramatically and occurs
further upstream. This indicates that there is not enough energy in
the flow to overcome the adverse pressure gradient in the diffuser.

Further Discussion
The plot of drag variation with ride height for the 5 and 10 deg

diffusers~Fig. 2(b) show two peaks, although the trough is better
defined for the 5-deg diffuser. As can be seen with the pressure
plots from the 5-deg diffuser in Fig. 9, at 1.241hr /(d3u) or
0.108hr /d there is a second set of vortices present, inboard of the
first. These are no longer present on the pressure plot at
0.730hr /(d3u) or 0.064hr /d. The ouboard votices appear to
increase in strength as the minimumCP drops with reducing ride
height. Between these two ride heights, the centerline pressure
coefficients~Fig. 6(b)) also drop along the length of the diffuser,
with a larger difference at the inlet and approaching the same
value at the exit. Figure 8(b) shows an increase in the mean base
pressure between these ride heights. The weakening of the inboard
vortices, and the ensuing increase of the axial velocity through the
diffuser cause an increase in the downforce. As the inboard vorti-
ces burst, the initial increase in downforce due to the strengthen-
ing of the outboard vortices is gradual. As the ride height is re-
duced, the flow through the diffuser becomes increasingly two-
dimensional in nature as the aspect ratio (2d/hr) of the inlet
increases to a value of 31.4 at 0.730hr /(d3u). The expansion of
the axial flow region through the center of the diffuser improves
the pressure recovery of the diffuser, creating the peak in the
downforce at 0.730hr /(d3u). It is surmized that the dip in the
drag curve is caused by the increasing base pressure and by a
reduction in the induced drag due to the diminishment of the
inboard vortices. The increase in drag below the trough is most

Fig. 11 Surface flow visualization on the ramp: 15 deg dif-
fuser, h r Õ„dÃu…Ä0.560, 30 mÕs. Flow from left to right. Picture
area corresponds to the ramp area.

Fig. 12 Surface pressure coefficients: 20 deg diffuser, h r Õ„d
Ãu…Ä0.694, 30 mÕs

Fig. 13 Surface pressure coefficients: 20 deg diffuser, h r Õ„d
Ãu…Ä0.365, 30 mÕs

Fig. 14 Surface pressure coefficients: 20 deg diffuser, h r Õ„d
Ãu…Ä0.091, 30 mÕs
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likely caused by the increase of strength in the outboard vortices
and the accompanying increase of induced drag. The base pres-
sure in this region does not increase as rapidly as when the the
drag reduces.

A map of diffuser performance, Fig. 15, shows the different
operating regions of the different diffusers angle with respect to
area ratio. The shift from steady symmetric flow~type a! to un-
steady and symmetric~type b! occurs as similar area ratios for all
diffuser ramp angles, indicating that it is primarily governed by
the adverse pressure gradient. The narrowing of the unsteady-
symmetric region towards the larger diffuser angles indicates that
the streamwise adverse pressure gradient along the diffuser is not
the driving factor for the transition to asymmetric flow. From the
negative slope of this boundary it is clear that the underbody and
ground boundary layers are not an important aspect of this transi-
tion. If the boundary layers were an influencing factor, the shift
would occur at lower area ratios for the lower diffuser ramp
angles as the effective inlet area would be reduced. Supporting
evidence of the above observation can also be found in the wing
in ground study of Zerihan and Zhang@12# and the high angle
diffuser study of Senior and Zhang@6#, where fixed ground tests
were also performed. We have also performed fixed ground tests
for all the angles. These fixed ground tests produced essentially
the same observations. The effect of a fixed ground was first
pointed by Burgen et al.@13# using, among other things, a bluff
body in ground effect. The use of a fixed ground generally results
in a downward shift in the downforce curve because of an effec-
tive reduction on mass flow rate between the ground and the
model. An additional factor is the reduction in the effective
ground height due to the displacement effect of the boundary lay-
ers. A change in the fundamental force characteristics does not
occur above flow region e.

Summary

1. It is surmized that for the lower angled diffusers, vortex
breakdown is the primary cause of force reduction. A combination
of flow separation and vortex breakdown causes the force reduc-
tion for the high angle diffusers.

2. The underbody boundary layers do not appear to change the
force characteristics of the diffuser at ride heights above region e,
the onset of which approximately corresponds to the estimated
boundary layer thickness. This occurs at a much larger ride height
for the fixed ground case,@6#.

3. A region of hysteresis occurs over the force reduction region
for the 15, 17, and 20 degree diffusers.

4. The flow through the low angled diffusers is influenced by
the underbody, and presumeably ground, boundary layers. Espe-
cially the formation and breakdown of the vortices.

5. The flow is unsteady in regions b, c, d, and e.
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Nomenclature

CD 5 drag coefficient,D/q`S
CL 5 downforce coefficient,L/q`S
CP 5 pressure coefficient, (p2p`)/q`
D 5 drag
L 5 downforce

M 5 pitching moment
p 5 static pressure

p` 5 freestream static pressure
q` 5 freestream dynamic pressure,r`U`

2 /2
U` 5 freestream velocity
Re 5 Reynolds number,r`U`l /m
S 5 model frontal area
d 5 model half-width measured iny-direction

hr 5 model ride height
l 5 length of model

x, y, z 5 cartesian coordinates:x1ve downstream,y1ve
up, z1ve to port

r` 5 freestream density
m 5 viscosity
u 5 diffuser expansion angle
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Design and Analysis of a Surface
Micromachined Spiral-Channel
Viscous Pump
A new viscous spiral micropump which uses the surface micromachining technology is
introduced. The paper outlines the design of a spiral pump fabricated in five levels of
polysilicon using Sandia’s Ultraplanar Multilevel MEMS Technology (SUMMiT), and
presents an analytical solution of the flow field in its spiral channel. The pump charac-
teristics are obtained experimentally for a scaled-up prototype and are found to be in
good agreement with the results obtained using the analytical model.
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1 Introduction
Several recent investigations discuss using viscous drag as the

operating principle in micromachined pumps. The feasibility of
this concept in the viscosity dominated microscale flow fields has
been experimentally demonstrated using a rotating cylinder placed
eccentrically between two parallel plates,@1#, and a number of
analytical and numerical simulations have followed,@2,3#.

This paper introduces a planar, viscous drag, micropump, which
targets the surface micromachining technology. The pump works
by rotating a disk with a spiral groove at a close proximity over a
stationary plate. The spiral channel resulting from this geometry
produces the effect of the long channel of Couette experiment,
while the rotating disk assumes the role of the moving plate.

For the purpose of analyzing the flow field in the pump, the
spiral channel is ‘‘unfolded’’ into a straight channel with appro-
priate dimensions and boundary conditions. The paper demon-
strates that this approximation is valid for typical designs and
develops the relations mapping between the spiral pump geometry
and the straight channel model. Analytical solution of the flow
field in the straight channel model at the lubrication limit relates
the flow rate of the spiral pump to rotation rate and pressure head.

The paper also describes a scaled-up spiral pump prototype
developed for the purpose of verifying the spiral pumping concept
and validating the presented analytical model. Pressure versus
flow rate data obtained from the prototype was found to be in
good agreement with the predictions of the analytical model.

2 Design
A schematic illustration of the spiral pump concept is shown in

Fig. 1. A disk with a spiral groove rotates at a close proximity
over a stationary plate and fluid is contained in the spiral channel
created by the groove between the spiral disk and the stationary
plate. Two holes at either end of the spiral channel provide the
required inlet and outlet for the pumped fluid.

Due to nonslip conditions a velocity profile develops in the
channel with fluid velocity increasing from zero at the stationary
plate to the rotating plate velocity at the top, and viscous stresses

on the upper and lower surfaces of the channel allow the fluid to
be transported against an imposed pressure difference.

Figure 2 shows an example spiral micropump fabricated in San-
dia Ultrplaner Multilevel MEMS Technology~SUMMiT!. A com-
patible~also planar! comb drive microengine provides continuous
rotational motion on its pinion gear, which is transmitted to the
spiral disk through a 12:1 torque amplification gear train. Both the
microengine and the gear train are available as pick and place
components in SUMMiT technology,@4#.

Figure 3 shows a cross-sectional view through the centerline of
the rotating spiral disk to illustrate the interconnections between
the different polysilicon levels. The disk is defined in the upper
polysilicon level POLY4 and the stationary plate in the ground
level POLY0. The spiral protrusion is defined in intervening
POLY1, POLY2, and POLY3 levels and is connected to the
POLY4 rotating disk while leaving a small gap~0.5 microns!
above the stationary POLY0 level. A pin joint at the center of the
disk provides rotational freedom for the spiral disk. Gear teeth on
the perimeter of the disk mesh with matching teeth on the output
gear of the transmission gear train and provide continuous rota-
tion. The intricate structure around the rotating disk is a labyrinth
seal for the pumped fluid. The inlet and outlet holes are created
through backside of the wafer using a Bosch etching process.

The centerline curve of the spiral channel of a viscous-type
spiral pump is a linear Archimedean spiral described in polar co-
ordinates by

r 5ku1r o , 0<u<Du (1)

and satisfying the condition
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k/r o!1 (2)

where r o is the starting radius of the spiral curve,k is its polar
slope~change ofr peru!, andDu is its angular span. Condition~2!
indicates that the channel has a slight curvature at the entry and
along its entire length, and when satisfied, the rotation of the
spiral causes the fluid to be dragged axially along the spiral chan-
nel and not normal to the channel axis.

The values ofk, r o , andDu for the design of Fig. 2 are listed
in Table 1 along with the spiral wall widthwt the spiral channel
heighth and the gap heighth8. These six parameters completely
define the spiral channel geometry.

3 Straight-Channel Approximation
Consider a disk with a spiral channel whose centerline curve is

defined by Eq.~1! and satisfying Eq.~2!. Let the disk rotate at an
angular speedv against a pressure headDp between the inlet and
outlet. For the purpose of analyzing the flow field in the spiral
channel we propose an approximation that replaces it with a
straight channel with equivalent dimensions and boundary condi-
tions. The validity of such an approximation for flows in slightly
curved geometries has been first investigated by Dean in 1927@5#.
Using a perturbation analysis of the Navier-Stokes equations it
may be demonstrated that the leading-order error in the axial ve-
locity due to the unfolding approximation is proportional to the
square of Reynolds number Re,@6#, which is small in the viscosity
dominated microscale flow fields. The perturbation parameter in
this analysis is the curvature ratio« defined as

«5w/r (3)

wherew is the channel width andr is its radius of curvature. The
unfolding approximation is valid only for small values of both Re
and«.

For a spiral channel with a centerline segment defined by Eq.
~1! the curvature ratio is defined as

«5
2pk2wt

r
5

k

r
~2p2wt /k! (4)

wherewt is the spiral wall thickness. By virtue of condition~2!,
«!1 is satisfied unless 2p2wt /k is much larger that unity. Since
both wt and k are positive, the upper limit on 2p2wt /k is 2p,
and «!1 when in addition to~2! either one of the following
conditions is satisfied

k

r
,

1

2p
(5)

2p2wt /k<1. (6)

For the design describe in Table 1,k/r o50.08 and the unfold-
ing approximation is valid.

Figure 4 shows the straight channel model resulting from the
unfolding approximation. The heighth is equal to the original
height of the spiral channel. The lengthl is taken to be the length
of the centerline curve and is determined by integrating the dif-
ferential lengthdl5rdu over the angular span, after substituting
for r from Eq. ~1! we obtain

l'E
0

Du

~r o1ku!du5~r o1kDu/2!Du5r aDu (7)

wherer a5(r o1kDu/2) is the average radius of the spiral curve.
To complete the straight channel model, we relate the boundary

velocity of the straight channeluch to the angular velocityv of the
spiral channel. Using the velocity relationuch5vr , it is noted
that uch is a function ofx since r increases withx. A simple
relation for the functional dependence ofr on x may be estab-
lished using the length relation in Eq.~7! to arrive at the first-
order approximationdx5r adu. The coordinatex is thus related
to u and r by

x5E
0

u

r adu5r au5
r a

k
~r 2r o! (8)

or

Fig. 2 An example spiral micropump fabricated in SUMMiT

Fig. 3 A cross section through the spiral micropump „vertical dimension magnified to show
film details …

Table 1 Spiral channel defining parameters and their values
for the design of Fig. 2

Parameter Value

Polar slopek 12 microns
Starting radiusr o 146 microns
Angular spanDu 8p
Wall thicknesswt 21 microns
Channel heighth 10 microns
Gap heighth8 0.5 microns
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r 5r o1kx/r a (9)

and

uch~x!5vr o1
kv

r a
x. (10)

To determine the direction ofuch with respect to thex-direction,
Fig. 5 shows a small portion of a spiral curve rotating about the
origin O of the polar coordinate. As illustrated in the figure, the
direction of motion of a pointP on the channel makes an anglef
with x, which may be related to the spiral channel parameters by

f5tan21~dr/rdu!5tan21~k/r !. (11)

To conclude this section, we summarize the relations needed to
map a spiral channel geometry into a straight channel model using
the unfolding approximation. Given a spiral channel with height
h, wall thicknesswt , and centerline curve defined by Eq.~1! and

satisfying Eq.~2!. If the channel is rotating at an angular velocity
v against a pressure headDp, the flow field in the channel may be
modeled by a straight model with the mapping relations listed in
Table 2. The table also lists the values of the straight channel
parameters for the design of Table 1.

4 Analysis
The unfolding approximation results in a straight-channel

model for the flow field in the spiral channel, with the equivalence
formulas for dimensions and velocities listed in Table 2. As illus-
trated in Fig. 5,uch(x) has both an axial componentuch2x
5uch cosf along the spiral axis and a transverse component
uch2y5uch sinf normal to the spiral direction. An order of mag-
nitude analysis on the quantities describing the straight channel
model reveals the significance of these components and allows
further simplification in the model. To that end, we nondimen-
sionalise the quantities in Table 2 by selecting the reference length
to be the channel lengthl , and the reference velocity to be the
boundary velocity of at the entrance of the channel,uch(0)
5vr o . The nondimensional upper boundary velocityuch* and its
componentsuch2x* anduch2y* are thus obtained to be

uch* 511~k/r o!~ l /r a!x* (12)

uch2x* 5uch* cosf5uch* /A11~k/r !2 (13)

uch2y* 5uch* sinf5~k/r !~uch* /A11~k/r !2!. (14)

For k/r !1, uch2x* 'uch* and uch2y* '0. The axial velocity ap-
proachesuch(x), and the transverse component may be neglected,
leading to symmetric geometry and boundary conditions around
the z50 plane. Whenh!w, which is usually the case in the
channels considered, the flow field in the plane of symmetry rep-
resents the flow across the channel, and the problem reduces to the
two-dimensional flow in that plane as shown in Fig. 6.

The relative magnitude of axial velocity gradientduch* /dx*
may be determined from~12! to beO(k/r o)( l /r a). While k/r o is
typically small, l /r a is frequently large and the product is too
significant to be neglected. For example, the design of Table 1 has
k/r o50.08 andl /r a525 with the product (k/r o)( l /r a)52. That
is, the boundary velocity at the exit, whenx* 51, approaches
three times its value at the inlet, precluding the possibility of
obtaining a one-dimensional solution for the flow in the channel
~the streamlines are not parallel!. An analytical solution for the
two-dimensional flow field using the lubrication approximation,
however, may be obtained as shown below.

The microscale flow field of an incompressible Newtonian fluid
in the thin narrow gap of the model depicted in Fig. 6 is a classical
example of flow situation governed by the simplified version of
the Navier-Stokes equations known as the lubrication model. The
reduced Reynolds number,Re5Re(h/l) for the case of pumping
water using the pump described in Table 1 is 231026v and the
lubrication model holds for a rotational speed up to 500,000 rad/s!
Letting u and v denote thex and y-components of the fluid ve-
locity, p fluid pressure andm its viscosity, the momentum and
continuity in the lubrication model are

]p

]x
5m

]2u

]y2 ,
]p

]y
50 (15)

Fig. 4 Straight channel model

Fig. 5 Determination of the spiral angle

Fig. 6 Two-dimensional flow model

Table 2 Mapping from spiral geometry into a straight channel
model

Straight-Channel
Parameter Formula

Value for Design in
Table 1

Width 2pk2wt 54.4 microns
Length r aDu 7459 microns
Height h 10 microns
Gap height h8 0.5 microns
Angle tan21(k/r) 4.7 deg at inlet, 1.5 deg at exit.
Upper boundary
velocity

vr o1kvx/r a 146,000140x microns/s
~with v51000 rad/s)

Pressure
difference

Dp Dp
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]u

]x
1

]v
]y

50 (16)

which in the case of Fig. 6, are subject to the following boundary
conditions:

u~x,0!50, u~x,h!5uch~x! (17)

v~x,0!50, v~x,h!50 (18)

p~ l ,y!5p~0,y!1Dp. (19)

An analytical solution for the linear system above may be ob-
tained by eliminatingp from ~17! to give]3u/]y350, which may
be solved by repeated integration using the boundary conditions in
Eq. ~17! through Eq.~19!. It may be verified that the closed-form
solution of the above system is

u5uch~x!
y

h
2S h2

2m

Dp

l
13d~x! D S y

h
2S y

hD 2D (20)

v5huch8 ~~y/h!22~y/h!3! (21)

p~x!5
6m

h2 E
0

x

d~x!dx1Dp
x

l
1po (22)

where uch8 []uch /]x is the upper boundary velocity gradient,
ūch(x)[ 1/l *0

l uch(x)dx is the mean upper boundary velocity, and
d(x)[uch(x)2ūch is the local deviation from the mean. Figure 7
shows theu profiles betweeny/h50 andy/h51 resulting from a
linearly increasing upper boundary speed no imposed external
pressure. The figure shows that backflow barely develops near the
bottom wall.

5 Pump Characteristics
The volume flow rate per unit channel width may be estimated

by evaluating the integral*0
hudy at anyx with x5 x̄ being par-

ticularly convenient. Using Eq.~20! we obtain

q5
hūch

2
2

h3

12m l
Dp. (23)

The quantityhūch is the per unit width flow rate in front of a plug
of heighth and speedūch . As in the conventional Couette experi-
ment, the zero pressure flow rate is only half that quantity and
drops with pressure buildup byh3/12m l .

Using the linear velocity relation in Eq.~10! we have ūch
5vr a and d(x)5vk(x/r a2Du/2). The flow rate of a spiral
pump defined by the parameters listed in Table 1 is given by

Q5
whra

2
v2

wh3

12mr aDu
Dp. (24)

Figure 8 shows the theoretical flow rate for the case of pumping
water (m5131023 kg/(m.s)) using the spiral pump described in
design A of Table 1 when running at speeds ranging from 1000
rad/s to 5000 rad/s against a pressure head ranging from zero to
700 kPa.

6 Experimental Tests
Experimental flow rate versus pressure head data were gener-

ated using the setup shown in Fig. 9. The spiral pump in the figure
is a scaled up prototype that was built to verify the spiral pump
concept and examine the correctness of the analytical model. The
geometric properties the prototype pump are listed in Table 3.

Flow rate–pressure head data were obtained by running the
pump at a fixed speed and measuring the flow rates while increas-
ing the pressure head until the maximum pressure is reached. The
process is repeated for three different speeds. SAE 10W30 motor
oil with a density of 825 kg/m3 and viscosity of 90.1
31023 kg/m.s at 28°C was used.

7 Discussion
Figure 10 presents a comparison between the experimental data

and the analytical model for the spiral pump. The flow rates of the

Fig. 7 Axial velocity profiles at zero pressure head

Fig. 8 Theoretical flow rate
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prototype pump predicted by Eq.~24! are generally in good agree-
ment with those obtained experimentally. At low speeds, the ex-
perimental flow rates are below the analytical predictions with the
error increasing as the pressure head is increased. This may be
attributed to the cross flow in the gap below the spiral wall, which
is more pronounced at higher pressures. As the speed of the pump
is increased, the centrifugal effects compensate for the cross flow
loss, and when the speed is further increased, the experimental
flow rate becomes larger than that predicted by the analytical so-
lution.

The effect of gap heighth8 is particularly important since in
addition to its effect on flow rate, due to cross flow between the

flights of the spiral channel, it plays a dominant role in determin-
ing the torque and thus the power needed to operate the pump. An
intersection of a moving boundary with a stationary boundary is
created near the gap, and the presence of a transverse flow com-
ponent further complicates the situation, as it leads to large veloc-
ity gradients and a ‘‘scraping motion’’ next to the gap. A detailed
analytical solution of the flow field near the intersection of mov-
ing and fixed boundaries shows that when the intersecting bound-
aries make perfect geometric contact, the tangential force be-
comes logarithmically infinite,@7#. The presence of the clearance
gap precludes this divergent solution, but the force increases as
the gap is diminished. The gap clearance requires a critical
tradeoff between minimizing the cross flow while also minimizing
the power consumption in the pump.

8 Conclusions
This paper introduced a new surface micromachined viscous

pump concept that works by rotating a disk with a spiral protru-
sion over a stationary plate and outlined the implementation of
this concept in the 5-level of silicon using surface micromachin-
ing. Approximating the spiral channel by an equivalent straight

Fig. 9 Flow rate–pressure head experimental setup

Fig. 10 Theoretical and experimental flow rates

Table 3 Spiral channel parameters for the prototype pump

Parameter Value

Polar slopek, mm 0.75
Average radiusr a , mm 16.0
Angular spanDu 3p
Channel widthw, mm 3.2
Channel heighth, mm 1.0
Clearance gaph8, mm 0.1
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channel, and using the lubrication model, a simple analytical so-
lution of the flow field in the pump was obtained, which relates
the flow rate to the pressure difference and rotation rate. Experi-
mental pressure versus flow rate data obtained from a scaled-up
spiral pump prototype follow the trend predicted by the analytical
model, with deviation attributed to centrifugal effect and to cross
flow in the gap between the spiral wall and the fixed plate.

The analysis presented above focused on the contribution of
flow in the spiral channel on pump performance. The effect of
spiral curvature, spiral angle, spiral wall height, gap between the
spiral and stationary disk, and transverse flow on pump perfor-
mance at both low and high Reynolds numbers are still open
issues that need to be addressed in further research.

References
@1# Sen, M., Wajerski, D., and Gad-El-Hak, M., 1996, ‘‘A Novel Pump for MEMS

Applications,’’ ASME J. Fluids Eng.,118, pp. 624–627.
@2# Sharachandra, M. C., Sen, M., and Gad-Elhak, M., 1997, ‘‘Navier-Stokes

Simulations of a Novel Viscous Pump,’’ ASME J. Fluids Eng.,119, pp. 372–
382.

@3# Day, R., and Stone, H., 2000, ‘‘Lubrication Analysis and Boundary Integral
Simulations of a Viscous Micropump,’’ J. Fluid Mech.,416, pp. 197–216.

@4# Garcia, E., and Sniegowski, J., 1995, ‘‘Surface Micromachined Mi-
croengines,’’ Sens. Actuators,48, pp. 203–214.

@5# Dean, W. R., 1927, ‘‘Note on the Motion of Fluid in a Curved Pipe,’’ Philos.
Mag., 4, pp. 208–219.

@6# Leal, L. G., 1992,Laminar Flow and Convective Transport Processes: Scaling
Principles and Asymptotic Analysis, Butterworth-Heinemann, Boston, MA.

@7# Batchelor, G. K., 1967,An Introduction to Fluid Dynamics, Cambridge Uni-
versity Press, Cambridge, UK.

344 Õ Vol. 125, MARCH 2003 Transactions of the ASME

Downloaded 03 Jun 2010 to 171.66.16.152. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Nobuyuki Yamaguchi
Faculty of Sciences and Engineering,

Meisei University,
2-1-1 Hodokubo, Hino City,

Tokyo 191-8506, Japan

Keisuke Ito
Ichigaya Division,

Dai-nippon Printing Company,
1-1-1, Kagamachi,

Ichigaya, Shinjuku-ku,
Tokyo 162-8001, Japan

Masayuki Ogata
Faculty of Sciences and Engineering,

Meisei University,
2-1-1 Hodokubo, Hino City,

Tokyo 191-8506, Japan

Flutter Limits and Behaviors
of Flexible Webs Having
a Simplified Basic Configuration
in High-Speed Flow
Fluttering conditions were analyzed for webs with a simplified basic configuration with
both leading and trailing edges fixed in a uniform flow. The predicted flutter limits are
expressed in terms of a ratio of fluid force to tension (s* ), a ratio of tension to bending
stiffness (t* ), and a reduced frequency fR. Three characteristic zones of the behavior are
seen to appear depending on the magnitude oft* . For mediumt* of 13103 to 1
3106, flutter-limit values ofs* and fR remain nearly constant, respectively. For low
t* ~,13103! effect of bending stiffness becomes significant and buckling-like instabili-
ties tend to occur preceding the flutter. For hight* ~.13106! ripple-like modes
tend to occur ands* falls drastically and fR scatters much. Experimental flutter limits
obtained in the wind tunnel were seen on the average to agree with the expected ones for
the tested range of 93102,t* ,43104. @DOI: 10.1115/1.1537254#

1 Foreword
Long continuous belts~webs! of thin and flexible materials are

frequently handled or moved at high speed in air. Such a process
is, so to say, a basic and essential unit component employed in a
vast area of industries and technologies; for example, webs of
paper, plastic film, cloth, thin steel strips, and so forth are handled
in modern information processing units, tape recorders, rotary
printing machines, transmission belts, plastic film manufacturing
equipment, and rolling mills in steel-making plants. Fluttering of
the webs tend to occur in such processes, having undesirable ef-
fects on the quality of the product and/or the production rate of the
process. If the web behavior could be stabilized, for example, in
printing machines, significant improvements could be gained,
such as better print quality, a higher printing speed, and a decrease
in frequency of troubles such as wrinkling and folded edges.

Especially with the advent of a variety of high-speed informa-
tion processing equipment and information media, practical pre-
diction methods for web behaviors are in high demand, in order to
elucidate and control the phenomena. The phenomena, however,
are complicated because of the many factors involved, such as
web stiffness~elasticity!, inertia force, fluid force, axial force~ten-
sion!, motion configuration, and so forth. Therefore, improve-
ments and countermeasures have been mostly devised by experi-
ences and through trial and error on site.

The situation is similar to flag-like sheet flutter phenomena. A
brief historical survey on investigations on the flutter phenomena
of sheets and webs was presented in the Foreword of Yamaguchi
et al. @1#. They have constructed a practical prediction method of
flutter limits of sheets and webs. By use of the method, Yamagu-
chi et al.@2# made clear the flutter limits and behaviors for sheets
having the leading edge clamped and the trailing edge free in a
uniform flow.

Difficulty in the problems lies in the extreme aeroelastic nature
of the phenomena. The web has a very low stiffness and a very
small mass ratio compared to the surrounding fluid. Therefore, the
web motion tends to deviate significantly from the resonance
modes in vacuum, and progressive waves appear. Investigations in

the field have been relatively few in number from both analytical
and experimental aspects. For the web flutter phenomena, the gen-
eral tendencies or behaviors affected by governing factors have
not yet been clearly understood.

Recently, the web flutter phenomena have received more atten-
tion. Kaneko et al.@3# treated a flow-induced flutter of a highly
flexible sheet in a very narrow passage between rigid walls as is
often seen in paper-making machines by leakage flow approxima-
tion and the finite element method based structural equation.
Chang and Moretti@4# treated another kind of web flutter, the
flutter of free edges in the cross machine direction which is the
direction transverse to the one here.

This paper aims to predict the flutter limits of webs in a uniform
flow and to elucidate the general behaviors by extending the
above method,@1#. In addition, results from wind tunnel tests are
included to compare with the predicted data.

2 A Simplified Basic Configurations of a Web
As shown in Fig. 1~a!, a web is generally a continuous belt of

flexible and thin plate or film running between revolving rollers,
supported and tensioned by them. As additionally shown in Fig.
1~b!, walls are often present nearby.

Although it is desirable to handle the practical situations of the
webs as they are, it is too complicated to analyze them generally.
So, to begin with, a very simplified situation as a basic condition
of the web is assumed. A very thin two-dimensional web is swept
by a two-dimensional uniform flow, with its leading and trailing
edges clamped or hinged, as shown in Fig. 2.

Several differences are really present between the simplified
basic configuration and the practical ones, as understood at first
glance of Figs. 1 and 2, including~1! the axial movement of the
web, ~2! the presence of the rollers at both edges,~3! the finite
width of the web~three-dimensionality of the flow!, and~4! pos-
sible presence of nearby walls. These factors are expected to af-
fect the practical phenomena to a more or less extent in addition to
the basic effect. Since the magnitude of these effects are supposed
to be not small, they should be the tasks for further studies.

3 Outline of the Method of Analysis
The basic concept of the analytical method employed here was

already described in Yamaguchi et al.@1#, which should be re-
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ferred to for details. This paper deals with a web of very thin and
flexible material in an infinitesimal perturbed motion. The web is
clamped at its leading and trailing edges and swept by a uniform
flow of speedUa . It has a length ofLs and a thickness ofts . The
width bs is so large that the situation could be assumed to be
two-dimensional. As shown in Fig. 3~a!, the web surface, being
flown in x-direction on the average, performs a small-amplitude

oscillation in y-direction, whose displacement isys . The edges
are atx50 andx5Ls . The densities of the web and the air arers
andra , respectively.

The basic equations are as follows:
~1! Flow field: The web is simulated by distributed vortices

on the webG(x,t) and free vorticesGw(x,t) emitted from the
trailing edge.

Gw~x,t !5G~Ls,t2Ls/Ua! for x.Ls (1)

The unsteady pressure difference across the web planeDp(x,t)
is determined by the following equation derived from the conser-
vation of the vorticity and the relationship between the pressure
and the velocity:

Dp~x,t !52raE
0

x ]G~x,t !

]t
dx2raUaG~x,t ! for 0,x,Ls .

(2)

A velocity componentv in they-direction is estimated by Biot-
Savart’s law from the distributed vortices.

~2! Web motion: The forces acting on the web are given by
the following:

FD~x,t !5Dp~x,t !2rsts

]2ys~x,t !

]t2 1T~x!
]Q~x,t !

]t
. (3)

Here the second term and the third one on the right-hand side
are the inertia force of the web and the contribution of the tension
T, respectively.

The exerted forces are related with the beam sectional shear
force as follows:

] f B~x,t !

]x
5FD~x,t !. (4)

Based on the above relationships, the following equations give the
relationships concerning the beam quantities:

sectional shear forces:f B~x,t !5E
xo

x

FD~x,t !dx1 f B~xo ,t !

(5)

bending moments:M ~x,t !5E
xo

x

f B~x,t !dx1M ~xo ,t ! (6)

web inclinations: Q~x,t !5
1

b E
xo

x

M ~x,t !dx1Q~xo ,t ! (7)

web displacements:ys~x,t !5E
xo

x

Q~x,t !dx1ys~xo ,t !. (8)

Here,b is a relative stiffness, a ratio of the web stiffness on the
typical flow force,

b5
EsI s

~raUa
2/2!Ls

3 , (9)

whereEs is Young’s modulus, andI s is the sectional area moment
of the web.xo is a starting point of the integration, or the joint
point of each segment when the sheet is approximated by a num-
ber of short segments as described later.

~3! Boundary conditions: The Kutta-Joukowski equation holds
at the trailing edge.

Dp~Ls ,t !50 (10)

The web motion and the flow field are matched as follows:

v2
]ys~x,t !

]t
5Ua

]ys~x,t !

]x
. (11)

The leading and trailing-edge conditions of simple support are

Fig. 1 „a… General practical situations of webs and „b… pres-
ence of nearby walls

Fig. 2 The simplified basic configuration of web assumed in
this simulation study

Fig. 3 Conditions of a fluttering web
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ys~0,t !50 and M ~0,t !50 (12)

ys~Ls ,t !50 and M ~Ls ,t !50. (13)

The above variables as functions of coordinatex and timet are
variable separated. The time function can reasonably be expressed
as exp(jvt), where j is the imaginary unit andv is a complex
angular frequency. A general functiong(x,t) is expressed as fol-
lows:

g~x,t !5G~x!exp~ j vt ! (14)

where g(x,t) stands for each ofG(x,t), Dp(x,t), FD(x,t),
f B(x,t), M (x,t), Q(x,t), and ys(x,t). The respective functions
G(x) of x only exist corresponding to the above functions, respec-
tively. They are linearized on the assumption of small perturba-
tions.

The effects of fluid friction are taken into the analysis as fol-
lows. The local tension is given as

T~x,t !5To223c fo~raUa
2/2!x. (15)

Here, To is the tension at the leading edge, andc fo is a fluid
frictional coefficient. The multiplication factor 2 is taking account
of both surfaces of the sheet.

The web is divided intoN segments as shown in Fig. 3~b!. The
Eqs.~5!–~8! are applied to each segment. The variables at respec-
tive joining points as unknowns are related continuously with
those at the neighboring junction points. Thus from the basic
equations, simultaneous equations for respective segments are
constructed in terms of the variables at the segment junctions, to
form a system of homogeneous linear simultaneous equations.
The determinant derived from the coefficient matrix of the system
determines complex frequencies of the phenomena. The sign of

the imaginary part indicates either the stability or instability of the
web motion. The unstable condition will bring about web flutter.

4 Governing Parameters
Although the phenomena are affected by various factors in a

complicated manner, the results are conveniently expressed in

Fig. 4 Predicted flutter limits of webs under tension

Fig. 5 Predicted reduced flutter frequency of webs under
tension

Fig. 6 Predicted vibration modes of webs and pressures for F-mode for t* of 2Ã10, 2Ã104, and
1.2Ã106

Table 1 Data for the analysis of web behavior

WEB Material paper
LengthLs 1 m

Thicknessts 1–0.1 mm
Densityrs 700 kg/m3

Young’s ModulusEs 3 GPa
FLOW air

Densityra 1.2 kg/m3

Friction Coeff.cf o 0.05
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terms of the following four nondimensional quantities, which
have been derived by normalization of the governing equations
~Yamaguchi et al.@1#!.

tension/stiffness ratio t* 5TLs
2/EsI s (16)

fluid force/tension ratio s* 5~raUa
2Lsbs!/T (17)

reduced frequency f R5 f Ls /Ua (18)

mass ratio m5rsts /raLs (19)

HereT is the web tensile force~N! and is nominally taken equal to
To here, andf is the flutter frequency~Hz!. The first parametert*
is the ratio of the web tension to the web bending stiffness. It may
be called a tension parameter. The second parameters* is the
ratio of the typical flow force to the web tension. Both include the
tension term whose effects are very important in the web flutter
phenomena. Hereafter these dimensionless quantities are em-
ployed to show the results.

5 Analytical Results
Web behaviors were calculated for the conditions given in

Table 1 by increasing the flow speed gradually from sufficiently
low value up to the one where the characteristic root became
unstable. A flutter limit was defined as the condition where neutral
stability was reached. The flow friction coefficientcf o was as-
sumed to be 0.05, which appeared rather high but was considered
to be reasonable for the situation based on the results on sheet
flutter in Yamaguchi et al.@2#. The number of the segmentsN
approximating the webs was taken to be 50 in the analysis.

5.1 Predicted Results. Figures 4 and 5 show the predicted
results. All the plotted points in the figures are the analytical ones.
Figure 4 shows the predicted flutter limits in terms of fluid force/
tension ratioss* against the tension parametert* for mass ratiom
of 0.05833 (Ls51 m andts50.0001 m). Symbols such asD, E,
F, etc., discern the oscillation modes at the respective points,
which will be described later. The lower part of the figure corre-
sponds to a stable region and the upper part to the unstable region,
i.e., flutter region. Figure 5 shows the predicted reduced frequen-
cies f R at the flutter limits against the tension parameterst* for a
mass ratiom of 0.05833.

The web flutter phenomena depend mainly on the tension pa-
rametert* . The effect of mass ratios and fluid frictions on the web
flutter phenomena will be mainly presented in Section 6. The flut-
ter limit s* proved to be relatively independent of the mass ratios
and friction coefficients in the range surveyed here.

5.2 Features of the Flutter Behavior. As seen in Figs. 4
and 5, the behavior of the flutter limits shows different tendencies
in the following three regions depending on the tension param-
eterst* .

Fig. 7 Detailed behavior of flutter limit lines in low t* region

Fig. 8 Detailed behavior of flutter limit reduced frequency
lines in low t* region

Fig. 9 Predicted vibration modes of webs and pressures in
low t* region for t*Ä60 and mÄ0.05833
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~1! t* ,13103 low t* region

~2! 13103,t* ,13106 medium t* region

~3! 13106,t* high t* region

In the mediumt* region (13103,t* ,13106), the flutter
fluid force/tension ratioss* remain nearly of a constant value
close to 6, and the reduced frequenciesf R lie between 0.1–0.15.
The figure at the center of Fig. 6 shows a typical oscillation mode
for the mediumt* region, predicted att* of 23104. Eight sub-
figures to the left and to the right of each pair in Fig. 6 show
instantaneous displacements and pressure distributions, respec-
tively, along the web. The subfigures are at each eighth time in-
terval of one complete cycle successively from the top to the
bottom. They are normalized by the maximum absolute value of
the corresponding quantity over an oscillation period and over the
whole web length. The flutter modes are seen to resemble roughly
the third resonance mode. The web displacements, however, show
the presence of progressive waves traveling toward downstream
direction. On the other hand, the pressure distributions show pro-
gressive waves traveling toward upstream. The speed of the waves
is one weblength for an oscillation period. The mode is named the
‘‘F’’ mode hereafter.

Immediately below the upper border of the mediumt* , for
example, att* of 1.23106 in Fig. 6, small ripples are seen to
appear superposed on the F-mode. The ripples play a major role in
the adjacent hight* region. The ripples, however, tend to lower
the analytical accuracy.

Instability conditions in the lowt* region (t* ,13103) are
shown in an expanded scale in Figs. 7 and 8 including data for
mass ratiosm50.05833 and 0.5833. Toward lower values oft* ,
the value ofs* corresponding to the F-mode flutter limit increases
gradually. The character of the oscillation and thef R value are
seen to remain unchanged. The oscillation mode shown in the left
pair of Fig. 6, which is fort* of 20 in the lowt* region, belongs
to the F-mode and is essentially of the same form as that for the
mediumt* region.

In the low t* region, however, unstable zones are predicted
preceding the F-mode flutter. As seen in Figs. 7 and 8, fort*,70,

with an increase in the flow speed, a neutral point named ‘‘D1’’
first occurs and breaks into instability. In the zone from point D1
to D2 the web behavior is unstable. Figure 8 shows a rough ten-
dency of the reduced frequencies. At points D1 and D2 the re-
duced frequenciesf R are calculated to be nearly zero. From D2 to
E1 the web is stable. At point E1 instability occurs again. Above
point E1 one of the following two situations occurs:~1! at point
E2, stability is regained and after that the web breaks into F-mode
instability, i.e., the ordinary fluttering condition, or~2! without
recourse to the E2 condition, the web directly breaks into F-mode
instability. The latter is named point E2F. At points E1 and E2 the
reduced frequencies are relatively close to those for F-mode flut-
ter. For 70,t*,400, the D-mode vanishes and E1 first occurs.
The E-mode zone between lines E1 and E2 is seen to exist very
close to the F-line at relatively higher values oft* .

As shown in Fig. 9, both D and E-modes show a manner of
standing waves of the second modes and the third ones, respec-
tively. In addition to that, their frequencies are very low, which
suggests an occurrence of instability close to buckling.

In the very lowt* region, the web tension is relatively small
compared to the bending stiffness. The growing fluid force would
cause such kind of oscillation against the web bending stiffness
prior to the ordinary flutter occurrence. It is anticipated that this
pre-flutter instability would, in practice, force the oscillation di-
rectly into a flutter without recourse to the intervening stable
zones.

The upper-limits* line and the lower one for the D-mode zone
appear nearly independent of mass ratios. However, the upper-
limit t* for the D-zone is affected by mass ratios, as seen in Fig.
7. The upper-limitt* for the D-mode zone is lower for a larger
mass ratio ~m50.5833! than for a smaller mass ratio~m
50.05833!. Since other mode-lines are not affected by changes in
the mass ratios, the same marks are used in plotting the calculated
points irrespective of mass ratios in Figs. 7 and 8.

In the hight* region (13106,t* ), the magnitude ofs* sud-
denly drops, namely, the flutter speed is lower toward higher val-
ues oft* as shown in Fig. 4. In the region, a number of unstable
results tend to occur in a very crowded fashion. In practice, the
flutter limits encountered will be the lowest ones which are plotted

Fig. 10 Predicted vibration modes of webs and pressures for high t* region
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in the figure. At the same time the values of the reduced flutter-
frequencyf R become scattered, and many of them become higher.

The modes show oscillations of very high orders, which appear
as ripples superposed on a lower mode oscillation in Fig. 10. The
pressure distributions show a prevalence of the ripples. These flut-
ter modes are named F2 as a whole.

The ripple phenomenon is attributed to a significant difference
in the characteristic wavelengths for a beam-bending vibration
and a tensioned-string vibration for the same frequency~cf. Ap-
pendix!. Around t* of 13106, the wave lengths of both vibra-
tions are noticeably different from one another. For example, a
tensioned string vibration for the third mode~1.5 waves on the
string! can coexist together with a beam bending vibration for the
30th mode~15 waves on the beam!. Thus ripples of the bending
modes appear superposed on a lower order mode of the tensioned
string vibrations. The ripples might be the major cause of the F2
instability in the hight* region.

Here it must be noted that the ripples of very short wavelength
tend to limit the analytical accuracy owing to the limited number
of the segments employed in the calculation (N550). From the
authors’ experiences,@1#, accuracy within 1 percent in the flutter
speed requires roughly ten segments for a wavelength. Thus the

above results in the hight* region should be thought to be tenta-
tive ones. The result fort* of 1.23106 in Fig. 6 and all examples
in Fig. 10 thus have rather limited accuracy.

For reference, the conditions where both of the wavelengths are
comparable for the respective third modes are estimated to be for
t* of around 100, which is within the lowt* region. For these
conditions both types of vibrations are naturally very dependent
on one another through the parameters and may form an insepa-
rably combined mode in contrast to the apparently independent
modes of ripples on a long-wave mode.

6 Effects of Mass Ratio and Friction Coefficient
The effects of mass ratio and friction coefficient on the flutter

behavior are summarized in Figs. 11 and 12 mainly for the me-
dium and the high-t* regions. The effects of mass ratios are com-
pared form of 0.05833 and 0.5833, with a friction coefficientcf o
of 0.05. The effects of the fluid friction coefficient are compared
amongcf o of 0.0, 0.025, 0.05, and 0.1, all for mass ratiom of
0.05833.

Changes in these factors are seen to have little effects on the
F-mode flutter phenomena within the range surveyed here, par-
ticularly in the mediumt* region. As to the lowt* region, the

Fig. 11 Predicted effects of mass ratios and friction coefficients on the web
flutter limits

Fig. 12 Predicted effects of mass ratios and friction coefficients on the re-
duced flutter frequencies
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D-mode is affected by the mass ratios but the F-mode is not, as
described in the preceding section. In the hight* region, however,
prediction accuracy is lower because of the limited number of the
segments for one wave at present. Therefore, for 13102,t*
,13106, the above conclusion is appropriate from the analytical
view.

7 Results of Wind Tunnel Tests
The analytical data above are compared with those experimen-

tally obtained in wind tunnel tests~Ito et al. @5#!.

7.1 Procedure of the Wind Tunnel Tests. Thin and flexible
sheets of paper with both ends clamped were tested on their flutter
limits in a uniform airflow in a wind. The dimensional data of the
wind tunnel are given in Table 2.

The arrangement of the experiment is schematically shown in
Fig. 13. Edge-clamping devices, as shown in Fig. 14, have a thin
and streamlined two-dimensional sectional shape. They are sup-
ported horizontally on knife edges, allowing both free axial move-
ment of the web and a horizontal tension load on the web. Tension
is provided by two weight pieces of a known mass hung at the tips
of two vertical wires. After a deflection in the direction via rollers,
the wires transmit the tension horizontally to the trailing-edge
device. The wires run outside of the wind tunnel channel walls on
both sides of the web.

Procedures of the measurement are as follows: A sheet of paper
for the test is fixed by the edge-clamping devices and weights of a
known mass are hung at the tip of the tension wires. Then the
wind tunnel fan is started and the speed is gradually increased by
an inverter controller system. At each fan speed the flow velocity
and the web amplitude is measured. When the amplitude increases
suddenly, it is identified as a flutter speed. As shown in Fig. 13,
flow velocity is measured by means of a Pitot tube and a digital
differential pressure indicator. The web displacement is measured

with a noncontact laser position-sensor system, whose output is
analyzed by an FFT analyzer system for surveying the frequency
characteristics.

The data and properties of the papers used for the tests are
given in Table 3. The Young’s modulus of each web specimen was
estimated from the tip deflection of a sample sheet caused by the
uniform loading of the sheet weight itself using the deflection
formula on the uniformly loaded beam. The data are very scat-
tered, influenced by various characteristics of the test sheet, such
as which side of the paper~the face or the back! is upward, which
of the paper directions~longitudinal or lateral! is for the beam
fibers, etc., in addition to the geometrical data. So, many measure-
ments were taken and averaged.

The uncertainties of the measurements are estimated as follows;
mass of the sheet: 0.5 percent, thickness: 5 percent, web length:
0.5 percent, flow speed: 1.5 percent, tension: 0.01 percent, and
frequency: less than 0.1 percent. The uncertainty of the Young’s
modulus was thus expected to be 12 percent and the experimental
scatter was 10 percent within a range of very small deflections. In
spite of the above, the experimental data obtained on flutter limits
scattered far more than expected.

In the test, care was taken to avoid humidification of the test
sheet, wrinkling or edge folding of the sheet during testing, and so
on. These precautions tended to reduce the scattering of the ex-

Fig. 13 Experimental arrangement for the web flutter tests

Fig. 14 Edge fixing device for the test piece

Table 2 Dimensions of the wind tunnel

Nozzle caliber 300 mm3300 mm square
Channel length 800 mm
Jet direction horizontal
Jet velocity 0–17 m/s
Air source axial flow fan~0.75 Kw!
Speed control inverter control of the fan RPM
Velocity distribution 61.5%
Turbulence 0.5%
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perimental data somewhat, but the degree of improvement was not
as much as expected. In addition to the variable properties of the
papers, the gravitational effect due to the horizontal positioning of
the sheets for testing, the three-dimensional effect due to the lim-
ited width, and the limited relative size of the wind tunnel, are to
be pointed out as the additive major causes of the data scattering.

7.2 Results of Flutter Tests in the Wind Tunnel. The re-
sults thus obtained are plotted with respect to the flutter fluid
force/tension ratios* in Fig. 15 and with respect to the reduced
frequency f R in Fig. 16, against the tension-stiffness ratiot* .
Because of the limited capacity of the experimental setup, the data
are limited to a relatively narrow range of the mediumt* region.

The nature of the frequency change near the onset of flutter
occurrence are varied: in some conditions the frequency remains
nearly the same; in other conditions it changes at the same time as
the flutter occurrence. Here the frequency immediately after the
flutter occurrence is employed as the experimental flutter fre-
quency.

The dotted lines in Figs. 15 and 16 are the analytical results
obtained in the preceding section. Compared with these predicted
lines, the experimental data are seen to be very scattered. The
zone of scattered data, however, includes the predicted lines. It

may be said that the prediction is rather reasonable for the region
surveyed in the mediumt* region, 93102,t* ,43104.

For simplicity, the data points in Figs. 15 and 16 are identified
by their particular mass ratios. Each symbol represents data falling
within a certain range. The data are seen in a mixed fashion within
the scatter. This suggests that the effect of mass ratios is negligible
for the range tested within the experimental accuracy. It agrees
with the tendency predicted in Section 6.

It was attempted to maintain two-dimensional nature of the ex-
periment, but the outbreak of flutter interfered. It was observed
that the flutter speed tends to be somewhat higher for wider
sheets. This tendency is thought to be similar to that of a sheet
with the trailing edge free@2#. However, it was difficult to show a
consistent tendency, given the few widths tested and the wide
scatter of the experimental data.

The horizontal position of the web tended to droop because of
gravity. When the web was pulled tightly to straighten the web,
the flutter speed tended to be much higher. So, the tests were
started initially with a rather slack condition with a constant ten-
sion. The tightness was difficult to control and is considered to
have added to the data scatter.

8 Conclusion
Flutter limits of webs with a simplified basic configuration were

analytically predicted and the effects of the governing parameters
on the limits and behaviors were investigated. From the results a
general understanding of the phenomena are gained. Three char-
acteristic regions exist depending on the tension parametert* .

The experiments suggested some degree of validity of the ana-
lytical results, though within a limited range of the mediumt*
region, 93102,t* ,43104.

To improve the experimental accuracy, the authors are now
constructing a vertical wind tunnel for the flutter tests.

Nomenclature

bs 5 web width ~m!
cf o 5 surface fluid-friction coefficient
Es 5 Young’ modulus of web material~Pa!
FD 5 external force on the web
f B 5 sectional shear force
f R 5 reduced frequency, Eq.~18!
g 5 a general function of bothx and t
G 5 a general function ofx only after a variable separa-

tion of a functiong
I S 5 sectional area moment
i 5 order of vibration~Appendix!
j 5 order of vibration~Appendix!

Ls 5 length of a web~m!
M 5 sectional bending moment
N 5 number of segments in approximating a web
R 5 ratio of resonance frequencies of a beam bending

vibration and a tensioned string vibration~Appendix!
T 5 tension~N!
t 5 time ~s!

ts 5 web thickness~m!
Ua 5 velocity of the uniform flow~m/s!

v 5 induced velocity perpendicular to the main flow~m/s!
x 5 coordinate in the main flow direction~m!
y 5 coordinate perpendicular to the x coordinate~m!

ys 5 sheet displacement~m!
b 5 relative stiffness

Dp 5 pressure difference across the sheet plane~Pa!
G 5 vortex strength

GW 5 wake vortex strength discharged from the trailing
edge

Q 5 sheet surface inclination
ra 5 fluid density~kg/m3!
rs 5 density of the web material~kg/m3!
s* 5 flutter fluid force/tension ratio, Eq.~17!

Table 3 Characteristic figures of the papers for test

Paper Copy Paper Simili Paper Tracing Paper

Thicknessts (mm) 0.098 0.082 0.062
Densityrs (kg/m3) 679 808 989
Young’s modulusEs (Gpa) 1.24 2.07 2.48
LengthLs (mm) 275–775
Width bs (mm) 30,60,90

Fig. 15 Effect of tension parameter on the flutter limits

Fig. 16 Effect of tension parameter on the flutter reduced
frequencies
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t* 5 tension/stiffness ratio, Eq.~16!
m 5 mass ratio, Eq.~19!
v 5 angular frequency~rad/s!

vBj 5 angular frequency of thejth mode of a beam bending
vibration ~Appendix!

vTi 5 angular frequency of theith mode of a tensioned
string vibration~Appendix!

Appendix

Occurrence of Ripples of Higher-Order Mode in the Web
Flutters. As described in the main body of the present paper, for
aroundt* of 13106, ripples in the web configurations become
significant. The Appendix discusses the phenomenon.

Essentially, several kinds of forces act on the web in an insepa-
rable manner, resulting in flutter. Here, for the simplicity, it is
assumed that two types of resonance modes occur independently,
i.e., a tension-governed string mode for a string with both ends
clamped, and an elasticity-governed beam-bending mode for a
beam with both ends clamped. The latter is named ‘‘beam-
bending mode’’ and the former ‘‘tensioned-string mode.’’

The angular frequency of thetth resonance mode of the
tensioned-string mode is given by the following equation~Burton
@6#!:

v i
T5 i ~p/Ls!AT/rsts for i 51,2,3. . . . (A1)

The angular frequency of thejth resonance mode of the beam-
bending mode is given by the following equation~Burton @6#!:

v j
B5 j 2~p/Ls!

2A~EsI s /rsts! for j 51,2,3 . . . . (A2)

A ratio of the above both is defined as R as follows:

R5v i
T/v j

B (A3)

From Eqs.~A1!, ~A2!, and~A3!

R5~ i / j 2!A~TLs
2/EsI s!/p. (A4)

From the definition oft* ~Eq. ~16!!,

R5~ i / j 2!At* /p. (A5)

For the condition of the same frequency for the two modes (R
51),

j 5A4 t* A~ i /p!. (A6)

From the above, relations amongi and j are as given in the fol-
lowing.
t* 104 105 106 107

i 51 j 55.6 10.0 17.8 31.7
2 8.0 14.1 25.2 44.8
3 9.8 17.3 30.9 54.9

As seen from the table, for high values oft* , lower modes of
tensioned-string vibration and higher modes of beam-bending vi-
bration tend to have frequencies close to each other, resulting in
the appearance of ripples by the latter mode.

On the other hand, for low values oft* , the differences of the
resonance frequencies between the tensioned string vibrations and
the beam bending vibrations are small. Therefore ripples do not
appear. For example, the condition for the third mode for both
( i 5 j 53) is

t* 5100.

The condition is in the lowt* region. Near this condition, both
vibrations will merge easily.
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Viscous Fingering in a Hele-Shaw
Cell With Finite Viscosity Ratio
and Interfacial Tension
A volume tracking method was developed to simulate time-dependent unstable viscous
fingering in a Hele-Shaw cell. The effect of finite viscosity ratiom r between displacing
and displaced fluids and their interfacial tensions on finger morphology is investigated.
It is shown that there exist four distinct finger patterns, depending upon the viscosity
ratio, m r , and Ca8, the modified capillary number for constant flow rate, orDP•W/s,
for constant driving pressure difference. Morphology diagrams are developed to identify
the ranges of the dimensionless parameters corresponding to the various finger patterns.
The simulation results are validated with experiments.@DOI: 10.1115/1.1524589#

1 Introduction
Viscous fingering in a Hele-Shaw cell,@1#, originating from

industrial oil recovery, was first studied by Saffman and Taylor
@2#, and the complexity of fundamentals behind the phenomenon
itself has since attracted much attention. A Hele-Shaw cell con-
sists of two parallel plates with a narrow spacing; when a less
viscous fluid is driven to displace a more viscous one in the cell,
an initially flat interface between the two fluids evolves into a
so-calledviscous fingeringpattern. The flow is governed by the
Hele-Shaw equation,@3#, which, if both fluids are Newtonian, is
written as

ui52
b2

12m i
¹Pi (1)

where i refers to each of the two fluids,ui is velocity averaged
over the cell thicknessb, m i dynamic viscosity, andPi pressure.
Usually, incompressibility is assumed (¹•ui50), which reduces
Eq. ~1! to a Laplacian equation for the pressure in both fluids

¹2Pi50. (2)

Across the interface, the pressure is continuous if the two fluids
are miscible; otherwise, a pressure jump condition should be met

P12P25s•k (3)

wheres is interfacial tension andk the curvature of the interface
projected onto the Hele-Shaw cell plane.

In most studies so far, the viscosity of the displacing fluid is
neglected, which renders a uniform pressure distribution in its
side. The interface then becomes part of boundaries enclosing the
more viscous displaced fluid. As indicated by the experiments of
Park and Homsy@4#, Maxworthy @5#, and Kopf-Sill and Homsy
@6#, in the absence of the displacing fluid viscosity the finger
shape and morphology could be determined by a single parameter,
the modified capillary number

Ca85
Um

s S W

b D 2

, (4)

whereU is the velocity of the finger,m the viscosity of the dis-
placed fluid, s interfacial tension,W the half Hele-Shaw cell
width, b the cell thickness. For lowCa8, a single, long, steady
finger called aSaffman-Taylor fingerwas obtained; for largeCa8,

unstable, branched fingers were reported,@4–6#. McLean and
Saffman@7# solved for the steady finger width analytically as a
function of Ca8, but the mechanism, by which the finger asymp-
totically approaches half-cell width, was resolved later,@8,9#.

Time-dependent direct simulations have also been developed to
investigate both stable and unstable fingers. One approach is the
random-walkermethod, of which good examples are given by
Kadanoff @10#, Liang @11#, Tang @12#, and by Arneodo and co-
workers@13#. In this purely stochastic method, the solution of the
Laplacian pressure equation, Eq.~2!, is obtained by a probabilistic
scheme. Particles released from one end of the cell, walk ran-
domly until they encounter and stick to a cluster forming from the
other end, which eventually grows into a finger-like pattern. Al-
though the behavior of a random-walker is precisely formulated
by the discretized Laplacian pressure equation, it is restricted to
the case of vanishing displacing fluid viscosity. The approach can
not be used to simulate viscous fingering under finite viscosity
ratio between the two fluids.

Numerical solutions of the Eqs.~1!–~3! governing the viscous
fingering phenomenon have been reported using boundary integral
method by DeGregoria and Schwartz@14,15#, Hou et al.@16,17#,
and Nie and Tian@18#, the vortex-in-cell method by Tryggvason
and Aref @19#, and Meiburg and Homsy@20#, and the volume
tracking method by Whitaker@21#. In a particular approach of the
boundary integral method, called the conformal mapping method
~for example,@22#!, the moving interface is transformed into a
fixed boundary in a complex domain, and the interface velocities
are derived from the complex boundary velocities. In the vortex-
in-cell method, a vorticity form of the Hele-Shaw equation is used
to obtain the interface as the only location that is not irrotational,
and the velocities are reconstructed from the vorticities. Good
agreement with McLean and Saffman’s analytical solution,@7#,
for stable fingers was reported by using either of these two meth-
ods with zero displacing fluid viscosity, and the authors also ex-
tended the use of the method to selected unstable fingering cases.

Both of the above-mentioned methods feature a Lagrangian ap-
proach to tracking the interface. The volume tracking method,
@21#, on the other hand, employs an Eulerian formulation. Here
‘‘volume’’ refers to a valueF assigned to each cell that forms a
fixed mesh over the whole computational domain. Specifically,
this valueF represents the fraction of a cell that is occupied by the
displacing fluid. A time-dependent advection equation, given be-
low, is solved to obtainF throughout the computational domain,
from which the interface is constructed through the cells having
0,F,1.

]F

]t
1

]~uF!

]x
1

]~vF !

]y
50 (5)
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The velocities,u andv, in the above equation and the pressure in
each cell could be directly solved using a finite difference method
without resorting to special transformations. In Whitaker’s work,
@21#, a SLIC ~simple line interface calculation! algorithm was
implemented to treat the interface in each cell as lines aligned
with one of the logical mesh coordinates. However, using the
SLIC method, the Saffman and Taylor finger was reproduced only
qualitatively, and furthermore, no significant development was re-
ported in regard to simulation of unstable fingers.

It is evident from the foregoing discussion that numerical simu-
lation of viscous fingering with finite viscosity ratio and finite
interfacial tension between the two fluids has been the subject of
relatively little attention, and it is the intent of the present study to
fill this void. Specifically, the study seeks to systematically ex-
plore the influence of the viscosity ratiom r ~defined as the ratio of
displaced fluid viscosity to that of displacing one! and the inter-
facial tension~expressed in a suitably nondimensionalized form!
on finger morphologies. A numerical method based on the volume
tracking formulation coupled with a piecewise linear interface cal-
culation ~PLIC! scheme is used to simulate the evolution of the
fingers with time. With the focus on Newtonian fluid systems, the
results of the simulations are used to identify, for the first time,
ranges of the dimensionless parameters associated with the vari-
ous finger morphologies.

The paper is organized as follows: Section 2 presents a descrip-
tion of the numerical simulation technique based on the volume
tracking method with modifications to accurately reconstruct the
complex finger interfaces. Section 3 provides validation of the
numerical method by considering available data in the literature,
and further, details the results of the study on simulation of vis-
cous fingering for finite viscosity ratio and interfacial tension.

2 Numerical Simulation Method
The numerical scheme used for the simulation of the viscous

fingering phenomenon is the volume tracking method with modi-
fications tailored for a reliable reconstruction of the complex fin-
ger morphologies. The essence of the volume tracking method is
to design a scheme that will accurately estimate interface infor-
mation, such as orientation, position, and curvature, solely based
on the volume of fluidF data in each cell. The orientation and
position are important to evaluation of fluid advection along the
interface; the curvature is needed to calculate the local interfacial
tension that could strongly affect the evolution of the interface.
The volume tracking method considered here is based on the con-
cept of piecewise linear interface calculation~PLIC! scheme in-
troduced by Youngs@23#. In the PLIC scheme, a line defined by a
slope and intercepts with the cell faces represents the local inter-
face orientation and position. Many variants of PLIC schemes
have been developed with different techniques of evaluating the
slope, intercepts, and curvature, and for an elaborate description
of the algorithm, the reader is referred to the work of Rider and
Kothe @24#.

In the scheme discussed in this section, the slope is the first
information derived from the volume of fluid data, which is then
used to locate the intercepts, orboundary fractions fw , f e , f s ,
and f n on the west, east, south, and north faces of the cell, respec-
tively. The boundary fractions are, in turn, used for computing
advection fluxes. The computing of the curvature, and hence the
interfacial tension, is also facilitated by the slope information.
Within this basic framework, modifications are introduced to ac-
count for situations where the interface experiences various abrupt
changes within 333 grid stencils. Therefore, the scheme is ren-
dered suitable for simulating unstable viscous fingering within the
framework of the volume tracking method. The following subsec-
tions outline the various calculations involved in the numerical
simulation algorithm.

2.1 Slope and Boundary Fraction Calculation. The inter-
face orientation, or slope, can generally be obtained by finite dif-
ferencing of local volume of fluid. Specifically, considering a 3

33 stencil around the cell~i, j! of interest as shown in Fig. 1~a!,
the volumes of fluid in each of the three columns can be summed
up to give three dimensionless volume heights,

Hh~k, j !5 (
l 5 j 21

l 5 j 11

F~k,l !, k5 i 21,i ,i 11,

from which the interface slope of the cell~i, j! may be approxi-
mated, assuming equal mesh spacing in thex andy-directions, as

Sh~ i , j !5
Hh~ i 11,j !2Hh~ i 21,j !

2
.

However, if the stencil in Fig. 1~a! were rotated by 90 deg, which
corresponds to a vertical interface of the cell~i, j!, the above finite
differencing based on columns yields a poor estimate of the slope.
It is more appropriate in this case to define three more volume
heights as

Hv~ i ,l !5 (
k5 i 21

k5 i 11

F~k,l !, l 5 j 21,j , j 11,

which are simply summations of volumes of fluid in each of the
three rows, and calculate an interface slope of the cell~i, j! viewed
from the rotated coordinates as

Sv~ i , j !5
Hv~ i , j 11!2Hv~ i , j 21!

2
.

The inverse ofSv( i , j ) is the interface slope viewed from the
original coordinates, and its is a much better approximation than
Sh( i , j ). Since the interface orientation is generally unknown a
priori, both the horizontal volume height,Hh( i , j ), hence the hori-
zontal slopeSh( i , j ), and the vertical volume height,Hv( i , j ),
hence the vertical slopeSv( i , j ), are computed. Comparison of the
absolute values ofSh andSv determines if the interface is ‘‘hori-
zontal’’ or ‘‘vertical,’’ and, in turn, if Sh or Sv should be used to
approximate the interface slopeS. Specifically, if uShu,uSvu, the
interface is ‘‘horizontal,’’ andSh is a more accurate estimation of
slope thanSv , thusS5Sh ; conversely, ifuShu.uSvu, the interface
is ‘‘vertical,’’ and S5Sv instead.

Note that even though only one of these two slopes is chosen to
represent the real interface, the other is still important in that its
sign reveals which side of the interface the displacing fluid re-
sides. For example, in Fig. 1~a!, the interface in the cell~i, j! is
‘‘horizontal,’’ owing to the fact thatuSh( i , j )u,uSv( i , j )u. Further,
sinceSv( i , j ),0, the nonzero volumes of fluid are discerned to be
in the bottom area of the stencil. On the other hand, if it were a
‘‘vertical’’ interface in the cell~i, j!, then the sign ofSh( i , j ) would
have been used to determine whether the volumes of fluid were in
the left or in the right part of the stencil. The information on
which side of the interface contains the displacing~or equiva-
lently, the displaced! fluid volume will assist in finding the cell
boundary fractions, as will be explained in the following descrip-
tion. For the discussion below, it is convenient to define the slope
that gives such information as theauxiliary slope, and the one that
represents the real slope as theprincipal slope.

The boundary fractions may be derived from the volumes of
fluid in the cells constituting the stencil. For the cell~i, j! with a
‘‘horizontal’’ interface illustrated in Fig. 1~a!, the west and the
east boundary fractions,f w and f e , can be obtained directly from
the horizontal volume heights in the stencil. First, two boundary
heights,Yw andYe , which are measured on the west and the east
cell faces, respectively, are defined as follows:

Yw5
Hh~ i 21,j !1Hh~ i , j !

2
, Ye5

Hh~ i , j !1Hh~ i 11,j !

2
.

Approximating the interface in the cell~i, j! by a straight line
connecting these two boundary heights from the west cell face to
the east cell face, they can be readily related tof w and f e as
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f w5min@1,max~0,Yw21!#, f e5min@1,max~0,Ye21!#.
(6)

Note that the boundary fractions are explicitly limited in the range
of 0 to 1, so that physically correct values will be obtained in all

cases including those where the interface may not intersect with
the west or the east cell boundary, as exemplified by the dashed
and the chain-dashed lines in Fig. 1~a!.

The calculation of the boundary fractions on the north and
south faces of the cell is as follows. If the straight line described
above does not intersect with either the north or the south face of
the cell ~i, j!, then the boundary fraction of one of the faces is 0,
and the other is 1. The assignment of the appropriate value de-
pends on the sign of the auxiliary slope, which, in the case of the
illustration in Fig. 1~a! is Sv( i , j ): If Sv( i , j ) is negative, the south
boundary fraction,f s51, and the north boundary fraction,f n
50; if Sv( i , j ) is positive, then their values are interchanged.

If the straight line connecting the boundary heightsYw andYe
runs through either the north or the south face of the cell~i, j!, as
indicated by the dashed and the chain-dashed lines in Fig. 1~a!,
the values of the north and the south boundary fractions rely on
three factors:~1! whether the north or the south face of the cell~i,
j! is intersected by the straight line,~2! the sign of the auxiliary
slope, and~3! which of the boundary heights,Yw( i , j ) or Ye( i , j ),
is larger. For instance, consider the situation where the interface
intersects the north cell face as shown by the dashed line in Fig.
1~a!. Since the sign of the auxiliary slope,Sv( i , j ), is negative,
which corresponds to the displacing fluid being below the inter-
face, the south boundary fraction of the cell~i, j!, f s51. Its op-
posite side, the north face of the cell~i, j!, has a fractional bound-
ary value between 0 and 1. For the interface configuration shown
in Fig. 1~a!, sinceYw( i , j ),Ye( i , j ), the fraction of the north face
to the right of the intersection with the straight line connecting the
boundary heightsYw andYe is taken as the north boundary frac-
tion. If Yw( i , j ).Ye( i , j ), and factors~1! and ~2! do not change,
the appropriate choice of the north boundary fraction would be the
fraction of the north cell face to the left of the intersection with
the straight line. The north boundary fraction,f n , will equal 0 or
1 if the interface runs through the south cell face, as denoted by
the chain-dashed line in Fig. 1~a!, and accordingly the south
boundary fractions will lie in the range 0, f s,1. If the sign of the
auxiliary slope is negative, i.e., the displacing fluid is below the
interface, the north boundary fraction is 0; otherwise, it is 1. On
the south face, the fraction to the right of the intersection with the
straight line is taken as an estimate of the south boundary fraction
if Yw( i , j ),Ye( i , j ); otherwise, the left fraction is used.

The value of the fractional portions are computed as the geo-
metric intercepts with the north or the south cell face by the
straight line that connects the two boundary heights,Yw andYe ,
which, as mentioned earlier, are measured on the west and the east
cell faces, respectively. With all the considerations discussed
above, a generalized formulation for the north and the south
boundary fractions,f n and f s , may be written as follows:

f s5maxFA1 ,A2

2Sv~ i , j !

uSv~ i , j !u G ; f n5maxFA1 ,A2

Sv~ i , j !

uSv~ i , j !uG (7)

where

A15
max~0,Y122!

uY122u1uY222u
; A25

uY121u
umin~0,Y121!u1uY221u

Y15max~Yw ,Ye!; Y25min~Yw ,Ye!.

Note thatSv( i , j ) is used above as the auxiliary slope, whose sign,
rather than magnitude, is relevant for the calculating of the bound-
ary fractions. The set of expressions above holds for the situation
where the interface is horizontal as depicted in Fig. 1~a!. A similar
set of relationships for a vertical interface could be readily ob-
tained by defining a pair of vertical volume heights,Ys andYn , in
place ofYw andYe , respectively, and usingSh( i , j ) as the auxil-
iary slope. In this case,f s and f n are calculated using expressions
similar to those in Eq.~6!, while the equivalent of Eq.~7! deter-
minesf w and f e . In the simulations, the algorithm first determines
the interface orientation, and then chooses corresponding set of

Fig. 1 „a… Calculation of boundary fractions and interface
slope based on volume of fill fractions in a 3 Ã3 stencil around
each cell. Numerics at the upper-right corner of each cell de-
note the volume fractions of the displacing fluid „depicted by
the shaded region …. „b… Schematic of the ‘‘shooting’’ method to
correct estimations on boundary fractions in situations where
interface orientation has an abrupt change within a 3 Ã3 sten-
cil. „c… Choice of the appropriate neighboring interface cells for
obtaining a good approximation of curvature of center cell in a
3Ã3 stencil.
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formulation to calculate all four boundary fractions for each cell.
In the case of Fig. 1~a!, the boundary fractions as computed are
f w50.51, f e50.75, f s51.00, andf n50.00.

Following the foregoing procedure, each cell is assigned a set
of f w , f e , f s , and f n values. However, these values do not nec-
essarily match those calculated by the neighboring cells for the
same shared boundaries. Since this is unphysical, and a boundary
must have a unique boundary fraction, the value corresponding to
the cell having a greater volume of fluid,F ~with respect to its
neighbor!, is taken as the boundary fraction on their common face.
This rule was generally found in the present study to yield a better
estimate of boundary fractions for those cells with an interface
passing through two perpendicular cell faces.

The algorithm developed so far performs well for gradual in-
terface orientation changes. However, in unstable viscous fingers,
the orientation may exhibit abrupt changes locally within 333
stencil, as exemplified in Fig. 1~b!. Such a situation can be dis-
cerned by comparing the sign ofuShu2uSvu for all the interface
cells within the stencil—if the sign changes, then the orientation
changes, either from horizontal to vertical, or vice-verse. In such
cases, since the slopes and boundary fractions computed in the
way described above may not be sufficiently accurate, a ‘‘shoot-
ing’’ correction method, as illustrated in Fig. 1~b!, was imple-
mented. In this method, the smaller ofuYw2Hh( i , j )u and uYe
2Hh( i , j )u is used as the amount of correctionDh to obtain a new
set ofYw

new andYe
new as:Yw

new5Hh( i , j )6Dh, andYe
new5Hh( i , j )

7Dh. The basic idea of ‘‘shooting’’ is that if the slope on the side
with less orientation change~such as the right face of the cell~i, j!
in Fig. 1~b!! is maintained towards the opposite side of the cell,
the intercepts and boundary fractions calculated as such would be
much closer to their real values. After this correction, the above
formulation is used to obtain better estimations of the boundary
fractions and the slopes.

2.2 Interface Curvature Calculation. One of the methods
for curvature calculation reported in the literature is Chorin’s it-
erative algorithm,@25#, which is based on the philosophy of trying
to find a circle that will cut out exact values ofF for the cells in
the 333 stencil. In the present study, since the slope information
is known, as developed in Section 2.1, the curvature was deter-
mined directly, without invoking an iterative calculation. The cur-
vature may be related to the slope as

k5
2d2y/dx2

@11~dy/dx!2#3/2 ~ for a horizontal interface!, (8a)

5
2d2x/dy2

@11~dx/dy!2#3/2 ~ for a vertical interface!. (8b)

Such an algorithm allows for a relatively straightforward imple-
mentation, except that care must be taken in evaluating derivatives
of the slopes in the above equations. The method is illustrated by
the case shown in Fig. 1~c!, where the interface runs through cells
( i 21,j ) and ~i, j! horizontally, then changes its orientation to the
vertical while passing through cells (i 11,j ) and (i 11,j 21). The
curvature of the interface cell~i, j! is sought by discretizing the
first of the above analytical expressions for the curvature, since
the interface in the cell~i, j! is horizontal. The derivative of slope
of the cell ~i, j! is seen to be either

S~ i , j !85
S~ i 11,j !2S~ i 21,j !

2Dx
, or

S~ i , j !85
S~ i 11,j 21!2S~ i 21,j !

2Dx
,

i.e., the two interface cells in columni 11 could be used to evalu-
ateS( i , j )8. The choice of the appropriate expression is based on
the following consideration: As explained in Section 2.1, slopes
calculated in those cells with an interface line cutting out corners
may not be as accurate as in the other cases. Therefore, in Fig.

1~c!, the interface cell (i 11,j 21) is chosen in place of (i
11,j ), and the latter of the above expressions is used to calculate
S( i , j )8. The general implementation of such algorithm is that the
volumes of the cells are compared first, and ifuF( i 11,j )20.5u
,uF( i 11,j 21)20.5u, the former expression forS( i , j )8 is used;
otherwise, the latter is chosen. Note that the derivative is evalu-
ated by finite differencing of theprincipal slopes, so that in the
above expressions,S( i 21,j ) andS( i , j ) are the horizontal slopes
of the cell (i 21,j ) and ~i, j!, while S( i 11,j ) and S( i 11,j 21)
are the inverse of the vertical slopes of these two cells but taking
the sign of their horizontal slopes.

2.3 Boundary Flux Calculation. In addition to a reliable
interface reconstruction, discussed in the foregoing subsections,
an accurate update of the volume of fluid fractions is equally
important for an effective simulation of the flow phenomenon.
The principal issue is the evaluation of advection terms in Eq.~5!
once the velocity field is known. In a finite difference implemen-
tation, it is equivalent to evaluating fluxes ofF over the cell faces
during a time-stepDt. Two different methodologies to computing
the boundary flux are reported in the literature,@24#.

• Algebraic Method: The boundary fluxes are expressed as up-
wind or downwind contributions depending upon the interface
orientation. If the flow is parallel to the interface, an upwind flux
is used; otherwise, a downwind flux is adopted in general. A cor-
rection is added to prevent more volume than currentF available
in the cell, or more void than current (12F) from being fluxed
out. The volume of fluid~VOF! method by Hirt and Nichols@26#
features this algebraic approximation.

• Geometric Method: The boundary fractionsf w , f e , f s , and
f n are used in the calculation of the boundary fluxes in Eq.~5!. In
a simpler treatment, called the operator-splitting method, fluxes
are swept in one direction at a time. An unsplit algorithm will
consider the corner regions of the cell in much more detail, and
leads to a truly multidimensional flux calculation, albeit at a
greater computational investment.

A geometric method was implemented in the present study. The
fluxes are approximated by the boundary fractions obtained in
Section 2.1 in an operator splitting fashion, and a correction based
on bounding the maximum and the minimum fluid volume frac-
tion in a cell is employed. The operator splitting scheme was
chosen, because it is accurate enough and computationally faster
on the fine mesh used in the simulations. The net summation,DF,
of the fluxes across the four faces of each cell, corrected to ensure
physical consistency~i.e., 0<F<1), is used to update the volume
of fill fraction. An adjustment scheme is designed to redistribute
any minute surpluses (Fold1DF21.0) or deficits (Fold1DF) into
the outboundboundary fluxes. If a cell has more than one out-
bound flux, then the redistributions are apportioned with respect to
their velocities. The readjustment is carried out iteratively until all
cells have volume of fluid fractions within the range of 0 to 1.

2.4 Velocity and Pressure Calculations. For interior areas
of both fluids in a Hele-Shaw cell, a discretization of Eq.~2!
yields a five-point Laplacian finite difference formula

Pi 21,j1Pi 11,j1Pi , j 211Pi , j 1124Pi , j50. (9)

For interface cells, a similar five-point formula can be obtained by
utilizing Eq. ~1! for the velocity. An effective viscosity for inter-
face cells may be defined as

m* 5Fm11~12F !m2 , (10)

wherem1 is the viscosity of displacing fluid andm2 the viscosity
of displaced fluid. Without invoking interfacial tension for the
time being, a pressure driven flow is given by Hele-Shaw equation
as

vw52
b2

12m~ i 21/2,j !*
Pi 21,j2Pi , j

Dx
(11a)
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ue52
b2

12m~ i 11/2,j !*
Pi , j2Pi 11,j

Dx
(11b)

us52
b2

12m~ i , j 21/2!
*

Pi , j 212Pi , j

Dy
(11c)

us52
b2

12m~ i , j 11/2!
*

Pi , j2Pi , j 11

Dy
(11d)

whereuw , ue , us , andun are velocities at four boundaries of a
cell, m ( i 21/2,j )* , m ( i 11/2,j )* , m ( i , j 21/2)* , and m ( i , j 11/2)* are effective
viscosities at four boundaries obtained by averaging the viscosi-
ties of the two neighboring cells sharing the common boundary
face, andDx and Dy are grid sizes. Since the fluids are incom-
pressible, volume conservation for a cell at any time is given by

uwDy1usDx5ueDy1unDx. (12)

Substituting Eqs.~11a!–~11d! into ~12! yields a pressure differ-
ence formula for interface cells in the form of

awPi 21,j1aePi 11,j1asPi , j 211anPi , j 112Pi , j50. (13)

Accounting for interfacial tension, using Eq.~3!, a more general
formulation of pressure results as

awPi 21,j1aePi 11,j1asPi , j 211anPi , j 112Pi , j5s( Dk i

(14)

where

( Dk i5aw~k i 21,j2k i , j !1ae~k i 11,j2k i , j !1as~k i , j 212k i , j !

1an~k i , j 112k i , j !.

Note that for the noninterfacial cells, their curvatures are simply
zeroes, and the formulation defaults to that in Eq.~13!. The gov-
erning equations are subject to appropriate boundary conditions at
the four walls of a rectangular Hele-Shaw cell, as discussed in the
later sections.

The system of linear equations for pressure is solved iteratively
using thepreconditioned biconjugate gradient~PBCG! method. In
order to handle cases in which the PBCG can not converge at a
certain time-step, the lower-upper triangular matrix~LU! decom-
position method was used as a backup solver at that time-step.
The convergence criterion was based on a residual,D, defined
from Eq. ~12! as

D5
uw1us2ue2un

1
2 ~ uuwu1uusu1uueu1uunu!

.

The iterative solution procedure was continued untilD was less
than 0.001 for all the cells in the computational domain. The
time-stepDt for solving the advection Eq.~5! was evaluated as

Dt5
1

4

h

uUu
(15)

which satisfied the Courant-Friedrichs-Lewy conditionuUuDt/h
<1, whereuUu is the maximum speed of the flow at the interface,
andh5Dx5Dy for a square mesh used in the present study.

Viscous fingering is inherently an instability phenomenon, the
simulation of which requires a certain amount of randomness to
be introduced in the computation. The randomness serves to break
down the symmetry in the flow pattern and to introduce unstable
characteristics such as bifurcation~tip-splitting! at the finger tip.
Further, the instability is sought to be introduced in the computa-
tions based on the physics of the problem rather than as purely
random perturbations. With the foregoing objectives, the follow-
ing simulation procedure was implemented. At each time-step dur-
ing the simulation, all interface cells are assigned their normal
velocities calculated from previous time-step, and the maximum

velocity among them is found. For each interface cell, its normal
velocity is scaled with respect to the maximum velocity to obtain
the probability assigned to the interface cell. A random number
between 0 to 1 is generated for each interface cell, and compared
with its associated probability to determine if the interface cell is
to be selected for flow advancement. The viscosities of those se-
lected cells are changed to viscosity of invading fluid~regardless
of the volume of fill fractions,F, associated with the cells!, and a
new pressure field is calculated for next time-step. The velocities
computed based on the pressure field are used to advance the
interface.

It is evident that the method uses a deterministic velocity field
to update the interface, thereby ensuring mass conservation. By
way of contrast, approaches based on randomization of the inter-
face velocity,@14,20#, may result in a spurious ‘‘excess’’ mass or
‘‘deficit’’ mass which are not physically realistic. It is noted that
other means of randomization may also be explored, but as will be
shown in the next section, the approach presented is adequate as
evidenced by the comparison of simulations with experimental
data. Furthermore, the introduction of randomness based on the
interfacial velocity information, instead of employing a tunable
noise parameter, renders the approach attractive.

3 Results and Discussion
Prior to its application to simulating viscous fingering phenom-

enon, the numerical method was validated against benchmark so-
lutions, to assess the accuracy of the developed algorithm. The
validation studies are discussed in Section 3.1. Subsequently, the
validated model is used to explore viscous fingering in the pres-
ence of finite viscosity ratio and interfacial surface tension. The
results of these studies are described in Section 3.2.

3.1 Validation of the Numerical Method. First, the curva-
ture calculation method outlined in Section 2.2 was tested by con-
sidering a sinusoidal function,y5

1
21

3
10 sin 2px, 0,x,1 on a

20320 mesh, which was also used as the test case by Chorin@25#.
Figure 2 shows a comparison of the numerically computed values
of the curvature~discrete symbols! at variousx values with the
exact solution~shown by the continuous line! that was derived
analytically for the sinusoidal function. It is seen that the curva-
ture values computed by the present algorithm are in good agree-
ment with the analytical solution over the entire range of the func-
tion. This provides validation of the curvature calculation
algorithm, which forms the basis for incorporating the effects of
surface tension in the viscous fingering simulation discussed in
the next section.

A second validation of the computational technique was con-
ducted on the simulation of steady Saffman-Taylor finger growth
in a Hele-Shaw cell, for which an analytical solution of the finger
width is reported by McLean and Saffman@7#. The simulations
were carried out on a rectangular Hele-Shaw cell with a length-
to-width ratio of 3:1, and consisting of a line inlet and a line exit
located along the two shorter sides of the cell. The line inlet is
described by a constant pressure boundary condition, while the
line outlet on the opposite end is set with a constant efflux rate,Q.
As the Saffman-Taylor finger progresses steadily,Q may be re-
lated to finger tip velocityU by

Q5U•b•l f ,

wherel f is the finger width, andb the cell thickness. Once the
finger tip velocity U is known, the modified capillary number,
Ca8, can be determined using the expression provided previously
~Eq. ~4!!. The two lengthwise side walls are treated as being im-
permeable with free slip boundary conditions. An initial sinu-
soidal interface of one period with its peak equal to 1/8th of the
cell width at the centerline is introduced to initiate the growth of
the steady finger, and randomness in the interface progression was
not used in this validation study. The simulations were carried out
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for a range of surface tension~s!, viscosity of the fluid in the cell
~m!, and the efflux rate,Q. In each case, the steady width of the
Saffman-Taylor finger was recorded.

The results of the validation are presented in Fig. 3, in terms of
the ratio of the finger width (l f) to the cell width~W!, l, as a
function of a dimensionless group defined by Tryggvason and
Aref @19#: 2p(3t)1/2, wheret5(b2/12m)(sb/2QW). The con-
tinuous line in the plot denotes the solution reported by McLean
and Saffman@7#, expressed in terms of the dimensionless param-
eters, while the discrete markers represent the simulation results.
The plot also identifies the modified capillary numbers,Ca8, as-
sociated with the data points. It is seen that the volume tracking
method used in the present study gives a good agreement with
McLean and Saffman’s solution for all the cases considered. For
2p(3t)1/2.), it is known from linear stability analysis,@15#,
that stable fingers can not be generated, which was also confirmed
by the present simulations. For these cases, since a steady width
can not be identified, a comparison with the benchmark solution is
not possible, and they are excluded from the plot. Overall, the
physical trend in the simulation data are seen to validate well with
the analytical solution.

The simulation results in Fig. 3 correspond to a numerical mesh
consisting of 80 grid points along the width of the cell, and 240

grid points along the length of the cell. In a separate numerical
mesh convergence study, four different grid sizes of 20360, 40
3120, 803240, and 1603480 were successively used to obtain
the finger widths for the differentCa8 numbers indicated in Fig.
3. The absolute errors relative to the solution by McLean and
Saffman@7# were found to decrease by a factor of 4 for every
doubling of the number of grid points, which suggests that
the numerical method has a second-order spatial accuracy. Al-
though not determined explicitly in this study, the temporal accu-
racy is expected to follow that of similar methods reported in the
literature,@23,24#.

Furthermore, the mesh convergence study revealed that the 80
3240 mesh was adequate to obtain converged results over the
range of parameters considered. Indeed, Fig. 3 demonstrates that
this discretization yields results that accurately match the McLean
and Saffman solution. Further simulations presented in this article
are therefore based on a discretization of 80 grid points along the
cell width, and a proportional number along the mold length,
based on the length-to-width aspect ratio. Although the chosen
spatial discretization was based on the convergence of the stable
Saffman-Taylor finger, for which a systematic mesh convergence
analysis is possible, the discretization was also adequate to
achieve morphological convergence in the case of unstable finger-
ing, as discussed later in this section. For a chosen mesh size, the
time step used in the simulations was determined such that the
mesh Courant number was 1/4@Eq. ~15!#.

It is reported based on experimental studies,@4#, that the fingers
exhibit tip-splitting above a critical capillary number of about 100.
In the present simulations tip-splitting was observed forCa8.
'60 on a mesh of 803240. This may be attributed to numerically
induced instabilities which are difficult to curtail in the
simulations—a trend also reported by Degregoria and Schwartz in
their boundary-integral computations,@15#. It is worth noting that
the early onset of finger tip-splitting in the simulations does not
impair the exploration of unstable fingering for ranges ofCa8
farther away from the transition point.

3.2 Finger Morphologies Under Finite Viscosity Ratio and
Interfacial Tension. Although it is qualitatively known that the
viscosity ratiom r defined as the displaced fluid viscosity to the
displacing fluid viscosity must be ‘‘high’’ enough to favor viscous
fingering, it is not readily evident from the literature if there exists
a criticalm r below which the fingering could not happen. Further,
it is of interest to determine the variation of the criticalCa8 that
marks the onset of the unstable fingering, with the viscosity ratio
m r . The goal of the present study is therefore to systematically
map the various finger morphologies onto aCa82m r space. Simi-
larly, for viscous fingers resulting from a constant pressure injec-
tion, a morphology diagram in terms of a suitably nondimension-
alized pressure difference and the viscosity ratio is sought to be
developed.

With the focus on the evolution of a single finger, the inlet in
our simulation is set to be a narrow opening, equal to1

40th of the
cell width, at the center of one of the smaller sides of the cell.
Both constant pressure and constant flow-rate-based injection of
the low viscosity fluid are investigated. The opposite end of the
cell, directly across the injection face, is a line outlet with constant
pressure. The rest of the cell boundaries are set to no-flow condi-
tion normal to the bounding surface. The cell length was consid-
ered to be twice its width, and the simulations were carried out on
a 803160 mesh with random interface progression turned on.

For the constant flow rate study, them in the modified capillary
number,Ca8, is defined as the displaced fluid viscositym2 . The
viscosity,m2 , and the interfacial tension,s, were varied to obtain
a wide range ofm r andCa8 in the simulations. However, theCa8
can not be precisely determined beforehand without knowing the
actual finger tip velocity, and its evaluation will be discussed later
in this section. For conciseness, results of only 20 typical cases
from all that were simulated are presented here in Fig. 4. They are

Fig. 2 Validation of curvature calculation on yÄ1Õ2
¿„3Õ10…sin 2 px. Continuous line denotes the exact curvature
as C„x …ÄÁ„1.2p2

…sin 2 pxÕ†1¿„9p2Õ25…cos 2 2px‡3Õ2, and the
symbols represent the curvatures computed by the numerical
method.

Fig. 3 Dimensionless width l of a Saffman-Taylor finger as a
function of 2 p„3t…1Õ2. Solid line is McLean and Saffman’s solu-
tion, and the symbols are simulation results using the present
algorithm.
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labeled 1~a! to 4~e!, and are roughly arranged in the ascending
order with respect toCa8 (a→e) andm r (4→1), as tabulated in
Table 1. From Fig. 4, four distinct finger patterns are identified:

• Saffman-Taylor-Like Finger: This type of pattern~seen in
frames 1~a!, 2~a!, 3~a!, and 4~a! in Fig. 4! is characterized by a
single, long stretching finger, as wide as one-third of the cell
width, with minimal or no branching. Both its geometric features
and constant progression speed, as we shall see later, resemble the
steady Saffman-Taylor fingers. The interfacial tensions plays a
significant role in stabilizing the fingers, because the pattern is
only found at small capillary numbers~equivalently larges! for
all viscosity ratios.

• Dendritic Fingering: For eachm r , asCa8 increases, the fin-
gers begin to split in a periodic manner, exhibiting an incipient
dendritic growth. However, no secondary level of branching ap-
pears. These are exemplified by frames 1~b!, 2~b!, 3~b!, and 1~c!,
2~c! in Fig. 4.

• Coalescent Fingering: Whenm r is not high enough, and for
Ca8 exceeding a critical value, it is seen that growth of the tips is
significantly influenced by other parts of the finger. Continuous
joining and merging of finger branches leads to no distinct finger
formation. The early stage of finger development in frames 4~d!
and 4~e! in Fig. 4 best demonstrates thiscoalescencebehavior. In

the later stage of the finger, the simulation suggests that the
branches tend to sever from the finger main body into many small
submesh-size fluid blobs. Frames 3~c!, 3~d!, 3~e!, and 4~c! also
exhibit coalescence to various degrees. The pattern in frame 4~b!
represents a transition from the coalescent to stable fingers, and
the abovementioned criticalCa8 may be defined at this transition.

• Multiscale Fingering: As theCa8 and them r exceed certain
critical values, each branching begins to occur at several length
scales, resulting in an incipient~1d! and 2~d! to full arborescent
pattern~1~e! and 2~e! in Fig. 4!. Competition between higher level
finger tips can be observed as in 2~e!, and eventually only one
prevails. The structures strongly suggest fractal characteristics that
are usually found in miscible, non-Newtonian viscous finger ex-
periments, whereCa8 is infinity.

As mentioned earlier, theCa8 used to define each case was
evaluated with the finger tip velocity,U. The velocities were ob-
tained by linearly fitting the tip locations at multiple time in-
stances that are readily known from the simulations. Figure 5
shows a few example cases from the set in Fig. 4. Constant finger
tip velocities, as indicated by the close correspondence of the data
points with the linear regression fits in Fig. 5, were achieved by
theconstant flow rate injection, and this justifies the use ofCa8 as
an appropriate governing parameter. In contrast, as will be dis-
cussed later in this section, theconstant pressure injectioncases
are described by a different dimensionless parameter. It is also
evident from Fig. 5 that the finger growth slows down with the
increasing level of branching. The fastest growth is of Saffman-
Taylor like fingers, such as 1~a!, which requires only half the time
needed by highly branched fingers, such as 1~e!, to reach the same
locations.

The results of all the simulated cases were categorized into one
of four finger types that were identified. The simulation results
were then mapped onto theCa82m r space, giving a finger mor-
phology diagram shown in Fig. 6, which features four zones as
follows:

• Stable Zone: It is found that in lower capillary number region,
for which the characteristic upper limit is seen to be aroundCa8
5630 and independent of the viscosity ratio, branching can hardly
grow from the main finger body. As the capillary number de-
creases in this region, the finger gets more and more stabilized,
owing to the increased interfacial tension. This trend is shown by
examination of frames 1~a!, 2~a!, and 3~a! ~all of which have
Ca85632) with frame 4~a! (Ca85130) in Fig. 4 corresponding
to the data points denoted by filled circles in Fig. 6. Among them,
one that most resembles the Saffman-Taylor fingers is obtained
aroundCa85130 ~frame 4~a! in Fig. 4!. Further decrease of cap-
illary number to less than 100, as explored in Section 3.1 and Fig.
3, will eventually yield steady state Saffman-Taylor fingers. In
view of such a stabilization forCa8,630, this region is classified
as the stable zone.

• Coalescence Zone: For Ca8.630, the tip-splitting phenom-
enon is dominant. However, if the viscosity ratio is not high
enough to exceed a criticalm r ,min'300, the branches of fingers
will always merge inwardly in their later stages to the main finger
bodies. This coalescence behavior is even more pronounced as
Ca8 increases up to infinity, as long as the viscosity ratio is main-
tained belowm r ,min . It is seen that within this lower viscosity ratio

Fig. 4 Finger morphologies as a function of Ca8 and m r for the
case of constant flow rate injection. The corresponding Ca8
and m r values for each frame are given in Table 1.

Table 1 Modified capillary number and viscosity ratio values „Ca8,m r… corresponding to the
simulations in Fig. 4

a b c d e

1 632, 104 6320, 104 6.323104, 1000 6.323105, 1000 6.323106, 1000
2 632, 3162 2000, 1000 6.323103, 776 6.323105, 776 6.323107, 776
3 632, 1000 6320, 562 23104, 316 6.323105, 562 23107, 316
4 130, 316 632, 316 23103, 316 6.323104, 100 6.323105, 100
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region, in the case of high capillary numbers,Ca8>6.323104 in
Fig. 6, coalescence could take place at multiple levels~cf. frames
4~d!, 4~e! in Fig. 4!.

• Transition Zone: As the viscosity ratio exceedsm r ,min'300
and the capillary number is beyondCa8.630, finger branches
can not only develop from the main body, but also stay apart from
each other during their progression through the cell. However, the
pattern shared by the cases denoted the inverted-triangle symbols
in Fig. 6 are mostly of the dendritic type. At higher viscosity
ratios, such patterns span a relatively narrower capillary number
ranges starting fromCa85630. The range is observed to be
monotonically widened as the viscosity ratio decreases until an-
other critical m r ,max'560 is reached. At viscosity ratios from
m r ,min to m r ,max and Ca8.630, the fingers undergo a transition
from coalescence to multiscale fingering. If the dendritic finger
pattern could also be viewed as a transition from the stable finger
to the multiscale finger, a transition region can be identified as in
Fig. 6.

• Multiscale Zone: When the viscosity ratio is greater than
m r ,max5560, the multiscale finger pattern will be reached, pro-
vided that the capillary number is also greater than some threshold
values depending on the viscosity ratio. Referring to the region
occupied by square markers in Fig. 6, it is seen that higher vis-

cosity ratios favor the formation of the multiscale fingers by re-
quiring smaller thresholdCa8 values. For instance, atm r5104 the
multiscale finger pattern starts fromCa8'6.33103; while at m r

5560, it can not be obtained untilCa8'6.33105, which is two
orders of magnitude higher. This feature is quantified in Fig. 6 by
the curve that divides the multiscale zone and the transition zone.

It is evident from the preceding discussion that the viscous
fingering phenomenon is fully characterized by the modified cap-
illary numberCa8 and the viscosity ratiom r when it is driven by
the constant flow rate at the inlet of the Hele-Shaw cell. However,
when the driving force is specified by the constant pressure dif-
ference,DP, between the inlet and the outlet, a nondimensional-
ization of the governing Eqs.~1!–~3! yields a new parameter,
P* 5DP•W/s, which will, along with the viscosity ratiom r ,
determine the finger morphologies.

Simulations with differentP* s andm rs also yielded four finger
patterns that are similar to those found in the study of constant
flow rate injection. As such, the detailed results, like those shown
in Fig. 4, are omitted here in the interest of brevity. Six select
cases are shown in Fig. 7 to exemplify some unique features.
Briefly, the parameterP* , like Ca8, is a measure of the dynamic
force (DP) relative to the stabilizing force~s!. Frames~a!, ~b!,
and~c!, in Fig. 7 illustrate the stable morphologies with increasing
m r for a fixed value ofP* , while frames~d!, ~e!, and ~f ! corre-
spond to the morphological differences for a fixedm r as the pa-
rameterP* is increased. AsP* increases, whilem r is kept con-
stant and beyond a critical value of 560, the interface tends to be
unstable, and a branched finger pattern is eventually reached. This
morphology change is clearly demonstrated by frames~b!, ~d!, ~e!,
and~f ! in Fig. 7, all of which share the samem r51000, but with
progressively decreasing interfacial tension effects. The case of
P* 5` ~framef ! denotes complete miscibility between the fluids,
wherebys50.

Further, in Fig. 7, the Saffman-Taylor like fingers~a!, ~b!, and
~c! are seen to be tapered near their ends, and the multiscale
fingers ~d!, ~e!, and ~f ! appear more branched compared to the
constant flow rate cases with the same viscosity ratiom r ~frames
1~c!, 1~d!, and 1~e! in Fig. 4!. Both these effects may be explained
by tip acceleration induced by the constantDP. Figure 8 shows
the finger-tip position with time for the six cases in Fig. 7, and
clearly demonstrates the pronounced finger-tip acceleration, espe-
cially in the later stages of the process. It may be recalled by way
of comparison that the finger-tip progression was at a nearly uni-
form rate for the constant flow-rate-based injections~cf. Fig. 5!.
The tapering of the Saffman-Taylor-like fingers may be regarded
as a reduction in the flow channel area corresponding to the in-

Fig. 5 Finger-tip location as a function of time for a constant
flow rate injection. The labels correspond to the finger patterns
in Fig. 4.

Fig. 6 Finger morphology diagram on a Ca8Àm r space for the
case of constant flow rate injection. All the simulated cases are
discerned as being one of multiscale „square …, coalescence
„triangle …, transition „inverted-triangle …, and stable „circle …

fingers.

Fig. 7 Finger morphologies as a function of P* and m r for
select cases of constant pressure injection
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creasing velocity at the finger tip so as to maintain the same volu-
metric flow rate. Further, since the tip acceleration is equivalent to
an increasing localCa8 at the finger tip, it follows from the
Ca82m r morphology diagram~Fig. 6! that the fingers will exhibit
a greater degree of branching.

Based on the simulation results, a morphology diagram for the
constant pressure injection can be built on aP* 2m r space. Such
a diagram is shown in Fig. 9 with all the simulated cases denoted
by four different symbols representing the four different finger
types. It is found from the figure that, independent of the viscosity
ratio, there exists a criticalP* 5104, below which a stable zone
could be classified. At higherP* values than 104, the critical
viscosity ratios m r ,min5316 and m r ,max5560 separating the
coalescence, transition, and multiscale regimes are about the
same as in the constant flow rate study. However, the critical
values of the viscosity ratiom r and theP* for dividing the mul-
tiscale zone and the transition zone are seen to be mutually inde-
pendent, unlike the relationship betweenm r andCa8 found in the
constant flow rate based injection. It is evident from Fig. 9 that the
region m r.1000 andP* .105 represents the multiscale finger
regime.

The grid size used to simulate unstable fingering is determined
by a balance between the important overall physics that could be

exhibited by the simulation and the cost of simulation. Due to the
random nature of the instability phenomenon, an exact conver-
gence study as in stable Saffman-Taylor finger evolution, is not
possible. However, the morphologies of the unstable fingering de-
termined by the underlying physics should be statistically
invariant—i.e., the fingers should exhibit morphological
convergence—with respect to the grid size, beyond a sufficient
resolution. In this study, morphological convergence was found on
a 803240 grid, for the 1:3 Hele-Shaw cell aspect ratio consid-
ered. This was established by the fact that when selected cases
from each morphological zone reported in Figs. 5 and 9 were
simulated on a 1603480 grid, no new morphological patterns
were discerned. It must be mentioned that the demarcations of the
four zones in each of Figs. 5 and 9 should not be interpreted to be
sharp delineations. This is owing to the inherent randomness as-
sociated with the instability phenomenon, which is also evident in
experiments, where no two runs at nominally identical conditions
exhibit precisely identical finger patterns. Nevertheless, the delin-
eations serve as a general guideline for distinguishing the various
regimes.

The volume tracking simulations presented in this study re-
vealed, to within the accuracy of the simulations, the existence of
multiscale and coalescent morphologies in the case of immiscible
fingers. While coalescence and finger merging have been well-
documented in the context of miscible fingering~for e.g., Zimmer-
man and Homsy@27# and Petitjeans et al.@28#! the present study
demonstrates possible presence of such patterns in immiscible fin-
gering. In order to verify the existence of the different morpholo-
gies in their relevant parameter regimes, a series of viscous fin-
gering experiments were conducted in a Hele-Shaw cell. The
experiments were performed using a regulated constant pressure
injection source. Figure 10 illustrates the time evolution of a

Fig. 8 Finger-tip location as a function of time for constant
pressure injection, corresponding to the finger patterns in
Fig. 7

Fig. 9 Finger morphology diagram on a P*Àm r space for con-
stant pressure injection. All the simulated cases are classified
as being one of multiscale „square …, coalescence „triangle …,
transition „inverted-triangle …, and stable „circle … fingers.

Fig. 10 Evolution of a multiscaled finger pattern in simulation
and experiment for a constant pressure injection of air into
glycerin. Frames with dark background and white fingers de-
note experiments, while frames with black fingers on a white
background are the simulation results.
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highly branched finger caused by constant pressure, point injec-
tion of air into glycerin. The experiment results, shown on the left
half of each frame, are compared with the time-dependent simu-
lation for the same materials, boundary conditions, and geometry
as of the experiment. The dimensionless parameters for this case
evaluate toP* 51.083105 andm r54.33104, which falls in the
multiscale zone in Fig. 9. Although the result of the simulation
is limited in the amount of details, due to the finite mesh size
(803160), it presents a good qualitative resemblance of all
the essential features of the multiscale finger obtained in the
experiment.

A second experiment involved injection of mineral oil into
glycerin, for which m r'213, and Ca85` since these two
fluids are miscible. The morphology maps~Figs. 6 and 9! sug-
gest the formation of coalescent fingering for these parameters.
Figure 11 presents the experimental results~top frames! along
with the simulated finger patterns~bottom frames! at the corre-
sponding times. It is seen from the experiment that continuous
merging of the finger arms inhibits any potential branch growth.
Due to the coalescence, many isolated small areas of glycerin
are formed as also suggested by the simulation of coalescent
fingers. Overall, the simulations are seen to successfully repro-
duce the observed phenomena. The lighter shade of gray observed
in the finger-tip regions of the second experiment frame signifies
that glycerin, dyed with dark color, was not displaced completely
by the mineral oil. Thus, strictly speaking, the two-dimensional
Hele-Shaw flow model is not valid from this stage on. The
simulation clearly demonstrates how the displaced fluid be-
tween initial finger branches is enclosed and trapped later by the
coalescence.

With the results presented in the paper, especially the complete
morphology diagrams as found, finger patterns can be easily pre-
dicted by knowing the dimensionless governing parameters, such
as viscosity ratiom r , and the modified capillary numberCa8, or
P* 5DP•W/s. Such quantitative knowledge is crucial in under-
standing many practical problems that involve the interface devel-
opment between fluid components. The morphology diagram can
assist in designing appropriate parameter settings that either pro-
mote or mitigate the instability phenomenon, as desired in the

application. The focus of the study was on Newtonian fluids, al-
though the numerical methodology presented may be readily ex-
tended to non-Newtonian systems as well, as will be reported in a
future work.

4 Conclusions
A volume-tracking method capable of evolving rather complex

interfaces was developed to simulate unstable viscous fingering of
Newtonian fluids in a Hele-Shaw cell. The effect of finite viscos-
ity ratio and interfacial tension on fingering morphology is found
to be characterized by four distinct finger types, among which
highly branched pattern and coalescent pattern are produced, for
the first time, by the time-dependent simulations. Finger morphol-
ogy diagrams were developed in terms of the viscosity ratiom r

and the modified capillary numberCa85Um/s(W/b)2 for con-
stant injection flow rate, orG5DP•W/s, for constant driving
pressure difference. The effectiveness of the method was demon-
strated by comparison with other viscous fingering simulations in
the literature as well as with experiments conducted as part of the
study.
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Instituto Tecnológico de Monterrey,

Monterrey, NJ 64849, México
Mem. ASME,

e-mail: rpacheco@asu.edu

Arturo Pacheco-Vega
Visiting Assistant Professor,

Department of Aerospace
and Mechanical Engineering,

University of Notre Dame,
Notre Dame, IN 46556

Mem. ASME

Analysis of Thin Film Flows Using
a Flux Vector Splitting1

We propose a flux vector splitting (FVS) for the solution of film flows radially spreading
on a flat surface created by an impinging jet using the shallow-water approximation. The
governing equations along with the boundary conditions are transformed from the physi-
cal to the computational domain and solved in a rectangular grid. A first-order upwind
finite difference scheme is used at the point of the shock while a second-order upwind
differentiation is applied elsewhere. Higher-order spatial accuracy is achieved by intro-
ducing a MUSCL approach. Three thin film flow problems (1) one-dimensional dam break
problem, (2) radial flow without jump, and (3) radial flow with jump, are investigated with
emphasis in the prediction of hydraulic jumps. Results demonstrate that the method is
useful and accurate in solving the shallow water equations for several flow conditions.
@DOI: 10.1115/1.1538626#

Introduction
A phenomenon of interest in free-surface film flows under cer-

tain conditions is the formation of a sudden discontinuity in the
depth of a flowing liquid; i.e., a hydraulic jump, as the flow in the
radial direction makes a transition from supercritical to a subcriti-
cal regime. Significant back-flow may be present at the jump lo-
cation with a corresponding loss of mechanical energy due to the
abrupt change in depth. In general, the region of increased film
thickness corresponds to a zone of substantially amplified turbu-
lence. From a thermal standpoint, the location of the hydraulic
jump is critical because of the degraded transport characteristics
that exist there. This region is unsteady, and depends heavily on
the drainage configuration downstream.

Thin film flows can be characterized as shallow-water flows in
which the vertical dimension is much smaller than any typical
horizontal length scale. Important applications of the shallow-
water equations include the prediction of weather, simulation of
tidal flows, storm surges, river flows, and dam-break waves.

For engineering applications numerical solution of the govern-
ing equations is a useful tool for aiding in the prediction of local
flow properties of the fluid. From a numerical standpoint, a major
difficulty in analyzing the hydraulic jump stems from the discon-
tinuity of the fluid depth across the jump, which must be accu-
rately captured by the numerical method.

Due to the similarity between the depth-averaged equations and
the two-dimensional compressible Navier-Stokes equations, the
methods developed to solve the compressible flow may also be
used to study the shallow water equations and therefore to analyze
hydraulic jumps in thin flows.

Several finite difference schemes have been developed for the
simulation of gas dynamics equations and are available in the
literature. The main difference among them is the way they ad-
dress the problem of shock waves formation, which is of funda-
mental importance in the overall accuracy of the calculations.
These techniques are based either on central-difference formula-
tions, @1,2#, or on upwind-difference discretizations. Though the
earlier schemes give fairly accurate results in the case of smooth
and weak-shocks, the precision given by the latter methods, even
for problems containing strong shock waves, is superior,@3#. Rep-
resentatives of upwind schemes are those by Roe@4# and Yee and
Harten @5#, based on flux difference splitting~FDS! techniques,

and those by Steger and Warming@6#, van Leer@7#, and Walters
et al. @8# structured on the flux vector splitting~FVS! approach.

Since the shallow-water equations have the property of being
nonhomogeneous functions of the primitive variables, the appli-
cation of FVS schemes to the solution of these equations has been
limited, mainly due to the difficulty in finding the proper split of
the flux vectors. However, a number of numerical studies for the
shallow-water equations using schemes based on the FDS method
have been carried out. Examples include the study of flow in a
channel of infinite width,@9#, the simulation of open channel
flows coupled with flux limiters,@10#, and the analysis of two-
dimensional free-surface flow equations employing a high-order
Godunov-type scheme based on monotone upstream-centered
scheme for conservation laws~MUSCL! variable extrapolation
and slope limiters,@11#, among others.

In the current work we are interested in the analysis of free-
surface thin film flows, for which a hydraulic jump may exist,
using the shallow water equations as mathematical model. To this
end, we use a finite difference scheme based on a new split of the
flux vector to solve the governing equations. A first-order upwind
differentiation is enforced at the location of the shock whereas a
higher order upwind differentiation is employed elsewhere. A
straight forward formulation of the governing equations is pre-
sented followed by a discussion of the split of the flux vector that
accounts for the inhomogeneity of the shallow-water model. The
effects of the FVS on the accuracy and consistency of the spatial
discretization are studied next. Finally, three thin film problems
~1! one-dimensional dam break problem,~2! radial flow without
jump, and~3! radial flow with jump, are investigated with empha-
sis in the capability of the technique to capture discontinuities in
the flow field.

Mathematical Model

Governing Equations. We present the governing Navier-
Stokes and continuity equations for incompressible fluid with con-
stant properties,

¹•u50 (1)

]u

]t
1u•¹u52¹p1n¹2u1gez , (2)

whereez is the unit vector in the vertical direction;u5(u,v,w)
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represents the Cartesian velocity vector components;p is the pres-
sure;n is the kinematic viscosity;r is the density, andg is the
gravitational acceleration. In the following, the physical space will
be denoted by~x, y, z!, and the computational space by~j, h, z!.

Assuming that vertical acceleration, wind stresses and Coriolis
effects are negligible, the bottom slope is small, and considering
that the friction losses can be computed using uniform steady flow
formulas,@12#, the set of equations~1!–~2! can be vertically av-
eraged to obtain the two-dimensional unsteady shallow flow equa-
tions. The depth-averaged equations of motion can be written in
conservation law form as

]Q

]t
1

]E

]x
1

]F

]y
5S, (3)

where

Q5F h
hU
hV

G ; E5F hU

hU21
gh2

2

hUV2

G ; F5F hV

hUV

hV21
gh2

2

G ;

S5F 0

2gh
]zb

]x
2

tbx

r

2gh
]zb

]y
2

tby

r

G . (4)

Here h is the water depth measured vertically,U and V are the
Cartesian depth-averaged velocity components,zb is the channel
bottom elevation,t is time,g is the gravitational acceleration, and
tbx andtby are the bottom shear stress components. The bottom
stress is an unknown quantity in the shallow water equations and
has to be expressed in terms of the other variables in order to
‘‘close’’ the system. In the current formulation the effective stress
components are neglected and the shear stress on the bottom is
approximated using the Chezy formulas

tbx5
g

C2 U~U21V2!1/2, tby5
g

C2 V~U21V2!1/2, (5)

whereC is the Chezy constant,@13#. The advantage of this ap-
proach~assuming the pressure distribution to be hydrostatic!, is
that leads to a considerable simplification in both the mathemati-
cal formulation and the numerical solution without degrading the
accuracy of the overall solution, for most engineering applica-
tions, @14#.

Equation~3! can be written in generalized coordinates as

]Q̂

]t
1

]Ê

]j
1

]F̂

]h
5Ŝ, (6)

whereQ̂ represents the standard form of the conserved variables.
Because of the particular structure of these equations, it is pos-
sible to write

]Ê

]j
5Â

]Q̂

]j
and

]F̂

]h
5B̂

]Q̂

]h
, (7)

where Â and B̂ are the flux Jacobian matrices, i.e.,Âi j

5]Êi /]Q̂j andB̂i j 5]F̂ i /]Q̂j . The elements of Eqs.~6!–~7! are
shown in the Appendix.

The system of equations~6! is hyperbolic and therefore the
direction of propagation of the information is determined by the
sign of the eigenvalues of the Jacobian matrices,Â andB̂, which
are all real. ForÂ and B̂ a similarity transformation exists such
that Â5Êll̂Êl

21 and B̂5F̂gĜF̂g
21, whereL̂ and Ĝ are the diag-

onal matrices of eigenvalues, andÊl andF̂g the associated eigen-

vectors. If we defineUc5jxU1jyV, Vc5hxU1hyV and a
5Agh, the characteristic directions in thej and h-coordinates,
respectively, can be written as

l15Uc , l2,35Uc6aAjx
21jy

2 (8)

g15Vc , g2,35Vc6aAhx
21hy

2 (9)

whereUc andVc are the characteristic velocities.

Boundary Conditions. The system of equations~6! cannot
be solved without assigning appropriate initial and boundary con-
ditions. For a hyperbolic system the required number of boundary
conditions is related to the behavior of the characteristics. At any
point on the boundary one must specify as many conditions as
there are characteristic planes entering the region. The character-
istic directions of propagation are given in Eqs.~8!–~9!. Consid-
ering the radial velocity as positive if the flow is outward, we may
have the situations shown in Table 1. Cases 1 and 4, in the table,
are concerned with supercritical flow, Fr.1 where Fr5U/Agh is
the Froude number. Supercritical flows do not occur very often.
For the more frequent cases, 2 and 3 (Fr,1), we must specify
either one or two boundary conditions depending on whether the
flow is directed outward or inward.

For supercritical flow (Fr.1), the boundary conditions used
were: ~a! upstream boundary: the longitudinal velocityU, trans-
verse velocityV and the depthh are specified and do not change
during computations, and~b! downstream boundary: all the vari-
ables, i.e.,U, V, andh are extrapolated from the interior points.
For subcritical flow (Fr,1), the corresponding boundary condi-
tions are~a! upstream boundary: the depthh is specified and the
longitudinal velocityU is extrapolated from the interior points,
and ~b! downstream boundary: the velocitiesU andV are speci-
fied and the depthh is extrapolated from the interior points.

Splitting Scheme

The splitting of the flux vectorsÊ and F̂, in Eq. ~6!, can be
accomplished in a number of ways. The most common choice is
in accord to the sign of the eigenvalues of the system, where the
flux vectors can be split into subvectors. Each subvector is asso-
ciated with the positive or negative eigenvalues of the flux matrix
Jacobian. Thus,Â can be split asÂ5Â11Â2 where Â1

5ÊlL̂1Êl
21 andÂ25ÊlL̂2Êl

21, where the elements ofL̂1 and
L̂2 are the positive and negative eigenvalues, respectively. Simi-
larly B̂5B̂11B̂2, whereB̂15F̂gĜ1F̂g

21 and B̂25F̂gĜ2F̂g
21.

In the case of the Euler equations, the fluxes associated with
these Jacobians are obtained from the property of homogeneity of
the flux vectorÊ(Q̂). If the flux vector Ê is an homogeneous
function of degree one inQ̂, one hasÊ5ÂQ̂. In a similar fashion,
F̂ can be written asF̂5B̂Q̂. The property of homogeneity was
used by Steger and Warming@6# to split the flux vector into for-
ward and backward contributions. The eigenvalues of the Jacobian
matrix of the full flux were split into non-negative and nonpositive
groups. An alternate flux splitting with continuously differentiable
flux contributions that lead to smoother solutions at sonic points
was introduced in van Leer@7#. An important remark to be made

Table 1 Boundary conditions for the shallow-water equations

Case Condition

Number of
Outward

Characteristics

Number of
Inward

Characteristics

Number of
Boundary
Conditions

1 Uc,2aAjx
21jy

2 0 3 3
2 2aAjx

21jy
2<Uc,0 1 2 2

3 0<Uc,aAjx
21jy

2 2 1 1
4 Uc.2aAjx

21jy
2 3 0 0
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is that the concept of flux splitting as previously defined, is totally
dependent on the fact that the fluxes are homogeneous functions
of degree one inQ̂.

Although the system of equations~6! is hyperbolic and has
some similarities with the Euler equations for compressible flows,
there are some differences: the Jacobian matricesÂ and B̂ of the
shallow-water equations are not homogeneous functions of degree
one inQ̂. Thence, the flux vectors of Eq.~6! cannot be expressed
as Ê5ÂQ̂, andF̂5B̂Q̂.

It is possible to use the FVS method to solve the shallow-water
equations by splitting the flux vectorsÊ and F̂ in Eq. ~6! accord-
ing to Ê5Ê11Ê2 and F̂5F̂11F̂2, where

Ê15 Ã̂1Q̂ and Ê25 Ã̂2Q̂, (10)

and

F̂15 B̃̂1Q̂ and F̂25 B̃̂2Q̂. (11)

To this end, we introduce the modified Jacobian matricesÃ̂ and

B̃̂, where

Ã̂5ÊlL̃̂Êl
21 (12)

with the diagonal matrix of eigenvalues

L̃̂53
jxQ21jyQ3

Q1
0 0

0
jxQ21jyQ311/2Q1AQ1g~jx

21jy
2!

Q1

0

0 0
jxQ21jyQ321/2Q1AQ1g~jx

21jy
2!

Q1

4 ; (13)

and the corresponding expression for the modified JacobianB̃̂

B̃̂5F̂gG̃̂F̂g
21, (14)

with the diagonal matrix of eigenvalues

G̃̂53
hxQ21hyQ3

Q1
0 0

0
hxQ21hyQ311/2Q1AQ1g~hx

21hy
2!

Q1

0

0 0
hxQ21hyQ321/2Q1AQ1g~hx

21hy
2!

Q1

4 . (15)

It is now possible to obtain a well-behaved solution by splitting
the spatial derivatives in two parts associated with the character-
istic speeds. The flux vectors can be split into subvectors, such
that each subvector is associated with positive or negative eigen-

values of the modified Jacobian matrix. Therefore,Ã̂ can be split

according to Ã̂5 Ã̂11 Ã̂2 where Ã̂15ÊlL̃̂1Êl
21, and Ã̂2

5ÊlL̃̂2Êl
21. The elements of the diagonal matricesL̃̂1 and L̃̂2

are the positive and negative eigenvalues of the modified Jacobian

matrix. Similarly, we write for theh-coordinate B̃̂5 B̃̂11 B̃̂2

whereB̃̂15F̂gG̃̂11F̂g
21 and B̃̂25F̂gG̃̂2F̂g

21.

L̃̂ and G̃̂ were modified from the original eigenvalues of the
JacobiansÂ andB̂ ~see the Appendix! to introduce a new splitting
of the flux vectorsÊ andF̂. In a later section we will discuss the
effect of modifying the characteristic speed on the consistency and
accuracy of the scheme.

Discretization Schemes
The governing equations~6! are solved by marching in time

from some known set of initial conditions. The general form of
the time-difference approximation is given by

DQ̂n111
u1Dt

11u2
H d

dj
@~Â11Â2!nDQ̂n11#

1
d

dh
@~B̂11B̂2!nDQ̂n11#J

52
Dt

11u2
S d

dj
@Ê11Ê2#1

d

dh
@ F̂11F̂2# D n

2
~11u1!Dt

11u2
Ŝn2

u1Dt

11u2
Ŝn211

u1

11u2
~Q̂n2Q̂n21!

(16)

where the difference approximations ford(Ê11Ê2)/dj are
shown in the next section. For the numerical simulations pre-
sented here, an explicit scheme is chosen (u150 andu250) to
solve Eq.~16!.

Spatial Differencing Scheme. The upwind differencing of
the convective terms is based on the flux splitting technique,
where the spatial derivatives ofÊ1 andÊ2 are approximated with
backward and forward difference operators, respectively. Combin-
ing the standard first and second-order backward/forward differ-
ences the spatial derivatives can be expressed as
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S dÊ1~Q!

dj
D

i

5
~Êi

12Êi 21
1 !

Dj
1

f i
2~Êi

12Êi 21
1 !

2Dj

2
f i 21

2 ~Êi 21
1 2Êi 22

1 !

2Dj
(17)

and

S dÊ2~Q!

dj
D

i

5
~Êi 11

2 2Êi
2!

Dj
1

f i
1~Êi 11

2 2Êi
2!

2Dj

2
f i 11

1 ~Êi 12
2 2Êi 11

2 !

2Dj
. (18)

Equation~17! can also be written as

S dÊ1

dj
D

i

5
Êi 11/2

1 2Êi 21/2
1

Dj
(19)

with

Êi 11/2
1 5Êi

12
f i

2

2
~Êi

12Êi 21
1 !; (20)

which is equivalent to obtaining the value ofÊ at the center of the
cell followed by a forward extrapolation. The parameterf appear-
ing in Eqs.~17!–~18! limits the higher-order terms by acting as a
nonlinear switch.f enhances shock capturing by dropping from a
second-order to a first-order scheme near discontinuities so that
oscillations in large gradient regions such as in the vicinity of a
shock are suppressed. The spatial differencing is second-order for
f51 and first-order forf50. The value off is determined lo-
cally from

f5F 2iDjQi¹jQi i1e

~DjQi !
21~¹jQi !

21eGn

(21)

where e is a small numberO(1026), @8#, and n is a positive
number (0,n<1) used to capture the shock profile. The opera-
tors Dj and¹j are the standard forward and backward difference
operators, respectively.

A spatial-discretization alternative is first, to extrapolate nodal
point values ofQ̂ toward the face of the cell, and then to obtain
Ê6 at the interfaces. This is implemented as a flux balance across
the cell and leads to the following approximation:

S dÊ~Q̂!

dj
D

i

5
@Ê1~Q̂i 11/2

2 !2Ê1~Q̂i 21/2
2 !1Ê2~Q̂i 11/2

1 !2Ê2~Q̂i 21/2
1 !#

Dj

(22)

whereÊ6(Q̂7) denotesÊ6 evaluated atQ̂7, and

Q̂i 11/2, j
2 5Q̂i , j1

f i
2

4
@~12kf i

2!¹j1~11kf i
2!Dj#Q̃i , j (23)

Q̂i 11/2, j
1 5Q̂i 11,j2

f i 11
1

4
@~11kf i 11

1 !Dj1~12kf i 11
1 !¹j#Q̂i 11, j .

(24)

The aforementioned method, developed by van Leer@7#, is often
referred as the MUSCL-type approach. In Eqs.~23!–~24!, k de-
termines the spatial accuracy of the difference approximation. For
fully upwind differencing, the choicek521 is used whereask
51/3 corresponds to the upwind-biased third-order scheme,
@15,16#. Analogous expressions to~17!–~22! may be obtained for
the gradient of the fluxesd(F11F̂2)/dh.

A comparison of numerical results for the dam-break problem,
obtained with the discretized forms of Eqs.~17!–~18!, and Eq.
~22! will be presented in the section of numerical experiments.

Accuracy and Consistency Analyses. We now analyze the
impact on the order of accuracy and consistency of the scheme
due to the modification of the characteristic speeds~eigenvalues!

of the modified Jacobian matricesÃ̂ and B̃̂ of our flux-splitting.
Consider for simplicity the one-dimensional shallow-water

equation

]Q̂

]t
1

]Ê1

]j
1

]Ê2

]j
50 (25)

discretized in space and time with the following first-order
scheme as

Q̂i
n112Q̂i

n52
Dt

Dj
@~Êi

12Êi 21
1 !1~Êi 11

2 2Êi
2!#n

52
Dt

Dj
@~Êi

11Êi 11
2 !2~Êi 21

1 1Êi
2!#n. (26)

On expressing the absolute value ofÊ as uÊu5Ê12Ê2

5u Ã̂uQ̂, whereu Ã̂u5ÊluL̃̂uÊl
21, and usingÊ5 Ã̂1Q̂1 Ã̂2Q̂ with

Ã̂1Q̂5Ê1 and Ã̂2Q̂5Ê2, we can recast Eq.~26! as

Q̂i
n112Q̂i

n52
Dt

2Dj
~Êi 112Êi 21!n

1
Dt

2Dj
~ uÊu i 1122uÊu i1uÊu i 21!n, (27)

to show an artificial viscosity term proportional to the second
derivative of the absolute flux valueuÊu. It can be noticed from
Eq. ~27! that the consistency of the scheme is maintained.

After a Taylor expansion of (uÊu i 112uÊu i) and (uÊu i

2uÊu i 21), we can transform Eq.~27! in a form that explicits the

absolute value of the modified Jacobianu Ã̂u; e.g.,

uÊu i 112uÊu i5u Ã̂u i 1~1/2!~Q̂i 112Q̂i 21!1O~Dj!~Q̂i 112Q̂i 21!,
(28)

uÊu i2uÊu i 215u Ã̂u i 2~1/2!~Q̂i 112Q̂i 21!1O~Dj!~Q̂i 112Q̂i 21!.
(29)

Using Eqs.~28!–~29!, Eq. ~27! becomes, to the first-order accu-
racy

Q̂i
n112Q̂i

n52
Dt

2Dj
~Êi 112Êi 21!n1

Dt

2Dj
@ u Ã̂u i 1~1/2!~Q̂i 112Q̂i !

2u Ã̂u i 2~1/2!~Q̂i2Q̂i 21!#n1O~DQ̂2!. (30)
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Equations~26! and~27! are equivalent formulations of the first-
order conservative upwind scheme~25! for smooth variations of
Q̂. One can write Eq.~26! in terms of the numerical flux, as

Q̂i
n112Q̂i

n52
Dt

Dj
~Êi 11/22Êi 21/2!

n (31)

with Êi 11/25Êi
11Êi 11

2 , or up to second-order accuracy as

Êi 1~1/2!5
1

2
~Êi1Êi 11!2

1

2
Ã̂ i 1~1/2!~Q̂i 112Q̂i !1O~DQ̂2!.

(32)

It can be observed that the modification of the characteristic speed
does not affect the order of accuracy of the scheme, as it is part of
an artificial dissipation term@16#.

Numerical Experiments
Three problems are solved in order to examine the proposed

FVS. The first is the analysis of the well-known one-dimensional

dam-breaking, the second corresponds to a radial flow within a
supercritical region in the domain for which no hydraulic jump
exists, and the third is a radial flow in the presence of supercritical
and subcritical regions which induce a hydraulic jump.

One-Dimensional Dam-Breaking Problem. This problem
consists of a dam located at the origin (x50) in a rectangular
channel, that extends to6`, in which fluid is initially at rest on
both sides. Thex-coordinate is in the downstream direction of the
channel. The initial height of the fluid on the left (x,0) is 1 m
while the height on the right (x.0) is 0.8 m. For this problem,
@17# developed an exact solution based on the theory of charac-
teristics to analyze the behavior of the fluid after the dam breaks.
The numerical simulations were carried out using the proposed
FVS along with four different schemes: a first-order upwind, a
second-order upwind, and two different schemes that use slope
limiters.

Figures 1~a!–1~d! illustrate comparisons of the results obtained
from the numerical procedure with the exact solution at timet

Fig. 1 Water depth of the dam-break problem in a rectangular channel at time tÄ0.10 second and 440 grid points. „a… Exact
solution; – L– first-order scheme. „b… Exact solution; – s– second-order scheme. „c… Exact solution; – ,– scheme based on
flux extrapolation E ˆ with limiter. „d… Exact solution; – n– scheme based on variable extrapolation Q ˆ

„MUSCL… with limiter.
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50.10 seconds using 440 mesh points. It can be observed from
the figures that, in general, the discontinuities are captured by all
the schemes, but some differences in accuracy are evident. For
instance, Fig. 1~a! shows that the first-order upwind scheme has
good properties of monotonicity, however it suffers from severe
inaccuracies because of the high level of truncation error. On the
other hand, the second-order upwind scheme, shown in Fig. 1~b!,
yields low levels of numerical dissipation, but steep gradients pro-
duce an oscillating behavior due to its numerical dispersion. In
Fig. 1~c! the slope limiter technique based on extrapolation of the
flux vectorÊ shows a substantial reduction in the amplitude of the
oscillations at the discontinuities but cannot be completely sup-
pressed. Finally, the results obtained from coupling FVS with the
MUSCL technique indicate that the method is able to capture the
discontinuities in a sharp way, avoiding any unrealistic oscillation
as illustrated in Fig. 1~d!.

The maximum relative error inh, emax, at the points of discon-
tinuity and time of 0.10 s is plotted in Fig. 2 as a function of mesh
refinement, for the MUSCL scheme. Similar results were obtained
for the velocityU. A uniform grid was used in the computation.
The time-step was refined proportional to the grid spacing. Figure
2 shows that the present method is first-order accurate at the shock
locations. The maximum relative error inh at time 0.10 s away
from the shock is presented in Table 2 as function of mesh refine-
ment. The experimentally established orders or accuracy are also
shown in this table as function of mesh refinement. In our com-
putation, we usedk51/3 which corresponds to the upwind-biased
third-order scheme,@15#.

Radial Flow Without Jump. We simulate the radial flow
with the proposed flux vector splitting method coupled with the
MUSCL technique and compare the results with the experiments

of Sadler and Higgins@18#. A layout of their experimental setup is
shown in Fig. 3; the reported geometrical parameters and flow
rates are presented in Table 3 as case 1. It consists of a 2.44 m~8
ft! square sheet of Plexiglas mounted horizontally on a 15.2 cm~6
in! diameter vertical pipe. Both Plexiglas and pipe were fixed to a
structure. Water was discharged from a nozzle, from below, onto a
20.3 cm~8 in! diameter disk located at a height of 5 mm~3/16 in!
above the sheet of Plexiglas. The water was then collected through
a series of drains arranged in a circular fashion located at a dis-
tance of 68.6 cm~27 in! from the center. In the experiment, the
depth of the flow was measured with a point gauge mounted on an
arm under steady-state conditions.

For simulation purposes, we use a flow rate ofQw

50.0098 m3/s ~0.345 cfs!, as reported by Sadler and Higgins@18#,
and a value of the Chezy constantC580, @19#, which is in the
range commonly used for practical engineering calculations. It
must be noted that a simplification of the problem can be obtained
since the flow is axisymmetric, so that a one-dimensional version
of the shallow-water equations in cylindrical coordinates may be
used. Nonetheless, we consider a two-dimensional discretization

Fig. 4 Comparison of numerical solutions and experiments
for QwÄ0.0098 m3Õs „0.345 cfs …; -,- „121Ã121… grid points;
-s- „241Ã121… grid points; L Sadler and Higgins †18‡

Table 3 Conditions from experiments for the solution of the
shallow-water equations

Case r i ~m! r o ~m! zi ~m! Qw ~m3/s! Experiment

1 0.102 0.686 531023 0.0098 Sadler and Higgins@18#
2 0.082 0.914 831023 0.0170 Ahmad@21#

Fig. 2 Maximum relative error of h as a function of mesh re-
finement for the dam-break problem on a rectangular channel
at time tÄ0.10 s at the points of discontinuity

Table 2 Convergence test results for the dam-break problem
away from the discontinuity region

N emax ~m! Order

100 - -
200 2.2589392831025 1.9716
300 8.5893934731026 2.3847
400 3.5893936031026 3.0327

Fig. 3 Schematic of the experiment layout of Sadler and Hig-
gins †18‡
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of the domain in order to illustrate potential applications of the
method for nonaxisymmetric flows,@20#. The upstream values of
h, U, and V are assigned as initial conditions for the numerical
runs at all the grid points. The upstream boundary condition is of
the Dirichlet type~case 1 of Table 1!. Since the flow is supercriti-
cal within the domain, the boundary condition downstream corre-
sponds to the Neumann type. Therefore the values of the variables
are extrapolated using the values at the interior points. In the
azimuthal direction periodic boundary conditions were imple-
mented. The numerical scheme was tested until grid independent
solutions were obtained by successively refining the mesh. Figure
4 shows the film height for two different sets of mesh points. The
FVS-based model was run until steady state was reached.

A comparison between the numerical calculations obtained
from the proposed FVS method and the experimental results of
Sadler and Higgins@18# is presented in Fig. 4. The water surface
profiles determined from the model and the surface profile found
experimentally for the current analysis are shown in this
figure. The numerical results display a very good agreement with
experiments.

Radial Flow With Jump. The radially spreading flow of a
thin liquid film is simulated in the presence of supercritical and
subcritical regions. The shock-capturing capabilities of our FVS
method are tested and the results are compared with the laboratory
test data obtained by@21#. A schematic of the experimental layout
is shown in Fig. 5. It consisted of a 2.14 m~7 ft! diameter by 2.5
cm ~1 in! thickness circular plywood disc placed in a circular steel

tank of diameter 2.29 m~7.5 ft!. A ring of 1.83 m ~6 ft! inside
diameter, 2.14 m~7 ft! outside diameter, and 2.5 cm~1 in! thick-
ness was placed on the plywood disk to control the downstream
depth and consequently the location of the jump. A 10.2 cm~4 in!
diameter pipe was used to convey the water onto the disc. The
distance between the nozzle and the disc was kept at 2 cm~13/16
in!.

For the numerical simulation we use the flow conditions re-
ported by Ahmad@21# which are presented as case 2 in Table 3.
Since the flow is supercritical in the upstream region, the variables
U, V, andh, once specified, remain unchanged during the iteration
process. At the downstream boundary,U and V are defined
whereash is extrapolated from the interior points. Periodic bound-
ary conditions are prescribed in the azimuthal direction. For the
present case, the value of the Chezy constant was chosen asC
590, @19#, and the time-stepDt was restricted to a CFL50.5.
Results from this run are shown in Fig. 6. The values of the speed
of propagation~eigenvaluesl3 andg3) are shown in Fig. 7 as a
function of the radial position. From Fig. 7, it is clear that the
change of sign of the eigenvaluel3 coincides with the location of
the jump, as expected. It is also important to note that the location
of the jump coincides at a location where the characteristics inter-
sect. In our test, we start from an initial condition and stop the
computation when the change in water depth reaches a prescribed
tolerance ofe51.031025 m.

The computed results from the proposed scheme and the mea-
surements of Ahmad@21# are shown in Fig. 6 for comparison.
From the figure it can be observed first that the film heights from
the simulations using a mesh of 1213121 points, are almost iden-
tical when increasing the number of grid points in the radial-
azimuthal directions to 2413121, for the same initial conditions
indicating grid independence. Moreover, when comparing the nu-
merical simulations with the experimental measurements becomes
clear that the method simulates the supercritical flow accurately,
and that it is able to determine the location of the jump. The sharp
transition from supercritical to subcritical flow is clearly shown in
Fig. 6. In the region of transition from supercritical to subcritical
flow, the computed water-depth magnitude is very close to the
measured height reported in the experiment. In the subcritical re-
gion where the flow is turbulent, the difference in heights between
simulations and experiments becomes larger. These differences
may be due on one side to experimental uncertainties which are
increased in the turbulent region, and on the other, to the energy
dissipated at the location of the jump, which is not accounted for
in the shallow-water formulation.

Concluding Remarks
The hydraulic jump is an intriguing complex phenomenon com-

monly found in nature. The complexity stems from the change in

Fig. 5 Schematic of the experiment layout of Ahmad †21‡

Fig. 6 Comparison of water surface profile of a hydraulic jump
for QwÄ0.0170 m3Õs „0.60 cfs … between experiments and nu-
merical solutions for different number of grid points: – n–
„121Ã121… grid mesh; – s– „241Ã121… grid mesh; L observed
by Ahmad †21‡

Fig. 7 Evolution of the eigenvalues and appearance of the hy-
draulic jump; – s– l3 ; –x– g3 ; – height h . FVS with slope
limiter solution; „241Ã121… grid points.
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the character of the flow at the jump location with the correspond-
ing production of distorted free surfaces and flow separation. Be-
cause of its important role in engineering applications, e.g., the
design of water courses, energy dissipators, etc., it is crucial to
determine accurately the characteristics of the jump such as posi-
tion and thickness.

The shallow water equations are mathematically similar to the
equations for compressible fluid flow. They are useful in predict-
ing the location of shocks, at which the height of the free surface
and the mean fluid velocity are discontinuous. In contrast to the
compressible fluid flow equations, the shallow water equations do
not posses the property of homogeneity and hence common FVS
cannot be used to solve them. In this work we have introduced a
new FVS that allows the analysis of thin film flows, in particular,
the formation of hydraulic jumps within the flow domain using the
shallow-water theory. The proposed splitting of the flux vectors
was obtained by modified Jacobian matrices that account for the
inhomogeneity of the system. Details of the methodology and
theoretical analyses have been included to illustrate its implemen-
tation, consistency and accuracy.

The usefulness of the proposed FVS is tested by coupling the
method to several finite difference schemes, two of them with
slope limiters, that yield high-order accuracy away from the loca-
tion of the shock. The numerical predictions have shown favor-
able comparisons with the theoretical solution of the dam-break
problem. When the proposed FVS is used in conjunction with
MUSCL, the resulting scheme is more efficient and produces ac-
curate results in the location of the discontinuity and the height of
the flow, avoiding unrealistic oscillations. An excellent agreement
with laboratory experiments and analytical solutions confirmed
the efficiency of the method. The technique proposed here has
been successfully applied to analyze axisymmetric and nonaxi-
symmetric density currents,@20#.
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Appendix

Expanded Vectors. We present next the expanded form of
the expressions often encountered in solving the shallow-water
equations. The flux vectors are given by
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Ê5
1

J F jxQ21jyQ3

jxQ2
21jyQ2Q3

Q1
1

jx

2
gQ1

2

jxQ2Q31jyQ3
2

Q1
1

jy

2
gQ1

2
G (34)

F̂5
1

J F hxQ21hyQ3

hxQ2
21hyQ2Q3

Q1
1

hx

2
gQ1

2

hxQ2Q31hyQ3
2

Q1
1

hy

2
gQ1

2
G (35)

Ŝ5
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The Jacobians of flux vectors are
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The diagonal matrix of eigenvalues is
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and the corresponding set of eigenvectors can be written as
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The inverse of the left eigenvectors is expressed as
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The Jacobians of flux vectors are
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The diagonal matrix form of the Jacobians of flux vectors can be written as
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The set of eigenvectors corresponding to the eigenvalues is
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The inverse of the set of eigenvectors is
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In order to show that the shallow-water equations do not have the property of homogeneity we write
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which are different from~34! and ~35!.
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Nomenclature

Â, B̂ 5 Jacobian matrices

Ã̂, B̃̂ 5 modified Jacobian matrices
Â1, B̂1 5 Jacobians corresponding to positive eigenvalues
Â2, B̂2 5 Jacobians corresponding to negative eigenvalues

a 5 speed of propagation~m/s!
C 5 Chezy constant

E, F, Q, S 5 vectors in the physical domain
Ê, F̂, Q̂, Ŝ 5 vectors in the computational domain

Ê1, F̂1 5 split flux vector corresponding to positive eigen-
values

Ê2, F̂2 5 split flux vector corresponding to negative eigen-
values

Êl , F̂g 5 matrices of corresponding eigenvectors
ez 5 unit vector in the vertical direction
Fr 5 Froude number
g 5 gravitational acceleration~m/s2!
h 5 film height ~m!
J 5 Jacobian
N 5 number of cells
p 5 pressure~N/m2!

Qi 5 components of the depth-averaged variables
~m/s!

Qw 5 volumetric flow rate~m3/s!
r i 5 radial location of initial measurements~m!
r o 5 outer radius of the disk~m!

t, t 5 time ~s!
U, V 5 depth averaged velocities~m/s!

Uc , Vc 5 characteristic velocities~m/s!
u 5 Cartesian velocity vector~m/s!

u, v, w 5 velocity components in thex, y, z-directions
~m/s!

x, y, z 5 Cartesian coordinates~m!
zb 5 reference height~m!
zi 5 initial film height in experiments~m!

Greek Symbols

g, l 5 eigenvalues of the Jacobian~m/s!
d, D, ¹ 5 finite difference operators

e 5 error
f 5 nonlinear limiting parameter

L̂, Ĝ 5 diagonal matrices of eigenvalues
L̂1, Ĝ1 5 diagonal matrices of positive eigenvalues
L̂2, Ĝ2 5 diagonal matrices of negative eigenvalues

L̃̂, G̃̂ 5 diagonal matrices of modified eigenvalues
n 5 kinematic viscosity~m2/s!
r 5 density of the fluid~kg/m3!

u1 , u2 5 weight function
tbx , tby 5 bottom shear stresses~N/m2!

j, h, z 5 curvilinear coordinates~m!

Subscripts and Superscripts

i, j, k 5 index for the Cartesian coordinatesx, y, z
max 5 maximum

n 5 index of time-step

x 5 x-direction, first derivative in thex-direction
y 5 y-direction, first derivative in they-direction
z 5 z-direction

1 5 positive eigenvalues
2 5 negative eigenvalues

Abbreviations

CFL 5 Courant-Friedrich-Levy number
cfs 5 cubic feet per second

FVS 5 flux vector splitting
FDS 5 flux difference splitting

MUSCL 5 monotone upstream-centered scheme for conser-
vation laws
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The Approximate Deconvolution
Model for Large-Eddy Simulation
of Compressible Flows With
Finite Volume Schemes
The approximate deconvolution model for large-eddy simulation is formulated for a
second-order finite volume scheme. With the approximate deconvolution model, an ap-
proximation of the unfiltered solution is obtained by repeated filtering, and given a good
approximation of the unfiltered solution, the nonlinear terms of the Navier-Stokes equa-
tions are computed directly. The effect of scales not represented on the numerical grid is
modeled by a relaxation regularization involving a secondary filter operation. A turbulent
channel flow at a Mach number of M51.5 and a Reynolds number based on bulk quan-
tities of Re53000 is selected for validation of the approximate deconvolution model
implementation in a finite volume code. A direct numerical simulation of this configura-
tion has been computed by Coleman et al. Overall, our large-eddy simulation results
show good agreement with our filtered direct numerical simulation data. For this rather
simple configuration and the low-order spatial discretization, differences between ap-
proximate deconvolution model and a no-model computation are found to be small.
@DOI: 10.1115/1.1511167#

The following article has been reprinted with corrections. It previously appeared
in the Dec. 2002 issue of this publication without figure legends.

Introduction
Most flows of practical interest are turbulent, and for industrial

applications it is important that these flows can be computed by
numerical simulation with sufficient accuracy. However, numeri-
cal solutions of the Reynolds-averaged Navier-Stokes equations
often fail to predict the proper flow behavior, in particular in cases
where the flow exhibits large-scale unsteadiness, separation, or
shock-turbulence interaction~@1#!.

In large-eddy simulations~LES!, the solution of the Navier-
Stokes equations is convolved with a smoothing filter which re-
duces the numerical-resolution requirements for the filtered solu-
tion at the expense of a model for the resolved-scale/
nonrepresented-scale interaction. Stolz and Adams@2# have
developed a subgrid-scale model based on approximate deconvo-
lution ~ADM ! and have demonstrated excellent performance of
the model for a number of canonical flow configurations~@3,4#!,
including shock-turbulence interaction in a boundary layer. For
flows at higher Reynolds numbers, a relaxation regularization is
employed to represent the resolved-scale/nonrepresented-scale in-
teraction. So far computations were performed with high-order
~fourth-order, sixth-order! finite difference schemes and spectral
schemes. Test computations with second-order finite difference
schemes for isotropic turbulence have shown that the filter-cutoff
wave number should be adjusted to the maximum wave number
which can be considered to be well resolved by the underlying
discretization scheme, employing the modified wave number con-
cept @5#. In this paper we address the formulation of ADM for a
given second-order finite volume scheme without further consid-
eration of the resolution properties of this scheme. The objective
is to test ADM for a numerical method which is being used in
standard CFD design tasks of the aerospace industry.

We first introduce the governing equations and then briefly
present the filtering, deconvolution and relaxation procedure.
Next, we summarize the numerical method and introduce the pa-
rameters of our test case. Finally, the results of four different data
sets, DNS, filtered DNS, LES with ADM, and underresolved
DNS, are compared and analyzed.

Governing Equations
A flow in a plane channel with periodic boundary conditions in

the streamwise (x15x) and spanwise (x25y) directions is con-
sidered. The computational domain with volumeV is spanned by
a Cartesian coordinate system. The flow is described by the com-
pressible Navier-Stokes equations for an ideal gas with ratio of
specific heatsg51.4. Nondimensionalized with the wall tempera-
ture Tw , the channel half-widthH, the bulk velocity ub
5*VrudV/(Vrb), and densityrb5*VrdV/V, the continuity,
momentum and energy equations read~summation rule applies!:
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with the total energy
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the temperature

T5gM0
2~p/r!, (5)

and the nondimensional dynamic viscosity

m~T!5T0.7. (6)

The heat fluxes and the viscous stresses are defined as
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with the Reynolds number Re5rbubH/m(Tw), the Mach number
M05ub /AgRTw, and the Prandtl number Pr50.7. The Kronecker
symbol is used,d i j 51 for i 5 j andd i j 50 otherwise. For a peri-
odic wall-bounded flow, the addition of a driving force to the
Navier-Stokes equations is necessary to compensate the wall-
friction forces and to maintain a stationary flow. Following Des-
champs@6#, the flow is driven in the streamwise direction with a
body forcef 1(t) adjusted to the instantaneous solution such that
the total mass flow rate remains stationary. The wall boundary
conditions are no-slip for the velocity and isothermal for the tem-
perature.

Filtering Approach and Approximate Deconvolution
In most large-eddy simulation~LES! methods, filtering is per-

formed implicitly by the projection of the equations onto the com-
putational grid, formally including all wave numbers up to the
Nyquist wave numbervn in the solution. Since for finite differ-
ence or finite volume schemes the wave number up to which
scales can be considered to be resolved is often significantly
smaller thanvn , it is desirable to suppress nonresolved solution
components by application of an explicit filter operation~@5#!.
Even for spectral schemes the relative error at the Nyquist wave
number is of orderO~1!. In the following we will distinguish
between resolved wave numbersuvu<vc , where vc is the
primary-filter cutoff wave number,represented wave numbers
uvu<vn which can be represented on the given mesh, and non-
represented wave numbersuvu.vn .

The governing equations of LES are obtained by applying the
primary-filter operation to the Navier-Stokes equations. Any flow
variableu can be decomposed asu5ū1u81u9 where ū repre-
sents the resolved scales,u8 the represented nonresolved scales,
and u9 the nonrepresented scales. The filtering operation on a
domain@aD, bD# is defined by a convolution of the filter kernelG
and the variable. We define a one-dimensional primary filter op-
eration with compact support by

ū~x!5G* u5E
x2bD

x2aD

GS x2x8

D
,xDu~x8!

dx8

D

5E
a

b

G~z,x!u~x2Dz!dz, (9)

wherez5(x2x8)/D andD5ph/vc is the filter width in physical
space.h is the uniform grid spacing in an equidistantly spaced
computational spacej. The mapping ofx onto j does not need to
be known explicitly.vc is the cutoff wave number of the primary
filter, nondimensionalized withh, andG(z,x) is the primary filter
kernel which may depend explicitly on the locationx. The exten-
sion of this one-dimensional filter to three space dimensions is
obtained by applying the filter in each coordinate direction suc-
cessively

ū~x1 ,x2 ,x3!5G1* G2* G3* u

5E
a3

b3E
a2

b2E
a1

b1

G1~z1 ,x1!G2~z2 ,x2!G3~z3 ,x3!

3u~x12D1z1 ,x22D2z2 ,x32D3z3!dz1dz2dz3 .

(10)

The integration in this definition is discretized by an explicit
quadrature, defined in one space dimension as

ūiª (
j 52n l

nr

a jui 1 j (11)

for the grid functionui , whereui5u(xi). The cell centers in the
finite-volume formulation are denoted asxi . We consider discrete
filters on a five-point stencil withn l1n r54 for interior cells. A
complete derivation of the coefficientsa j can be found in Refs.
@3#, @7#. The definition of the cutoff wave numbervc is somewhat
arbitrary for filters with smooth Fourier transformĜ(v). Here we
choose the criterionuĜ(vc)u51/2, leading tovc'2/3p. The rep-
resented but nonresolved scalesvc,uvu<vn are used to model
the effect of the nonresolved scalesuvu.vc on the resolved scales
uvu<vc . Resolved scales can be recovered by an approximate
inversion of the filter~9! resulting in an approximationu! of the
unfiltered solutionu. The approximate deconvolutionu! is given
by applying the approximate deconvolution operatorQN to ū,

u!5QN* ū. (12)

Assuming that the filterG has an inverse, the inverse operator can
be expanded as an infinite series of filter operators. Filters with
compact transfer functions are noninvertible, but a regularized
inverse operatorQN can be obtained by truncating the series at
someN, obtaining a regularized approximation~@2#! of G21,

QN5(
n50

N

~ I 2G!n'G21 (13)

whereI is the identity operator.
Stolz et al.@3,4# found thatN55 was giving best results for a

wide range of test cases. We therefore setN55 in the following.
Using ~13!, u! can be computed by repeated filtering ofū from

u!5QN* ū5ū1~ ū2u% !1~ ū22u% 1 ū̄
¯

!1 . . .

53ū23u% 1 ū̄
¯

1 . . . . (14)

The adaptation of the approximate deconvolution model
~ADM ! for a finite volume scheme is straightforward. Note that a
finite volume scheme itself comprises a deconvolution when cell-
face values are reconstructed from the cell averages, see, e.g., Ref.
@8#. This approach which can be exploited to construct an approxi-
mate deconvolution method directly by adapting the finite volume
method accordingly, is presently under investigation. Here, we
treat numerical discretization and subgrid-scale modeling as sepa-
rate entities and introduce ADM into the finite volume framework.
For simplicity we first consider a scalar transport equation and
return to the full Navier-Stokes equations later. Starting from the
generic transport equation for the variableC with flux function
F(C), integrated over the computational cellVj

E
Vj

]C

]t
dVj1E

Vj

¹•F~C!dVj50, (15)

whereF(C) is the flux, we can apply the divergence theorem so
that Eq.~15! can be rewritten as

E
Vj

]C

]t
dVj1E

Sj

F~C!ndSj50, (16)

with n being the outward normal vector of the cell surface. On
applying the filter operation to Eq.~15! and exchanging the filter
operation and the volume integration one obtains, under the as-
sumption that divergence operator and filter operator commute,

E
Vj

]C̄

]t
dVj1E

Sj

F~C!ndSj50. (17)

Using the approximately deconvolved solutionC! of C, the fil-
tered flux termF(C) can be approximated directly by replacing
the unfiltered quantityC by C!,
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E
Vj

]C̄

]t
dVj1E

Sj

F~C!!ndSj5E
Sj

~F~C!!2F~C!ndSj ,

(18)

thus avoiding at that point the need of computing extra subgrid-
scale terms.

The energy transfer to nonrepresented scalesuvu.vn is mod-
eled only partially by usingC!. Note that it would not be mod-
eled at all ifC̄ would be deconvolved by singular value decom-
position, since the resulting Eq.~18! with C! replaced byC
restricted to represented scales is energy conserving. This situa-
tion corresponds to the truncated Navier-Stokes approach of
Domaradzki et al.@9# without energy removal. Stolz et al.@3,4#
have proposed a relaxation regularization derived from the re-
quirement that the solution remains well-resolved within the range
uvu<vc . For this purpose, the integral energy of nonresolved
represented scales should not increase, although energy redistri-
bution among these scales is permitted. In order to model the
energy transfer from scalesuvu<vn to scalesuvu.vn energy is
drained from the rangevc,uvu<vn by subtracting a termxC(I
2QN* G)C̄ from the left-hand side of the filtered differential con-
servation law~18!. This expression, which models the nonclosed
termsF(C!)2F(C) of the right-hand side of Eq.~18!, has the
form of a relaxation term with a relaxation parameterxC.0 cor-
responding to an inverse relaxation-time scale. Applying the finite
volume discretization to the resulting equation one obtains

E
Vj

]C̄

]t
dVj1E

Sj

F~C!!ndSj52E
Vj

xC~ I 2QN* G!* C̄dVj

52E
Vj

xC~C̄2C̄!!dVj . (19)

Since (I 2QN* G) is constructed being positive semidefinite, the
relaxation term is purely dissipative. The use of the relaxation
term can also be interpreted as applying a secondary filter toC̄
every 1/(xCDt) time-step,Dt being the time-step of the numeri-
cal integration, which poses the approach in a relation to the trun-
cated Navier-Stokes approach with energy removal of Domar-
adzki et al.@9#. The transfer function of the secondary filterQ̂NĜ
for interior points on the equidistant mesh used in the present
work is shown in Fig. 1.

To close the model without requiring an a priori parameter
choice,xC is estimated dynamically as a function of space and
time. The underlying argument for determiningxC is that in order
to obtain a well-resolved representation of the filtered solution no

energy should accumulate during time advancement in the wave-
number rangevc,uvu<vn . The kinetic energy content of the
considered wave number range can be estimated by the second-
order structure function ~@10,11#! applied to fC5(I
2QN* G)* C̄. The discrete form of the local second-order struc-
ture function in three dimensions, which requires the value offC
at the considered grid point in the computational spacej
5(j1 ,j2 ,j3) and its six next neighbors in the three
computational-space coordinate directions, is given by

F2~j,t !5ifC~j1r ,t !2fC~j,t !i uur uu5h
2 (20)

whereh is the computational-space grid spacing. Note again that
the mapping of the physical space onto the computational space
does not need to be known explicitly.

For an estimate of the relaxation parameterxC we advance Eq.
~19! by one Euler-forward time-step with sizeDt, once using
xC5xC0 and once usingxC50. xC0 is some positive nonvan-
ishing estimate of the parameterxC , the value from the previous
time integration step or some positive constant at timet50 for
instance. The difference of the structure functionF2(j,t
1Dt)uxC502F2(j,t) is an estimate for the integral energy gen-
erated within the time incrementDt in the range of scales with
wave numbersvc,uvu<vn . The differenceF2(j,t1Dt)uxC50

2F2(j,t1Dt)uxC5xC0
estimates how much energy would be dis-

sipated by the relaxation term usingxC5xC0 . Accordingly,xC
can be determined from

xC5xC0

F2~j,t1Dt !uxC502F2~j,t !

F2~j,t1Dt !uxC502F2~j,t1Dt !uxC5xC0

. (21)

In Ref. @4# this procedure is related to the requirement of no-
energy accumulation invc,uvu<vn . By construction, the dy-
namic parameterxC is now a function of space and time. To avoid
the generation of nonresolved scales due to the nonlinear product
of xC and (I 2QN* G)* C̄, xC is smoothed with a second-order
Padéfilter ~@12#! whose cutoff wave numbervc8 is set top/8.
Given a time-step sizeDt, an upper and a lower bound 1/100Dt
<xC<1/Dt is imposed for numerical stability. According to pre-
vious experience, it is sufficient to updatexC every ten time-steps
since it exhibits only small time variation.

Applying now the above operators to Eqs.~1!, ~2!, and~3! we
obtain the differential form of the underlying modeled conserva-
tion laws to be solved

]r̄

]t
1

]~ruj !
!

]xj
52xr~ r̄2 r̄!! (22)

]rui

]t
1

]

]xj
~ruiuj !

!1
] p̌!

]xi
2

]š i j
!

]xj
52 f 1~ ū!d i12xru~rui2rui

!!,

(23)

]Ē

]t
1

]

]xj
~E!1 p̌!!uj

!2
]

]xj
~ š i j

! ui
!!1

]

]xj
q̌j

!

52 f 1~ ū!ū12xE~Ē2Ē!!, (24)

for i , j 51,2,3. The superscriptď! indicates that the quantities are
computed from the deconvolved solution, e.g.,p̌!5(g21)(E!

2r!ui
!ui

!/2).
f 1(ū) means that the forcing term is computed with the filtered

velocity. Note that we use the same relaxation parameter for the
three momentum equations. To this set of equations the finite vol-
ume method is applied as discretization scheme as in Eq.~19!.

Numerical Method
The approximate deconvolution model~ADM ! was imple-

mented in a CFD code using a cell centered second-order finite
volume method~@13–15#!. The particular form of the convective
terms influences the stability of the numerical scheme. We use the

Fig. 1 Transfer functions, explicit primary filter for an
equidistant mesh, e.g., x or y direction, " " " " approximate in-
verse Q̂N , – – – secondary filter Q̂N"Ĝ, for NÄ5
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skew-symmetric form of the convective term~@16#! instead of the
divergence form. In this case the nonlinear flux term is decom-
posed as

Fl
nonlin5

1

2 S ]ulum

]xm
1um

]ul

]xm
D . (25)

Viscous terms are integrated with a second-order centered scheme
on a shifted control volume, see Ref.@17#.

Time integration is performed by an explicit four-stage Runge-
Kutta scheme which is formally fourth-order accurate for linear
equations but drops to second-order accuracy for a general non-
linear equation. The Courant-Friedrichs-Lewy~CFL! number is
set constant and an adaptive time-stepping procedure based on a
linear stability analysis computes the maximum time-step~@14#!.

Application to Channel Flow
As a test case the compressible channel flow as computed by

Coleman et al.@18# was considered for two reasons. First, the test
case requires a correct near-wall subgrid-scale treatment. Second,
reference data are available in the literature, see Ref.@19#. Three
different simulations have been performed: a direct numerical
simulation~DNS!, a no-model computation or underresolved DNS
on the same mesh as the large-eddy simulation~LES!, and a LES
with the approximate deconvolution model~ADM !. In contrast to
traditional LES where filtering is the result of the projection of the
solution onto the discrete mesh, the filter operator in ADM is
known explicitly and allows for filtering of the DNS data with the
same filter for validation of the LES. The main parameters of the
simulation are summarized in Table 1.Lx , Ly , Lz are the extents
of the integration domain in the streamwise, spanwise, and the
wall-normal coordinate directions, respectively, andnx , ny , nz
are the corresponding numbers of grid points. All four simulations
have the same Reynolds number Re and Mach numberM0 . The
forcing term is adjusted to maintain a constant mass flow. The grid
spacing is constant in the streamwise and spanwise directions and
is stretched with a hyperbolic tangent function in the wall-normal
direction. Except for the DNS, all simulations were initialized
with a laminar profile with a random velocity disturbance super-
imposed in each of the three coordinate directions. The initial
density wasr(t50)51 and the initial temperature was computed
according to the laminar distributionT(t50)5111/3(g
21)PrM0

2u1 max(12(z21)4) whereu1 max is the maximum nondi-
mensional laminar velocity which is equal to 1.5. To save compu-
tational time, the DNS simulation was started from a turbulent
profile obtained with the coarse-grid no-model computation, inter-
polated to the fine DNS mesh. The boundary conditions are peri-
odic in the two homogeneous directions. Isothermal conditions
with wall temperatureTw51 and no-slip conditions are pre-
scribed at the walls.

Results
Starting from the disturbed laminar solution, the computation is

advanced for all large-eddy simulation~LES! cases for 380 time
units tb5tub /H. Transition from laminar to turbulent flow is ob-

served between timetb550 andtb5120. Because certain quanti-
ties, such as the temperature, attain a stationary state only rather
slowly, the statistics presented here are sampled between timetb
5300 totb5380 with a sampling interval of 0.2. The statistics of
the direct numerical simulation~DNS! were obtained after an ini-
tial transient oftb5160 during 140 time units with a sampling
interval of 1. The filtered DNS data were computed from 29 DNS
samples of the DNS evenly spaced between timetb5160 andtb
5300. The number of samples was found to be sufficient for the
computed statistics to be symmetric across the channel halves.
The filtered DNS data are generated by interpolating the DNS to
the LES mesh and subsequent filtering. All statistics presented
here are averaged over wall-parallel planes and over both channel
halves.

Figure 2 gives a qualitative impression of the instantaneous
flow close to the wall. Shown are iso-contours of the wall-normal
vorticity in a near-wall plane. Clearly visible are the near-wall
streak structures. Each simulation represents another realization of
this flow, so that the agreement of these flow snapshots can only
be qualitative.

In Table 2 averaged flow quantities measured at the wall and at
the channel center are given. There are slight differences between
the DNS of Coleman et al. and our DNS results. In our case the
friction-velocity Reynolds number Ret5Reutrw /(ubrb) is smaller
and the centerline velocityuc is larger. Also, a larger centerline
temperatureTc and a smaller centerline densityrc are observed.
These differences may be due to the different numerical method,
but may also be related to differences in the implementation of the
forcing f 1 . For the mean flow variables the agreement between
filtered DNS and DNS is good which confirms that the con-
structed filter leaves the mean flow essentially unchanged even on
a distorted mesh. This requirement leads to moment conditions in
real space on the filter as shown in Ref.@3#. A comparison of

Fig. 2 Contours of instantaneous wall-normal vorticity vz in
„x ,y …-plane at z¿É10, „a… ADM, „b… no-model, „c… DNS; vzÐ0 in
light regions, vzË0 in dark regions

Table 1 Parameters of the numerical simulation

Coleman
et al. @18# DNS

DNS
Filtered ADM No-Model

Lx /H 4p 4p 4p 4p 4p
Ly /H 4p/3 4p/3 4p/3 4p/3 4p/3
Lz /H 2 2 2 2 2
nx 144 288 72 72 72
ny 80 160 40 40 40
nz 119 237 60 60 60
M0 1.5 1.5 - 1.5 1.5
Re 3000 3000 - 3000 3000
ub 1 1 - 1 1
rb 1 1 - 1 1
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approximate deconvolution model~ADM ! results with filtered
DNS shows that all quantities of Table 2 are within a reasonable
error margin, e.g., the Reynolds number Ret differs by 4.7% from
the filtered DNS.

We find that the near-wall velocity gradient is slightly overpre-
dicted by the LES, resulting in a larger Reynolds number Ret .
The centerline velocityuc is not affected by the near-wall velocity
gradient since the forcingf 1 is adjusted such that the initial mass-

flux is kept constant throughout the simulation. We find that prob-
ably due to the different initial conditions for the DNS and the
LES, the stationary value of the mass flux differs by about 0.5%.
As shown in Figs. 3 and 4, the mean velocity, density and tem-
perature are predicted accurately. The temperature profile com-
puted with the ADM shows a better agreement with the filtered
DNS than the no-model computation with the DNS. For the ve-
locity profile, a steeper slope near the wall can be seen which is
responsible for the larger Reynolds number Ret with ADM. A
similar overprediction ofut is responsible for the difference of the
mean streamwise velocity profile in wall units between ADM and
filtered DNS in the outer layer as can be seen from the van Driest
transformed profileŝuVD&1 ~Fig. 4~b!! which are computed as

^uVD&15E
0

^u&1A r̄

r̄w
d^u&1. (26)

The von Karman constant is, however, predicted accurately. Inter-
esting are the comparably good results obtained with the no-
model computations. For the velocity fluctuations and Reynolds
stress~Fig. 5 and 6! trends are somewhat more difficult to deter-
mine. Generally, ADM results show a similarly good agreement
with the filtered DNS data as the no-model computation does with
the DNS.

Fig. 3 „a… Mean temperature profile, „b… mean density profile, DNS, d ADM, filtered DNS, s no-model

Fig. 4 Mean velocity profile, „a… linear plot, „b… van Driest transformed logarithmic plot, DNS, d ADM, filtered DNS,
s no-model, – – – 2.5 ln z¿¿5.5

Table 2 Mean flow variables

Coleman
et al. @18# DNS

DNS
Filtered ADM No-Model

Ret 222 216 214 224 217
tw 12.12 11.41 11.35 12.44 11.61
ut 0.0545 0.0529 0.0530 0.0554 0.0534
Dx

1 19 9.4 37 39 38

Dy
1 12 5.6 22 23 23

Dz
1uw

0.1 0.38 1 1 1
uc 1.16 1.18 1.18 1.18 1.19
Tc 1.378 1.39 1.39 1.40 1.41
rc 0.980 0.977 0.977 0.979 0.977
rw 1.355 1.359 1.359 1.353 1.360
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Lenormand et al.@19# recently have evaluated several subgrid-
scale~SGS! models for the same channel flow configuration. They
discretized the convective terms in skew-symmetric form with a
fourth-order finite difference scheme whereas the diffusive terms
were discretized with a second-order scheme. Six different
subgrid-scale models were tested on a coarse and a fine mesh
~only these latter results will be considered here!. Different from
our computations, the streamwise extent of the computational do-
main was only of 2p. The number of grid points in the wall-
normal direction was two times larger (nz5119) than in our case
and the spanwise number of grid points was 3/2 times larger. Two
of the tested SGS models are based on the Smagorinsky model,
whereas the four others are based on a newly proposed mixed
scale model, which estimates the subgrid-scale kinetic energy by
means of a test filter and scale-similarity arguments. Linear hy-
bridization with a Bardina-type model~@20,21#! is also consid-
ered, together with the use of a turbulent scale selection function.
A priori tests suggest the use of the hybrid models, and a com-
parison of these models with the DNS data~nonfiltered! of Cole-
man et al.@18# shows results of similar quality as ours. The mean
quantities are predicted accurately except for the temperature
where, as in our case, the LES slightly overpredicts the tempera-
ture in the channel center. Clear trends for the velocity fluctua-
tions and the Reynolds stress are also difficult to determine, but

differences in the peak magnitude and location are visible. We can
conclude that even with a lower order numerical scheme and on a
coarser mesh, ADM gives results of similar quality as other SGS
models on finer meshes with higher-order schemes.

Conclusions
The approximate deconvolution model was formulated to be

used with a second-order finite volume method. The convective
terms are discretized in their skew-symmetric form using a
second-order centered scheme while the viscous terms are com-
puted using a second-order scheme on a shifted control volume.
Time integration is performed with a four-stage Runge-Kutta
method. Compared to other channel flow large-eddy simulation
~LES! with similar numerical discretizations, the mesh used here
is coarser up to a factor of two in the wall-normal direction and of
2/3 in the spanwise direction. The model is based on an approxi-
mate deconvolution of the filtered quantities by a truncated series
expansion of the inverse filter. This approximation is used to com-
pute the nonlinear terms in the Navier-Stokes equations avoiding
the need to compute subgrid-scale terms explicitly, except for a
relaxation term. A relaxation term models the resolved-scale/
nonrepresented-scale interaction by draining energy from the
range of nonresolved represented scalesvc,uvu<vn . The ap-

Fig. 5 Velocity fluctuations, „a… streamwise velocity, „b… spanwise velocity, DNS, d ADM, filtered DNS, s no-model

Fig. 6 „a… Velocity fluctuations in wall-normal direction, „b… Reynolds-stress, DNS, d ADM, filtered DNS, s no-model
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proximate deconvolution part alone of the approximate deconvo-
lution model ~ADM ! is a generalized scale-similarity or tensor
diffusivity model which can both be cast as special cases of ADM
~@2,3#!. It shares the advantages and disadvantages of these mod-
els: on the one hand a good prediction of inhomogeneous turbu-
lent flows, on the other hand an insufficient modeling of nonrep-
resented scales. To cope with the latter, the relaxation term has
been formulated.

Validation of the implemented model was performed for the
case of a supersonic isothermal-wall channel flow. A good agree-
ment between filtered direct numerical simulation~DNS! and LES
was found for the mean flow. For the turbulence statistics, the
no-model results are of the same quality as the ones with ADM.
Since our observations were quite different when comparing no-
model coarse-grid computations and LES with ADM for incom-
pressible channel flow using a spectral method~@3#!, we believe
that the main source of error in the ADM simulations with the
present primary-filter choice does not come from the subgrid-scale
model but rather from the numerical discretization. Similar obser-
vations were made by Mossi@22# and Garnier et al.@23# who also
found that the effect of different subgrid-scale models employed
with the present numerical method was rather small. Filtering of
the no-model computation would probably give results very close
to ADM which suggests a small influence of the model in this
particular case. Considering, however, the already good quality of
the no-model computation, the ADM results can be seen posi-
tively compared to other subgrid-scale models which proved even
to deteriorate results~@22#!. The interplay between the numerical
discretization and the subgrid-scale model has not been investi-
gated further in the frame of this work and we refer to Ref.@16#
for an analysis of the skew-symmetric form of the convective
fluxes and to Stolz et al.@24# for an analysis of the effect of the
discretization order on ADM.

The good results of the no-model computations can be attrib-
uted to the particular form of the truncation error induced by the
skew-symmetric formulation~@16#! of the convective fluxes and to
the relatively simple channel flow configuration considered here.
No-model coarse-grid computations with the divergence form of
the convective terms were found to be unstable for the channel
flow—ADM remained stable but the results were slightly less
accurate. No-model computations of more complex flows such as
shock-turbulence interaction were found to be unstable. In this
case the regularizing effect of the skew-symmetric form is insuf-
ficient and the benefit of ADM, providing a unified modeling of
turbulent and nonturbulent subgrid scales~shocks! ~@4#!, should be
more clearly visible.
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The Navier-Stokes equations have been solved in order to obtain
an analytical solution of the fully developed laminar flow in a duct
having a rectangular cross section with two opposite equally po-
rous walls. We obtained solutions both for the case of steady flow
as well as for the case of oscillating pressure gradient flow. The
pulsating flow is obtained by the superposition of the steady and
oscillating pressure gradient solutions. The solution has applica-
tions for blood flow in fiber membranes used for the artificial
kidney. @DOI: 10.1115/1.1537250#

Introduction
The velocity distribution for the laminar, developed, steady

flow in a duct with rectangular cross section has been given by J.
V. Boussinesq~1914!, as referred to in Part II~Chap. 2! of the
excellent reviews of H. L. Dryden et al.@1# and R. Berker@2#.

Laminar, developed, oscillating flow in straight ducts with a
constant cross section and impermeable wall is treated in the lit-
erature for cases between parallel plates,@2#, and for a duct of
rectangular cross section,@3–5#.

In the bibliography only a small number of exact solutions of
the Navier-Stokes equations exist, concerning steady and periodic
flow in ducts with porous walls. An analytic solution has been
given by A. S. Bearman@6# for the steady flow between parallel
walls with porous walls, and constant velocities of the imposed
suction and injection. C. Y. Wang@7# extended the work of A. S.
Bearman with an analytic solution for the case of the pulsating
flow in a porous channel between parallel walls. An analytical

solution of the steady and oscillating flow in the straight duct with
rectangular cross section and porous walls is sought in the present
paper and is successfully given in a series form.

Methodology and Solution
As governing equations the Navier-Stokes equations, for un-

steady flow of an incompressible fluid of constant viscosity, are
used as a system with the continuity equation, both written in
cartesian coordinates. We seek the analytical solution for both
steady and oscillating flow conditions for the case of a straight
duct with rectangular cross section (2a32b), having porous the
two opposite walls (x56a). By assuming a constant transverse
velocity componentU in thex-direction, due to the porosity of the
walls and a vanishing velocity component in they-direction u
5U, v50, the continuity equation is satisfied when developed
flow conditions across thez-axis of the straight duct are imposed:
w5w(x,y,t). We are interested here in the cases of the flow due
to an oscillating pressure gradient:

1

r

]p

]z
52Peivt. (1)

P is the imaginary amplitude of the imposed pressure gradient
while v is the cyclic frequency of the oscillating pressure gradi-
ent. Forv50, Eq. ~1! leads to the case of steady flow solution.

For thew-component of the velocity, using the corresponding
Navier-Stokes equation, the following partial differential equation
should be satisfied:

b2
]w̃

] t̃
1Re

]w̃

] x̃
5ei t̃ 1S ]2w̃

] x̃2 1
]2w̃

] ỹ2 D . (2)

The dimensionless variables to be introduced are the following:

x̃5
x

b
, ỹ5

y

b
, t̃5tv, l5

a

b
, w̃5

w

Pb2 n,

b5bS v

n D 1/2

, Re5
Ub

n
. (3)

b is the reduced frequency and Re the cross flow Reynolds
number.

The boundary conditions that have to be fulfilled are the nonslip
condition at the walls of the rectangular cross section for thew
component of the velocity:

w̃~6l,ỹ, t̃ !50, (4a)

w̃~ x̃,61,t̃ !50. (4b)

In order to define periodic and steady solutions we assume that
w̃ is periodic so that

w̃~ x̃,ỹ, t̃ !5W̃~ x̃,ỹ!ei t̃ . (5)
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Equation ~2! together with Eq.~5! reduces to a nonhomoge-
neous Helmholtz equation. The boundary conditions forW̃ result
by using the boundary conditions for the velocity~4! and the
equation for oscillating flow assumption~5!.

For Eq.~2!, the analytical solution, which satisfies the boundary
conditions~4!, can be determined by using first a Fourier series
analysis ofW̃ for ỹ. This expansion should satisfy the symmetry

of the solution for the planex-z, as well as the boundary condi-
tion ~4b! for W̃ at ỹ561. The Fourier series expansion is
W̃( x̃,ỹ)5(n50

` Anf n( x̃)cos(2n11/2p ỹ). The functionsf n( x̃) then
satisfy a nonhomogeneous ordinary differential equation with con-
stant coefficients. The solutions of the above equation can be ob-
tained as the sum of a partial solution and the solution of the
homogeneous differential equation. By using the boundary condi-

Fig. 1 Iso-amplitude w̃ a „left … and iso-phase angle w „right … plots of the velocity in the cross section of a square duct „lÄ1…,
for oscillating flow with a reduced frequency bÄ5 and for three different Reynolds numbers of the cross flow „ReÄ0,10,50…
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tions ~4a! for W̃ at x̃56l, the final expression for the solution of
W̃ is obtained:

W̃~ x̃,ỹ!5
4

p (
n50

`
~21!n

~2n11!p2

3H 11
1

sinh~D•l! Fe
Re1D

2 x̃
sinhS Re2D

2
l D

2e
Re2D

2 x̃
sinhS Re1D

2
l D G J cosS 2n11

2
p ỹD (6)

where

p25 ib21S 2n11

2
p D 2

, D5~Re214p2!1/2. (7)

We have to multiply the former expression ofW̃ by eivt in order
to determine the imaginary expression of the dimensionless veloc-
ity componentw̃.

For a periodic imposed pressure gradient of the form

2
1

r

]p

]z
5P cos~vt !, (8)

the resulting periodic velocity is

w̃5w̃a cos~vt1w!, (9)

wherew̃a( x̃,ỹ) is the amplitude andw( x̃,ỹ) the phase angle re-
sulting from the expression ofW̃( x̃,ỹ) as follows:

w̃a5~W̃r
21W̃i

2!1/2, w5arctan
W̃i

W̃r

. (10)

W̃r , W̃i are the real and the imaginary parts of the expression
of W̃.

The defined analytic solution of the problem~6! contains both
the oscillatory as well as the steady solution of the problem. The
steady solution can be obtained by taking the limit of the expres-
sion for b→0. The steady-state solution is obtained forb50 and
has the following form:

w̃~ x̃,ỹ!5
8

p3 (
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~21!n

~2n11!3

3H 11
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2
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2
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with

D5S Re21S 2n11

2
p D 2D 1/2

. (12)

Results and Discussion
The obtained solutions for both steady~b50! and oscillating

flow ~bÞ0! in a rectangular duct of aspect ratiol with constant
cross flow velocity can be reduced to the corresponding analytic
solutions for nonporous walls~Re50! given by J. V. Boussinesq
@1# ~steady,b50! and D. G. Drake@3# ~oscillating, bÞ0!. The
oscillating flow solution given by D. G. Drake@3# can be shown to
be equivalent to the solution of C. Fan and B. D. Chao@4# and V.
O’Brien @5#.

The obtained solution here~ReÞ0! contains as a limit both the
steady~b→0! as well as the oscillatory flow solution~bÞ0! for
the case of equally porous parallel walls~l→0! obtained by A. S.
Bearman@6# and C. Y. Wang@7#, respectively.

An example of the amplitude and phase angle distributions over
the rectangular duct cross section is shown in Fig. 1, for the os-
cillating flow with a reduced frequencyb55 and three values of
the transverse Reynolds number Re50, 10, 50. In the case of the
absence of transverse flow~Re50!, both the amplitude and phase
angle are nearly constant in the central part of the duct’s cross
section except for a region close to the walls, which shows a
boundary layer behavior~Figs. 1~a! 1~b!!. In the region of the
constant velocity, the flow behaves inviscid showing amplitude
w̃a51/b2 and phase anglew5290 deg. This behavior is typical
for the oscillating flows of high frequencies. The phase angle at
the walls far from the apexes and for high values ofb takes a
value near to245 deg, which is also typical for such kind of flows
~Fig. 1~b!!. There are four local maxima, clearly shown in Fig.
1~a!. Related flow phenomena are expected, and are discovered
for the pipe of circular cross section by E. G. Richardson and E.
Tyler ~1929! and are known as ‘‘annular effect’’@2#.

By increasing the cross flow Reynolds number~Re510! the
effect of flattening of the velocity profile in the central region of

Fig. 2 Mean over the rectangular cross section amplitude w̄ a8 „left … and phase angle u „right …
of the velocity as function of the cross flow Reynolds number R, for four different values of
the aspect ratio „l\0., lÄ1, lÄ2, l\`… and for the value of the reduced frequency MÄ10
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the cross section is suspended, while, due to the convection, the
maximum velocity, which increases, is shifted to the suction side
~Fig. 1~c!!. In parallel, the phase angle increases and approaches
the valuew50 at the injection side of the duct~Re550!, where
the flow is convection dominated and so the viscous effects are
suppressed, while at the suction side the phase angle decreases by
increasing Re~Fig. 2~f!!. The following relations can approximate
the amplitude of the velocity and phase angle for the convection-
dominated flows at the injection side,

w̃a5
2

b2 sinF b2

2 Re
~ x̃1l!G , w52

b2

2 Re
~ x̃1l!, (18)

as can be shown using the unsteady inviscid flow equations with
the convection term and applying the nonslip condition at the
injection wall. For the case ofb2/Re→0, which practically means
small values ofb and high values of Re then the velocity ampli-
tude has a linear distribution as in the case of steady floww̃a
5( x̃1l)/Re. The relations~18! confirm the above claims, for
small b and high Re values.

The mean over the rectangular cross section velocity can be
calculated by integration of the velocity distribution~6! over the
cross section. It can be found in dimensionless form by the fol-
lowing expression:

w! 5W! eivt, W! 52(
n50

`
1

S 2n11

2
p D 2

p2

3H 11
D

2p2l

cosh~Rel!2cosh~Dl!

sinh~D•l! J . (13)

Using the relations~10!, the amplitudew! a and the phase angle
symbolized asu can be calculated. In order to find the association
of the present solution to the corresponding problem of Wang’s
solution for the oscillating flow between two parallel porous walls
@7#, we are obliged to choose other nondimensional variables de-
fined as follows:

w85
w

P~2a!2 n5w̃
1

4l2 , M52aS v

n D 1/2

52lb,

R5
U2a

n
52l Re. (14)

Using the expression forw8 and taking the limit forl→0, we
end up with the solution of C. Y. Wang@7#. In Fig. 2 the mean-
velocity amplitude and phase angle are shown as functions of the
cross flow Reynolds numberR ~0 to 100! for the value of the
reduced frequencyM510 and for four different values of the
aspect ratio~l→0, l51, l52, l→`!. The valuel50 is identical
to the curves of the solution of C. Y. Wang@7#. The truncation
error for the Fourier series expression of the amplitude@Eq. ~13!#
is of the order of 2 1027 for n512, we used for the calculations
of Fig. 2.
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Experiments are carried out behind a square cylinder mounted in
the freestream of a wind tunnel, and hot-wire anemometry is used
to determine the profiles of the mean and statistical turbulence
quantities. Artificial neural networks and fuzzy-logic models suc-
cessfully predict the statistical quantities like mean velocity pro-
files and Reynolds stresses. The fuzzy-logic modeling is more con-
venient to use, is less computationally intensive, and gives a
higher correlation coefficient in comparison to the neural
network. @DOI: 10.1115/1.1537251#

1 Introduction
Artificial neural networks~ANN! and fuzzy logic modeling

~FLM! have been used in recent years in many applications in
thermal and fluids engineering~Sen and Goodwine@1#!. There is
little, however, on the prediction of turbulent flow characteristics
using these methods. These techniques have the advantage that
they can be continuously updated in a learning mode such that
recently acquired data can be quickly incorporated into prediction
models. This would be particularly useful for the design of turbu-
lence control systems that should adapt to changing circum-
stances. To test this idea a series of hot-wire anemometer mea-
surements were performed behind a cylinder of square cross
section mounted in the freestream of a subsonic wind tunnel. The
techniques of analysis are developed and tested on data from these
experiments.

2 Experimental Facilities
The experiments were carried out in an open-circuit wind tun-

nel with a 2-m long test section and a nominal cross section of
40 cm340 cm. A square cylinder made of perspex with a
25 mm325 mm cross section and 40 cm in length was mounted
spanning the width of the wind tunnel. The wind velocity was
kept as 5.3 m/sec with the corresponding Reynolds number based
on h525 mm equal to 8543. A DANTEC model 56C17 Constant
Temperature Anemometer and DANTEC X-wire probe were used
for the velocity measurements. The details of the experimental
technique with uncertainty have been discussed in Dutta et al.@2#.
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3 Artificial Neural Network
The feed-forward or multilayer perceptron configuration is used

in this work. A multilayer perceptron can learn when presented
with measured input and output pairs. Here the input are the

downstream and cross stream locations,X andY respectively. The
output are the turbulent statistics such as the mean velocityu, v in
the X and Y directions, respectively, the rms of the fluctuations
urms andv rms, and the Reynolds stressu8v8. Learning or training
involves modifying the connection weights and biases until the
network is capable of reproducing the target output for the respec-
tive input. Training takes place in an iterative fashion: Each cycle
consists of a forward propagation step with the weights and biases
being modified by the back propagation method. More details
regarding the ANN technique used here are in Panigrahi et al.@3#.

4 Fuzzy-Logic Model
The FLM procedure has four elements:~i! a membership func-

tion, ~ii ! internal functions,~iii ! rules, and~iv! output. The mem-
bership function characterizes a fuzzy set which takes values and
converts them to@0,1# through a process of fuzzification, where 0
indicates no contribution of the variable and 1 is full contribution.
The output of the FLM corresponding to the input pair is obtained

Table 1 Multiple correlation coefficients R2 for velocity and
fluctuation data when „a… the same data, and „b… different data
are used for training and testing

Quantity

Same Training
& Testing Data

Different Training
& Testing Data

ANN FLM ANN FLM

u 0.979 0.996 0.968 0.972
v 0.953 0.991 0.845 0.979

urms 0.957 0.992 0.943 0.963
v rms 0.968 0.991 0.958 0.973
u8v8 0.968 0.992 0.925 0.964

Fig. 1 Comparison of u , v , u rms , v rms , and u 8v 8 data at various XÕh -locations with
ANN and FLM predictions. Symbols correspond to experimental data, solid line to
FLM and dotted line to ANN. Different data are used for training and testing.
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by defuzzifying the model. The model output is compared to the
input data to calculate the internal function coefficients which are
modified using Newton’s method. Triangular membership func-
tions are used in this work. The overall procedure employed here
is similar to the one reported by Xie et al.@4#.

5 Results and Discussion
For the ANN, the number of nodes in each layer, the initial

assignment of weights and biases, the learning rate, and the mo-
mentum factor were decided on the basis of numerical experimen-
tation. Forv rms, urms andu, a 2-5-1 configuration was used, while
v andu8v8 were analyzed with 2-8-6-1. For FLM, the member-
ship function was observed to influence the correlation coefficient
depending on the type of turbulent statistics being modeled. The
largest correlation coefficient was obtained using 12 membership
functions.

The testing of the ANN and FLM was carried out in two stages.
In the first series of tests, the same data were used for testing and
training, while in the second 50% of the data were used for train-
ing and the rest for testing~alternate data were selected for train-
ing and testing, respectively!. The goodness of the modeling is
verified by using the multiple correlation coefficient defined as

R2512

(
j 51

m

~ ŷ j2yj !
2

(
j 51

m

~yj2 ȳ!2

(1)

whereȳ is the sample mean of them data, andm is the number of
datapoints.

The correlation coefficients obtained are presented in Table 1.
For both ANN and FLM, theR2 values are smaller when using
different data for training and testing in comparison to when the
same data are used. The output from the ANN and FLM model are
compared with the experimental data in Fig. 1. The FLM is ob-
served to be satisfactory in modeling at all spatial locations. The
ANN also has satisfactory prediction at all locations except at
X/h58. The overall performance of the FLM is observed to be
superior in comparison to the ANN. It may be noted that Redini-
otis and Chrysanthakopoulos@5# also observed the FLM to out-
perform the ANN for the calibration of a seven-hole probe.

6 Conclusions
The ANN and FLM techniques for modeling the statistics of

turbulence have been compared. To meet this objective, experi-
ments were carried out for the measurement of flow behind a
square cylinder mounted in the free stream of a subsonic tunnel
with a hot-wire anemometer. The back-propagation ANN and
FLM using internal functions were used for modeling. Both tech-
niques are successful in modeling the turbulence statistics well.
Overall, the performance of the FLM is superior to the ANN. The
ANN requires a number of trials for proper choice of the param-
eters of the network. In comparison, the FLM is more convenient
to use and is less computationally intensive than the ANN.
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A linear stability analysis is performed for a two-phase flow in a
channel to demonstrate the feasibility of using momentum flux
parameters to improve the one-dimensional two-fluid model. It is
shown that the proposed model is stable within a practical range
of pressure and void fraction for a bubbly and a slug flow.
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1 Introduction
It is still an unresolved issue that the basic form of the govern-

ing differential equations for the one-dimensional two-fluid model
is mathematically ill-posed, though there have been efforts to im-
prove it, @1–3#. Recently, Song and Ishii@4# suggested an im-
provement of the model by considering the void fraction and ve-
locity profile in the flow channel. However, as the analysis was
limited to the characteristic analysis, which considers only a very
short wavelength disturbance, it is challenging to perform a linear
stability to figure out the general applicability of the proposed
model.

A two-phase flow in a channel is described by the one-
dimensional two-fluid model as indicated below,@4,5#,

arg]ug /]z1rg]a/]t1rgug]a/]z50 (1)

a fr f]uf /]z2r f]a/]t2r fuf]a/]z50 (2)

arg]ug /]t1arg~2Cvg21!ug]ug /]z1rg~Cvg21!ug
2]a/]z

52a]p/]z1argg2FI1Mig (3)

a fr f]uf /]t1a fr f~2Cv f21!uf]uf /]z2r f~Cv f21!uf
2]a/]z

52a f]p/]z1a fr fg1FI1Mi f (4)

wherea f512a, FI is the interphase drag, andMig andMi f are
the generalized drag force, andCv f and Cvg are the momentum
flux parameters,@4,5#. In a two-phase flow, the momentum flux
parameters for the gas and liquid phase do not only indicate the
effect of velocity profile but also the coupling between the veloc-
ity and void fraction profile. It is fundamentally different from a
single-phase flow.

2 A Linear Stability Analysis and Stability Criteria
By defining a vectorw5(a,ug ,uf ,p), Eqs.~1!–~4! are written

as
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A]w/]t1B]w/]z1C50 (5)

whereA, B, andC are matrices. A linear stability analysis con-
sidering a traveling wave-type disturbancedw5dwo exp@i(kz
2vt)#, wheredwo denotes the initial amplitude of the perturba-
tion, indicates that the stability of the system is determined from
the rootsl5lR1 il I5vR /k1 iv I /k of the following equation:

determinant of~Al2B1 i /kD!50 (6)

where D5(]C/]w)o . To compare these results with those of
Pokharna et al.@6#, a simple Darcy model for the interfacial drag
by Ishii and Zuber@7# is used:

FI5Kar fur
2. (7)

Then, for a two-phase flow in a horizontal channel, the matricesC
andD become

C5@0,0,Kar fur
2,2Kar fur

2# (8)

D115D125D135D145D215D225D235D2450 (9)

D315Kr fur
2, D3252Kar fur , D3352D32, D3450

(10)

D4152D31, D4252D32, D435D32, D4450 (11)

where CD and K are constants andur5ug2uf . Let F*
5 iD31/k, V* 5 iD32/k. The determinant is calculated as

f ~l,k!52arga fr f@rga f~l222Cvgugl1Cvgug
2!

1ar f~l222Cv fufl1Cv fuf
2!#2rgr f@V* a f~l2ug!

1V* a~l2uf !#2arga fr fF* . (12)

For a finitev/k in the limit k→`, Eq. ~6! reduces to the char-
acteristic equation

f ~l!52a~12a!rgr f@~12a!rg~l222lCvgug1Cvgug
2!

1ar f~l222Cv fufl1Cv fuf
2!#50. (13)

In the case of the conventional model, whereCvg5Cv f51, the
model becomes mathematically ill-posed since it can have real
roots only ifl5ug5uf ,. However, if the momentum flux param-
eters satisfy the following equation, we can have real roots forl:

P* 5~a frgCvgug1ar fCv fuf !
22~a frg1ar f !

3~a frgCvgug
21ar fCv fuf

2!>0. (14)

This provides the necessary condition for stability as discussed in
Song and Ishii@4#.

Let’s consider the general case where the wave numberk is
finite. The solution forf (l,k)50 is determined from the real and
imaginary parts as

rga f~lR
222CvguglR1Cvgug

22l I
2!

1ar f~lR
222Cv fuflR1Cv fuf

22l I
2!2V/kl I50

(15)

2rga fl I~lR2Cvgug!12ar fl I~lR2Cv fuf !

1@lRV2Va fug2Vauf #/k1F/k50 (16)

whereV5D32/(aa f)52Kr fur /a f andF5D31.
For convenience, letra5rga f1ar f , au5uga f1auf . A dis-

persion relation between the wave numberk and the growth factor
v I is obtained by combining the above two equations:

g~v I ,k!54ra3v I
418ra2Vv I

315raV2v I
21V3v I

1k2~4rav I
2P14Vv I P* 2Q* !50 (17)

whereP* is the same as in Eq.~14! andQ* is defined as

Q* 5a frg@~Vau2F!222Cvgug~Vau2F!V1V2Cvgug
2#

1ar f@~Vau2F!222Cv fuf~Vau2F!V1V2Cv fuf
2#.

(18)

Then, the solution ofv I for g(v I ,k)50 at a given wave number
k is determined by the intersection of the following two curves:

g1~x!54V4/rax~x312x215/4x11/4!

54V4/ra~x11/2!2~x11!x50 (19)

and

g2~x,k!52k2~4rav I
2P* 14Vv I P* 2Q* !

52k2$4P* V2/ra~x11/2!22P* V2/ra2Q* %

(20)

wherex5v Ira/V represents the growth factor.
In the case of the conventional model, whereCv f5Cvg51,

P* 52a frgar f(ug
22uf)

2, and Q* 5a frg@(Vau2F)2Vug#2

1ar f@(Vru2F)2Vuf #
2, the functionsg1(x) andg2(x,k) are

always positive at positive valuex. So, they intersect at positive
value ofx. This means that the growth factor is positive and the
system is always unstable. As the functiong1(x) is proportional
to V4, while g2(x,k) is proportional toV2, the growth factor
decreases asV52Kr fur /a f increases. These results are basically
the same as that of Pokharna et al.@6#.

Let’s consider an improved model with appropriate momentum
flux parameters, which satisfy the necessary condition thatP* is
positive. The shape of the functiong1(x) remains the same as that
of the conventional model, while the shape of the function
g2(x,k) changes from concave to convex and has a maximum
value ofk2Q* at x50. The curvesg1(x) andg2(x,k) will inter-
sect at a positive value ofx if Q* is positive. If Q* is negative,
they would not intersect at the positive value ofx. Under that
condition, the growth factor would not grow with time, and the
flow is stable. Therefore, it can be claimed that a sufficient con-
dition for stability is forQ* to be negative.

Q5a frg@~Vau2F!222Cvgug~Vau2F!V1V2Cvgug
2#

1ar f@~Vau2F!222Cv fuf~Vau2F!V1V2Cv fuf
2#<0

(21)

The first criterion in Eq.~14! makes the system of governing
differential equations hyperbolic, which enables the propagation
of void fraction wave. The second criterion in Eq.~21! determines
whether the flow is stable to the small perturbations or not.

3 Application of Proposed Arguments to a Bubbly
Flow and a Slug Flow

We can put the stability criteria in nondimensional forms by
introducingS5ug /uf andR5ar f /((12a)rg) as

P~a,rg /r f !5P* /~ar fuf !
25~CvgS/R1Cv f !

22~1/R11!

3~CvgS2/R1Cv f !>0 (22)

Q~a,rg /r f !5Q* /~ar fV
2uf

2!

50.25~1/R11!~11a1a fS!2

2S/R@12a~S21!#Cvg2@S1a~12S!#Cv f<0.

(23)

By using these two criteria, we can investigate the adequacy of the
improved one-dimensional two-fluid model in describing a bubbly
or a slug flow in a channel.

By using a correlation for a volumetric distribution parameter,
@8#, and the experimental results of Welle@9#, Song and Ishii@4#
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constructed a bubbly flow and a slug flow in the void fraction
range of 0.2–0.7. By following the same procedure we can de-
temineR, S, and momentum flux parameters as a function of void
fraction and density ratio. It enabled us to calculateP andQ as a
function of void fraction and density ratio.

Figure 1 shows the nondimensional quantityP(a,rg /r f). The
density ratio is chosen between 0.01 and 0.001, which is between
the system pressure of the nuclear reactor and atmospheric pres-
sure. It is shown thatP(a,rg /r f) is always positive, which sat-
isfies the first stability criterion. Figure 2 shows the nondimen-
sional quantityQ(a,rg /r f). It shows thatQ(a,rg /r f) is always
negative, which meets the second stability criterion.

The fact is that the proposed model is applicable in a wide
range of void fraction and the density ratio is very important, as
previous improvements had a very limited range of application,
@1–3#.

4 Discussions
The argument above indicates that we can significantly improve

the one-dimensional two-fluid model by considering the coupling
of velocity and void profile. The proposed model is mathemati-
cally well-posed and can describe the propagation of the void

fraction wave in bubbly flow and slug flow within a wide range of
void fraction and density ratio. It is consistent with the existence
of bubbly and slug flow regime in the real world, while the con-
ventional basic form of the one-dimensional two-fluid model
causes unphysical instability.
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The behavior of symmetric parallel jets was investigated experi-
mentally. Two-component hot-wire surveys of the velocity field
were performed over a jet region extending from the nozzle plate
to a distance seven times the spacing between the nozzles. The
objective of this study was to investigate an observed periodic
behavior in the near-field region between parallel jets that in-
creases in frequency as the nozzle widths decrease. This behavior
was found to occur in parallel jets where nozzle widths are greater
than 0.5 times the jet spacer width. The phenomena are attributed
to bluff body shedding in the near field and a confining effect of
the outer shear layers.@DOI: 10.1115/1.1537257#

Introduction
The current study focuses on a parallel planar jet flow with

relatively large nozzle widthsw compared to the width of the
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Ötügen.

Fig. 1 Plots of P for bubbly and slug flow at density ratio of
0.1 and 0.001

Fig. 2 Plots of Q for bubbly and slug flow at density ratio of
0.1 and 0.001
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spacer separating the two jetsd, specificallyw/d.0.6. For those
configurations a periodic, bluff-body-type shedding behavior was
detected between the two jets with the spacer between the jets
serving as the bluff body. In previous studies on smallerw/d
ratios this periodic behavior is not detected and is instead domi-
nated by a pair of counterrotating recirculation cells,@1–7#. The
objective of the present work is to experimentally investigate the
vortex shedding phenomenon for parallel jets with 0.6<w/d
<2.0.

Experimental Procedure
The schematic shown in Fig. 1 defines the relevant parameters

and coordinate system for the parallel jet configuration. Experi-
ments were conducted over a nozzle exit velocity range of 3–35
m/s which gave a Reynolds number range based ond of Red
53,900– 108,000. The origin of the two-dimensional coordinate
system was located where the symmetry plane intersects the jet
plate. Mean velocity and frequency spectra data were obtained for
w/d50.6, 0.8, 1.2, 1.6, and 2.0 utilizing three nozzle spacings of
d52.7, 3.18, and 3.81 cm. Measurements were obtained at a con-
sistent w/d for each spacer by varying the nozzle width. The
lengthwise span of the nozzle,L was fixed at 20.32 cm.

The flowfield was surveyed with anx-type hot-wire probe. A
recirculation flow was present in the cavity region between the jet
inner shear layers that extended in the streamwise direction to
approximatelyx/d51.5. Data in that region are not included due
to the probes inability to detect reverse flow.

There were two aspect ratios of interest for this problem; the
nozzle aspect ratio,w/L, and the spacer aspect ratio,d/L. For
largew/d and larged the two aspect ratios were quite small, e.g.,
w/L52.67 andd/L55.33. This condition is a practical conse-
quence of the facility dimensions and measurement resolution for
large w/d. For nozzle aspect ratios greater than 5 the midspan
flow demonstrated a nominally two-dimensional character. This
was verified by measurements near the symmetry plane which
showed negligible spanwise gradients in the mean flow. However,
when the spacer aspect ratio decreased below 5 the jet end condi-
tions began to influence the midspan flow. A more three-
dimensional mean flow was produced that caused the periodic
behavior to become progressively more irregular. In the current
study the data only reflect configurations with spacer aspect ratios
greater than 5. Small nozzle aspect ratios did not introduce any
significant change in character to the mean flow in the regions
surveyed.

Results
Mean flow profiles are presented in Figs. 2~a! and 2~b! at five

axial stations for a representative Reynolds number, Red520,000
and for w/d50.6 and 1.4, respectively. These figures illustrate
that the flowfield had both jet-like and wake-like characteristics.
That is, studying only the inner two shear layers, the profiles
resemble the wake behind a bluff body with dimensiond. This is
most clearly shown in Fig. 2~b!. However, studying only the outer
two shear layers, the profile behavior is more typical of a planar
jet. In the far field the merged jets have the mean flow character-
istics of a single turbulent jet. At a givenw/d the mean flow
profiles are similar and independent of scale.

The periodic nature of the flow was investigated by measuring
the axial flow at a stationary point and performing a Fourier
analysis of the data. The location of the probe was chosen to be a
streamwise distance ofx/d51.5 and transverse distancey/d
50.5 directly downstream of the inner lip of the jet nozzle. The
streamwise location corresponded to the location of maximum
normal stress along the centerline for all configurations. One
should note that definition as the one typically used for the vortex
formation length in a bluff-body flow, cf. Bloor@8#. The dominant
frequency mode detected along the symmetry plane (y/d50) was
twice the value measured aty/d50.5. That result supports the
claim that periodic vortex shedding occurred between the two jets.

Flow visualization provided additional evidence to confirm the
vortex shedding behavior. However, those results are omitted due
to the inability of still images to adequately describe dynamic
events.

Figure 3 shows jet exit velocity versus the product of shedding
frequency and spacer width,f d for w/d50.6 andd53.18 cm.
Superimposed on the plots are the frequency (f d) spectra posi-
tioned adjacent to the corresponding velocity point. The vertical
positioning of each scale is arbitrary and chosen so that the domi-
nant peak was aligned with the appropriateUo versus f d
datapoint. The spectra are included only to illustrate the presence
and shape of the dominant peak and although it is important to
note that the vertical scales are logarithmic with a consistent
range, they are arbitrary and therefore omitted to improve the
overall clarity of the chart. It is emphasized that the power spectra
scale is omitted and should not be confused with the displayed
velocity scale. The dotted line shown on the plot represents the
best linear fit of theUo versusf d data. This choice of parameter
grouping was selected because the inverse of the slope of the
linear fit, f d/Uo defines a Strouhal number or, reduced frequency
of the periodic motion.

Some general trends were identified. For all configurations the
data accurately matched the linear fit. This indicated that the re-
duced frequency was independent of Reynolds number over the
range measured. Also, the slope of the linear fit was constant at a
givenw/d and independent ofd. That result is consistent with the
mean velocity profiles which govern the periodic behavior and
show that for a givenw/d the profile shape and streamwise evo-
lution did not depend ond.

For eachw/d the data representing all velocities and spacer
widths could be described by a single linear trend as shown in Fig.
4. The average reduced frequency for eachw/d is presented in
Table 1 and shows that it decreased asw/d increased. The corre-
lation coefficients for the linear regression curve fits are also pre-
sented in Table 1 and give a strong indication of the linearity of
the data trend. The data in Table 1 are plotted in Fig. 5 and show
that the relationship between the reduced frequency andw/d was
nonlinear and consistent with an asymptote limit for largew/d.
The asymptote value of approximately 0.20–0.24 is in the range
of Strouhal numbers reported for similar D-shaped bodies in wind
tunnel experiments, cf., Bearman and Tombazis@9#.

Fig. 1 Description of parallel jet flowfield parameters and
coordinates
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Fig. 3 w ÕdÄ0.6 jet exit velocity versus fd superimposed over
the frequency spectra. Dotted line indicates best linear fit. d
Ä3.18 cm. The log scales for the spectra are hidden.

Fig. 4 Product of shedding frequency and spacer width, fd as
a function of jet exit velocity. Lines indicate the best linear fit of
data at consistent w Õd .

Fig. 2 Mean velocity profiles at Re dÄ20,000. dÄ2.70 cm, Ã;
dÄ3.18 cm, ¿; dÄ3.81 cm, s.
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The increase in reduced frequency with decreasingw/d may be
explained by the confining effect of the outer shear layers. Asw/d
decreased the outer shear layers were brought closer to the bluff-
body shedding region between the jets. This had an effect similar
to that of the confining walls in a wind tunnel being brought closer
to a bluff body. The walls of the wind tunnel alter the trajectory of
the streamlines from that which would exist in an unconfined
configuration resulting in an increase in the shedding frequency.
For the parallel jet, each of the outer shear layers produce a sheet
of vorticity whose integrated influence on the cavity between the
jets is an induced velocity with a component directed toward the
symmetry plane. The induced velocity will influence the interior
streamlines and impede the free expansion of the wake envelope
in a manner similar to the walls of a wind tunnel. The influence of
the outer shear layers on the flow near the symmetry plane is
increased as their distance from the shedding region is decreased
~smaller w/d) and therefore produced a progressive increase in
shedding frequency. For largew/d the outer shear layer influence
is diminished and the reduced frequency approached a constant
unconfined value.

Progressive decreases inw/d below 0.6 showed a rapid transi-
tion away from the periodic shedding and beloww/d50.5 there

was no detection of periodic behavior. Hence, that range indicated
a transition region between a vortex shedding regime, the focus of
the current study, and the recirculation cell regime reported in the
many previous studies,@1–7#.

The data in Fig. 4 correlated well with the linear fit despite a
seemingly large variation in the geometric parameters. For ex-
ample, the increase ind at a fixedw/d produced a change in the
spacer aspect ratio from 4.57 to 7.52. In addition, the different
spacer widths describe bluff-body shapes which were not geo-
metrically similar. Both of these effects are expected to slightly
alter a bluff-body shedding frequency. However, despite those
variations in geometric parameters the linear fit provided an accu-
rate description of the data trends over the entire parameter space.
That indicates that the confining effect of the outer shear layers
had a much stronger influence on the shedding behavior than the
variations in geometry used in the current study.

Conclusions
The mean flow and periodic behavior of low aspect ratio par-

allel jets was experimentally investigated forw/d50.6– 2.0 over
a jet exit velocity range covering approximately 2–34 m/s. The
flow demonstrated a vortex shedding behavior in the near-field
region between the jets similar to that which would be expected
from a bluff-body. That is contrary to the behavior at smaller
w/d’s where periodic flow is not detected. Both the mean flow
and the periodic behavior were found to be similar for alld and
Red when compared at a consistentw/d. A progressive increase in
reduced frequency was found to correspond to a decrease inw/d
consistent with the increasing influence of the outer shear layers.
Likewise, the reduced frequency of the periodic flow was found to
decrease toward a constant value for largew/d consistent with a
diminished effect of the outer shear layers.
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Table 1 Reduced frequency and linear curve fit correlation co-
efficients, R2 averaged over all spacer widths and velocities

w/d f d/Uo R2

0.6 0.334 0.998
0.8 0.297 0.998
1.2 0.270 0.998
1.6 0.261 0.995
2.0 0.243 0.995

Fig. 5 Relationship between the reduced frequency and w Õd
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